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ABSTRACT 

There are a nuaber of recurring topics in the 
articles that conprise this yearbook, such as the nature of both 
infernal and deaonstrative geoaetry, the reasons; for teaching both* 
and the extent of such courses. Other euphasized topics are use of 
the analytic aethod* whether to coabine plane and solid geonetry« the 
place of algebra and trigononetry in a geonetry course, and geeaetry 
in the junior high school. There is a chapter by Birkhoff and Eeatley 
explaining a "nuaber-based" approach to geonetry. Included is a 
listing of fundanental principles, basic theoress, end a discussion 
of the advantages of this approach. Another author argues that 
transfer of training is a desirable learning outcoae and that the 
study of geonetry is well-suited for this, other individual chapters 
deal with using graphs in the study of congruences, the use of 
indirect proof, synnetry, and a guide for evaluating geometry 
textbooks* (LS) 
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EDITOR'S PREFACE 



Fovn Vrahbookr preceding this one hiive been published by the 
Nationat Couneii of Tcaehera of Mnthemailea. The flrit dealt 
with "A Survey of Progrcsi In tlie Pnst Twenty-five Ve»ri," the 
iccond with "Curriei>*um Problems In Teaching Matltemttiei/' the 
third with "Selected Topics in the Teiehlng of MathemAtles," and 
the fourth with "Significant Changes and Trends In the Teaching 
of Mtvtheinutlcs Throughoi t the World Since 1010." Those Year- 
books have set n standard not only in quality ond In appearance 
but In cost to those who arc Interested in reading them. That the 
Yearbooks have been well received is evidenced by the fact that 
tno flrst one has been out of print for two years, only a few copies 
of the second are available, and there la only a limited number 
left of the third and fourth. 

The fifth Yearbook Is intended to supplement and assist the 
National Committee recently appointed by the Mathematical 
Association of America and the National Council of Teachers of 
Mathematics in studying the feasibility of a combined one-year 
course in plane and solid geometry. However, this Yearbook is not 
in any sense a report of this committee. It is intended mainly *o 
stimulate discussion among teachers of mathematics throughout 
the country and thus to clarify the situation for the committee as 
much as possible. 

The reason for hiving two difTcrcnt chapters on "A Unit of 
Demonstrative Geometry for the Ninth Year" Is that we wish to 
have difTeront points of view on this somewhat new departure. 

I wish to cxpruss niy personal appreciation as well as that of 
the National Council to all the contributors who have helped so 
niucli to make tliis Yearbook possible. 

W. D. Reeve. 
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THE TEAOHINQ OF GEOMETRY 



By WILLIAM DAVID REEVE 
T*aeh4T» Coiit^i, Columbia VnivtitUyt V^rk Cit\f 

Whit "Qiomttry" Mtini. The word "geometry" originally 
meant "earth moaiure." That ii, geometry wai at firit thought of 
as we think of lurveying at the present time. This original mean- 
ing of the word, however, was abandoned many centuries ago and 
"geometry" oame to be used to designate that part of mathematics 
dealing with points, lines, surfaces, and solids or with some com- 
bioatiou of these geometric magnitudes. 

I. Two TvpiB OF QBOMeray 

Informal Geometry. At the present time wo recognise two 
types 01 geometry. The first type is commonly referred to as "in- 
tuitive geometry," and the second as "demonstrative geometry." 
The name "intuitive geometry" is inadequate inasmuch as it does 
not include that part of geometry which wc often refer to as "ex- 
pcrimentol geometry." Tlie fact is timt tlio name "intuitive" Ims 
been used largely because it scumod to be the best one available. 
For pedagogical purposes it would improve the situation greatly and 
would make for clearness if wo could adopt the term "informal 
geometry" In the sense that no formal demonstrations are to be 
given. This tenn would include the other two and we could then 
treat the subject in tlio following manner: 

1. Intuitive Geometry. Here the child looks at a figure and 
suys that certain things are so because he thinks they could not be 

otliorvvise. Fo** example, he looks at two inter- ..^ ^^^^ 

swtiiiB lincb and says that the vertical rdbIcb x 
und thus formed arn equal because ' he feels it 
in his bones." His intuition tells him that it is true, and in such a 
oase, experiment or proof, informal or otherwise, will not be neces- 
sary to cunvince him that his Intuition is correct, In fact, if he 
measures a pai>' of vertical angles, he may not be able to get the 
same number of degrees in each. 

1 
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IMtient"^ cIcHlud thut t'«i1ul«ty cnn come from Intuition, but 
ht' Kuvo it ti pi'utiiinaia \\\im in tho teaching of mfttlicttmtici. lie 
said: 

I h»ve AlrcfttU' bMl ece.iiion to iasiit oa tilt ptaM latutlioa •houltl hold 
ia the tMching uf the niiitht>mAUe»t tciphcea. Without it youag oiiudi 
toutd aut amice m bcKliiniiig ia the unttcMtntiditig of mithemRtiui they 
euutd not Ir&m to love it mi \m\Ui «co ia it ouly • viia logoumchyi abovo 
•II, without iatuitioti ihey wouta auver bccoue eiptbte of appiyiai mtthtt. 

IBAtiOli 

Tho tendency of tho niotlcrn pure mathematiclftn, especially 
•inco the critical investigation of the foundations of Euolid (par- 
ticularly his parallel postulate), ha* been to reduce the use of 
intuition to a niininiuni. Since tliu subject of geometry has been 
considered a conuningling of intuition, "tlic instrument of invon- 
tion," and logic, "the instrument uf demonstration," with tho latter 
predominating, it seems safe to give each an important rdlo in 
tcn'*hing geometry. 

'Carson' dellm's intuitioik^ as "merely a particular class of as- 
sumptions postulates, such as form tho basis of every soicnce," 
He says: 

It is this type of esprclsc in drawing nud aieMuremcat whieh I rcfurd m 
an Hitack ii|H)n inUiltifni, ll r<-|il!ieo!i ih\» m\\\nx\ md inovitRble proccM by 
hwty generali'.utioi, from o.\|ieriinenl« of the cn>dP8t t>'pe. Sorae adv'ocntes 
of thcsi! eNi-reison dpfrnd U,- ni on tho mmti thut they load to the formation 
of ibtuitioiirt, nnd that tho pupils were ni)i previously cognimnt of the ftota 
involved. !U>t in tho flr«t place, & eouceioua iuduotion from deliberate cJtperi- 
monta ia not an iotuitioe ; it lauka each of tho special elomonta connoted by 
the term.* 

2. Kxpcrimcnta: Gcomctty, Hero, by means of a simple experi- 
ment of one kind or anotlicr, tliu child discovers the truth of some 
sUtcmont. For example, a small child playing with a toy horse 
tfoon discovers that the \mvw \» more sttiblu on throe legs tlian on 
fmir. Or by cutting out a pupcr triiingic, tearing off tho three 
angles and placing them together (ndjacont), the pupil may dis- 
(ovi-r tlwit their suu) is equal to a half turn of i\ rotating line (180"). 
'i lif-si' i'Np»)rinient8 prove nothing in the deductive sense, but they 
bring about conviction in the mind of the child and that is what 

» fiirm»n, (1, 8i. I,.. Kttayi on Maihrnattcat S4^^c^ttil^f^, Chapter on "Intunion." 

p. Ulnii nnil Co., llili). 

t). 27. 
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wo want at this early stago whcio tho "woiulur uiotivc" is tlto guld- 
iiit! motive in learning. 

It is vlviw that some tuaeliers will ijuy that intuition nevof iloes 
anything niuie tiian furnish tlio provisional hypothesea whieli must 
subsequently be investigateil for their truth or fnl-sily anil that 
tltis can be Uono by various mctlmils wliicli liiiVer in their seientiile 
oxactnu8!), 8ueh a view would not eonsiiler experinient^il geometry 
as I have discussed it a separate typo of informal goonietry, but 
tuc.>*cly one of the modes of testini; provisional hypotheses. From a 
peuagogical point of view, however, it may pmve useful to adopt 
the scheme I have described. It is clear that the child who readily 
concludes that vertical angles formed by two inter»;ecting linen arc 
equal will not similarly conclude itiut the sum of the angles of a 
triangle is 180 degrees, Jioth are provisional hypothc^ex, to be sure, 
but the first is more or less certain, while the second deniumls some 
kind of experiment. Hero is where paper-folding, moilels, measure 
nicnt, and the like, come in when one is teaching geometry infor- 
mally or formally. Usually the pupils agree very well as to when 
so-ciilled formal proofs (mental experiments) are ne(-i<s.sury, 

Content of Informal Geometry. If wo consider any dcilnite 
object, we sue that, aside from such matters us its strii(-turi> an<l 
its purpose, there are tiiree questions of a geometric nature that can 
be asked com-crning it. They are: (1) What is tin; shape ul' tlie 
object? (2) What is its size? and (3) Whore is it? Tlii'su (|Ui'stions 
represent the initial stages in the study of ncDiuftry; ilu-y si-i-k 
for the probable facts of the 

l)robably tho one that would bo asked Iirst by a jjriiniiivi' people 
ami it gives rise to what wo cull 77a? (Jeomih'if af Form; tho 
second gives rise to The dromvtry oj SUe; ami the third yivus rise 
to The (komvtry of Position, 

Reasons for Early Introduction of Informal Geometry. Vari- 
uus ri'asons liavu been given for tlie early intruduetiun di" iiiiDnual 
geometry into the ciirrieuluin. 

1, liidoricaL It is generally agroe<l tliat mntlu fntitii\i U the 
moat ancient of all the scicncws, that it originateil naturally tliii) i^h 
the necessary processes of counting which gave rise to iirilhineiic 
and mta^suriny which gave us geometry. lIo\veviM\ deuiDiisi ra- 
ti ve geometry is no longer tauglit prinuirily fur the laets nf mcnsr:- 
ruliun. 

Mr, Betz, in purticuUir, has made a very thorough study ul the 
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poBHibllitici^ of a hiitorical npproach in tho field of intuitlvo goom« 
ctry. After much research in our Inrgo muncums^ iupplcmontod by 
Interviews A*ith leading ftnthropologiBti, he has made ^oine of his 
findings avuilnblei* His tniun conclusion is that the conscious evo- 
lution of ffirni was aided materially by the development of the 
nuuuial art^ among primitive people, and that these manual activi- 
ties, in their hiHturic netting, eonstittitc one of the most natural, 
))ro(itahlc, and enjoyable nuum^ of introducing the pupil to a study 
of geometric forms. No clirunological t^equvnce can be established 
for the order in which geometric forms were first discovered or 
used, but theve i> no doubt uhout the general soundness of the tkem 
tluU manual actwHm have always been a principal source of 
geKmvtYic training. 

Among the life Hituationn from which mathematics originated, 
the ones most oftCMi listod as important are those which have to do 
with food, dothing^ and shelter. For example, Mr. Bets tries to 
explain the origin of ^fumc i»f our most common geometric fonns by 
relating them to the problem of sliclteri Starting with tho caveman 
who built no shelter, going tinougli the stage where man built one 
form cf shelter or another to tiie ntone age where tho houses re- 
sembled oursi we find Home very intere.'ftihg things. 

The Indians, for instance, built conc-.sliaped topees presumably 
because they were familiar with the evergreen tree anil had often 
found shelter uuder its yfpreading branches. Moreover, the ancients 
doubtless lived in trees at first and then came down when weapons 
and fire were discovered. It is known that to this day primitive 
people build their shelters lir«t out of the branches of the trees and 
then out of poles covered with skins or hides; that from the out- 
line of the branches of the tree, on the ground they discovered or 
first came to recognize the *'circle*'as a geometric form. 

The construction of circles became necessary in building both 
tepees and wigwams iilome-like shelters). The first step taken 
was the selection of the center, and at that point a stake was 
driven into the ground. To this stake was attached a strip of skin 
or an improvised rope (vine), which served as a radius. This rope 

»8w. OHp*'OlaUy, the following! 1) UeU, Wm., OCQmetry for Junior Iltgh Schooin, 
puMlHhiHi by .K M. KKloff* Hochwter, N. Y.; 2) BeU-Minor-Miner. Work Hook in 
intuUivi^ (h'lnnury, pubUHlied by Thu Uarter iniblUhlng Company, Cleveland. Ohio ; 
:m llluntratvd Taikii by VupiU of the /Atuuftn School, publl.^hwi by the Lincoln 
Sc»bfw)l of Teaohen CoUrge, New York, N. V.; 4) Hel*, Wui., "Intultlcvn and Louie 
In UiMHni'iry," The Mathet^iatica I'eucht^, 2;a*ai. 
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wafi ''cftrriiHl ftround'' tho center until a circle resulted. ThU U the 
litcrul origin of the term ''circumference/* 

If the Indians tried to illustrnto their work at all they doubt legt^ 
used picture writing like that illustrated hero to represent their 
tepees. This would suggest the ^^trlangle" to y y X 
any progressive eavage. /\ /\ /\ 

Next in order came dome-like shelters— f \ / ^ f ^ 
hemispheres, so to speak, which might easily have been suggested 
by the shape of caves or of the sky overhead, These dome-like 
shelters were doubtless built by gathering numerous pliable reeds of 
suitable lengths and fastening the two ends in tho ground to form 
what we know to-day as the ''wigwam/' 

If a savage represented his wigwam by picture writing, he no 
doul)t drew something which looked like this figure, 
ami which of course suggested the semicircle to the 
aforesaid progressive savage. 

It has been further suggested that the savages doubtless made 
"sweat-lodges'* out of their wigwams by cutting a hole in the center 
into wliich taey placed hot stones and water by means of wliioh 
steam for the bath was generated. Then when sonic tall savage 
become too hot or desired to stand upright, someone got tlie idea 
of enlarging the place either by lifting the top, as one might uncon- 
sciously do, or by digging down into the ground. In either case a 
cylindrical base would result. 

It is also known that primitive people often found it convenient 
to build an ordinary '*lcan-to** to break the more biting winds. 
Such lean-tos may still be seen in certain paits of our own country. 
When the weather became worse, a double lean-to no doubt was 
provided for the comfort of the family. Here again a tall savage 
who might have gone beneath the lean-to and then 
suddenly risen may have suggested the need for a 
raised lean-to. This would result in a shelter like that 
pictured here, with a rectangular solid as a base. This 



form of shelter has become the most common one among all civil- 
ized people. Hence the rectangle has become the most common 
of all the plane figures. 

All these explanations are of interest to any normal child and 
from an imaginative standpoint have value in the course. 

The historical approach, interesting as it may be, is not the 
only way to introduce children to the study of geometry. I have 



:RJC 



6 



FIFTH YISARBOOK 



tried tlu! m'lvatiuiml upproiii'li tluHuijili ilii' stmly of suoli a topic us 
"Oilipi' Spiicos tluui Durs"* uiul the ('liililivii take tremendous inter- 
est in tlie work besides leurniiig niiuiy iniporiunt euncepts and skills. 

2. Pedinfogica' There nre two reasons why geometry is so dif- 
lioult for many pupils: first, the iiigh sehool population to-duy is 
HO (litVer(!nt from that of u generation iigi). The jUipils of to-duy, 
us! Thorndike'' has pointeil uui, differ from those of u generation 
ago not only in native ability, but also in experiences and interests. 
This presents the first iniport^mt problem. .Second, in the tenth 
grade the pupil is plungeil headlong ii.to the study of formal geoni- 
etiy without any previous prei)aration in or exi)erienco with in- 
formal geometry us a background. 

The next problem is, therefore, to consiiler the importance of 
beginning the study of geometry earlier and spreading it over a 
longer period of time. If we do this generally in this country many 
of the problems to be discussed later in this Yearbook will bo more 
easily solved. 

Professor Nunn has written some interesting comments upon 
what he considers fundamental stages in the student's development. 
He snys: 

I ussume as common ground that tho slIkjoI course in geometry should 
show two main divisions; (1) a houristic stugu in which the chief pun^ose 
is to order and clarify the spmial exptTunici-s which the pupil has gained 
from hid everyday intercourise with the physiciil world, to explore the more 
Balient and interesting properties of figuivs, and to illustrate the useful appli- 
cations of geometry, as in surveying utid "Mongeiin" geometr>'; (2) a stage 
in which the chief purpose is to organize into some kind of logical s.N-stem the 
knowledge gained in the earlier stagu ami to dcvflop it further. In the first 
stage obvious truths (such as the traii.,v.rji:il jiroperties of pamllcl lines) 
are freely taken for granted, and (li?riuciirjn i-iupl(jy'».d mainly to derive from 
them important and striking truih.s (.Mi.;h :us ih.' con.siancy of the an(rle-.suiu 
of a triangle) which are not forced upon u.x hy ohsiTvation. Tho .«;ccond stage 
is marked by an attempt, more or I>v.s tliornimlnruinn and "risnrnus." to 
explore tho connexions between gpomctrical triuli.- and to exhibit them as the 
logical consequences of a few simpln principli<>.' 

3. Practical If we wish to make any kind of object, it nuist 
first be conceived in the mind. It iiiu.<t tlicii ht- carefully planned 
as to size and the relation of its parts, and finally the parts must 

• .^.H. .smith David KuRenP. anri ..vn Willi.itn P^.M-l. Th.- Tvmhing oj Junior 
High School AfathematiCB. pp. 308-3 *. iin iih.l (■..lupuiiy. l:c7 

• TlicttKlik.., K. I.., Tho l'm-hul„uy uj M./. h,;,, p. M.i.-niiUiui C) 

• Nunti. T. v., "The Sequence of Scho.il Th.<(,r..nis in (J.-uiii'try." The Mathtmatict 
Teacher, October, laas. »vmiM»w 
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he made ami rarrfully placed in tlieir proper position, A tailor, 
for exiunple, must tliink of sliupe, sUc (puttern), and position in 
his work just as wc do in siniihir 8it\iutionf? throughout life. Of 
course we can readily see that all such iiUas' oriKi iated in nature. 
One of my seventh-Rrade children onec wrote in hi^* notehook, "1 
think Nature must have heen the first timoher of Keomctry/' And 
so she was. 

On the practical side of peon)etr>* a ureat deal of the work will 
he form Rtud)/. The student will eomc into contact with a preat 
many of the important forms through his senses. Hero is where 
the teacl)cr is so important in RuidinR the student to pet the f()rms 
correctly. Many students ns traditionally taught are blind to the 
forms in the world ahout them. 

4. CultuvuL Failure of students* to appreciate the forms in life 
uhout them leads to failure to appreciate mticl) of the beauty in the 
worhl. In a recent sermon Dr. Harry Kmerson Fosdick said, 
"Beauty is a matter of symmetry/' lie mipht have added, because 
the fact is well known, "and symmetry is a matter of appreciation 
of form in peomctry." 

Vienna has been called the center of fine arts and well it may 
he. for there can be found some of the finest examples of form 
study in the world. 

If whatever is made must first be seen in the mind, then Mr. 
Betz is right when he says that "all beautiful things are the result 
of plastic thinking.'' We teachers of mathematics need to train our 
students to appreciate beauty in form and design. Here is the placo 
for "creative educition' — for "creative thinking.'* Here is the 
place to feaj=it the imagination, to let it mn riot, so to speak; for, as 
Coleridge said: 

Whilst reason is feasting luxuriously in its proper paradise, 
Imafjination is perishing on a dreary desert. 

The trouble with so much of our teaching of geometry is that we 
"feast the reason and r>tarve the imagination.'' 

Experience of Other Countries. The experience of some of the 
P'uroj^ean countries ought to convince us of the value of an in- 
formal geometry course in the seventh- grade. For many years 
the mathematics teachers in Germany and England have given a 
great deal of attention to geometry in the earlier years of the child's 
school life. Even as early as 1876 Herbert Spencer wrote the fol- 
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lowinK loMor to I). Appleton ind Compftny, who wcro then about 
to republish in the Tnitcd States n book on "Invontionai Geometry" 
written by his fntlier, Willinm George Spencer. This book had 
uhoady appeared In England: 

\t...^ n A i , . « . I-ondon, June 3, 1870 

Mt..»iN, D Apploton & Co.i I am «lu.| that you are about to republish, 
in the United Stflto*. my fntlior'^ little work on "Invcntinnal Geometry." 
riiouph It received but little notice wh.-n lirst ii^^uo.l here. rrcoKnitinn of it* 
ii«nfulnps.s Iin8 been Rraiiuiilly sprniidinn, ami it hits U.-i-n luioptod by Rome of 
tiio nioro Miioniil wiimi'o-trauhprs in sclioals, Srvt-ral yoiuv qbo I hoard of it« 
introilui'tioii lit UuRby. ' 

To its Krc'iit <'irpiPii,.y. both m a ninuis of produpiiii! interest in geometry 
nn<i iif, !> uieiitiil us4.-ipIiMo. I can (jive peisoua! testiinonv. I have Been it 
iTpate in a eiui,y .)f boys so much pntIiuMiu<i« that they lookpd forward to their 
Rfomplo- .■.s»«)n 1... a oliief ev.-nt in tho wm-k. And pirls initiated in the oystcm 
hy niy lather have frequenily beuRed of him for problems to solve during tholr 
nolnlayf . 

Though I did not myself pnw tlirouuh if-for I commrneod malhnmatica 
with my undo l>pfore this mrlhod had bpon elaborated by my father-yet I 
had expenencn of its effects in a hiulier division of RPoniPtry. When libout 
fifteen, I was carried through the study of perspective entirely after this same 
me hod: my father giving, me the successive problems in such onler that I was 
enabled to solve every one of them, up to the most complex, without assistance. 

Of course, the use of the method implies capacity in the teacher and real 
interest in the mtellectual welfare of his pupils. But given the competent man. 
and he nu»y produce in them a knowledge and an insight far beyond any that 
can bo given by mechanical lesson-learning. 

Very truly yours, 

HtStBEST Si>ENCGn. 

The author himself wrote the following introduction for the 
American edition: 

Introduction 

When it is considorod that by peoniofry the architect constructs our build- 
ings, the civil engineer our railways; tliat by a higher kind of geomrtn-, the 
surveyor makes a map of a country or of a kingdom; that a goometrv still 
higher IS the foundation of the noble science of the iistronomer, who by "it not 
only determines the diameter of the glube bo lives upon, but a.s well the sizes 
of the sun, moon, and planets, and their disfancos from us and from each 
other; when it is considered also, that by this higher kind of geometry, with 
the assistance of a chart and a mariner's compass, the sailor navigates the 
ocean with success, and thus brings all nations info ainit-able intercourse-it 
will surely be allowed that its elements should bo as arces-xible as possible. 

Geometry may be divided into two p.irfs-pnictical and theoretical: the 
practical bearmg a similar relation to the theoretical that arithmetic does to 
algebra. Aud, just as arithmetic is made to precede algebra, should practical 
geometry be made to precede theoretical geometry. 
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Arithmciic not nndorviiliipti boenuso it inforior to nlKokru, nor outtht 
pnicticnl gooinotry to b» (ir^piHiMt bpfmU8t> thctm'tiinil KouinoUy U tho nobler 
of the two. 

Howcvor oNColUiU nrithmotic nuxy br m an in^truniont for Htn^niKihoninft tho 
iDtfUeetunl poweri, MomMry it fur more eo; for as it ts eiuicr to ncc tho 
relation of »urfauo to surfuri* ami of linn to lint*, than of oni' numbtM' to un- 
other, 80 it i0 cwilor to induce a hnbit of roaioning by momn of goomr^try 
thftn it ifl by means of arithmetic, If tiumlit judieloiwly, tho collatoriil nclvan- 
tAgCA of pnictie:U jjoomptry aro not ini'onsidorublr. HosidcM introduoinu to n\ir 
notice, in their proper order, muny of the term? of the physical acionces, it 
offers the most favorable means of comprehending those termn. and improssinic 
them upon the memory. It educates tho hand to dexterity and neatness, the 
rye to accuracy of perception, and tho judgment to the appreciation of beau- 
tiful forms. These advantages alone claim for it a plac^ in tho ediicntion of 
all, not OACopting that of women Had practical geometry been taught as 
arithmetic is taught, it« value would scarcely have required insisting on. But 
the didactic method hitherto used in teaching it does not exhibit it^4 powers 
to advantage. 

Any true geometrician who will teach practical geometr>' by (leflnitions 
and questions thereon, will find that he can thus create a far greater interont 
in the science than he can by the usual course; and, on adhering to the plan, 
he will perceive that it brings into earlier activity that highly valuable b\it 
much*neglected power, the pow*er to invent. It is this fact that has induced 
tho author to choose as a suitable name for it. tho "inventional method'* of 
teurhing practical geometry. 

Ho has diligently watched its electa on both sexes, and his experience en- 
ables him to say that its tendency is to lead the pupil to rely on his own 
resources, to systematise his discoveries in order that he may tise them, and 
to induce gradually such a degree of self-reliance as enables him to prose- 
cute his subsequent studies with sat ii^ faction: especially if they should hap- 
pen to bo such studies as Euclid's '^Elements,*' the use of the globes, or 
perspective, 

A word or two as to using thn definitions and questions. Whether they 
relate to the meamirement of solids, or surfaces, or of lines; whether they 
belong to common square mea^suro, or to duodecimals; or whether they apper- 
tain to the canon of trigonometr>* ; it is not the author's intention that the 
definitions should be learned by rote; but he recommends that the pupil 
should give an appropriate illustriition of each as a proof that he under- 
stands it. 

Again, instead of dictatinj? to tho. pupil how to constrict a geometrical 
figure — say a square— and letting him rest satisfied with beini; able to construct 
one from that dictation, the author has so organized thost^ qtie^stions that by 
doing justice to each in its tunii the pupil finds that, vhen he amoR to it, 
he can construct a square without aid. 

The greater part of the questions accompanying the f.efinitions rnquire for 
their answers geometrical figures and diagrams, accurately constructed by 
means of a pair of compasses, a scale of equal parts, ai d a protractor, while 
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oih-rs irnuiro .-i v.ihal munwi r niiTfly, Id onler lo pluco the pupil m mueh 
nd pow. .In ill il,.. yt„»,. i„ whicli Nuiuro plucM him, ^lomo questions have been 
a»ki<(l (hut iiiv(il\i> sin iiiipoviliiliiy. 

Whoiu'vor H tk.purluro from tllo fuiontiflc ordor of the r|uo«lioni ocoun 
Mioh ilopartuh. has hwx prufoiri'd for tho <ako of iillowinK time for the pupil 
to solve somr ihJlieult probli-in; inasmuch uk it tciidi fur more to the formfttlon 
of ft si lf-ri'liiuit charat'tcr. that the pupil shuuKI be allowed time to lolvo such 
dillunilt piMl)|.>ms, thiin that ho should bo oitlier luirried or iwdistpd. 

The invcniivi' power prown host in tho sunshine of encouraRompnt. Its 
JiiNt slu.ots HIV tc-n.lrr. Upbruiding ft pupil with his wnnt of skill, acts like a 
fi-.)s| upon hiiii, find mutfriully chocks his jjrowth. It is partly on account 
of ih.' d()rinuiu stoto in which tho invpiitivo power is found in most p<<reon8. 
«nd paitl.\ that vory yuunir boiriniiors may not feel intimidutod, that tho 
uitroduetory qupstioiw havo been made so very simple. 

Early Anerican Textbooks in Informal Geometry. Sovorni 
books writtcti in this rountrj' many years ngo show that tho idea 
of an informal Kcomotry course is not only not a new one, but has 
ovon l)ci-n ronsiilorofl important by proRrcssive teachers and 
tlimkors for a lont? time. The preface of First Lessom in Geometry, 
written by Thomas Hill in 1854, which is now out of print, reads in 
p:irt as follows: 

I havo long been KoekinR a Goomotiy for beginners, suited to my taste, 
and to my convictions of what is a proper foundation for scientific education. 
Finding that Mr. Josinh Holhrook agreed mo.st cordially with me my 
p.stimate of thi.s .study, I hiid hoped that his treatise would satisfy no, but 
.•ilthmiph the b(>.<t I had seen, it did not satisfy my needs. Meanwhile, my own 
children were in mo.st urgent need of a textbook, and the sense of their want 
has driven mc to take the time necessary for writing these pages. Two 
children, one of five, the other of seven and a half, were before my mind's 
eyo all the time of my writing; and it will be found that children of this age 
arc qmckrr of comprchcndha first lessons in Geometry than those of fifteen' 
Many j.arfs of this book will, however, be found adapted, not only to 
rhildrrn, hut to pupils of adult age, The truths are sublime. I have tried 
tn present them in .simple and attractive dress. 

I have addre.wd the child's imagination, rather than his reason, because 
T wished to teach him to conceive of forms. The child's powers of sensation 
are developed, before his powers of conception, and these before his reason- 
inc powr-rs. Thi.s is, therefore, the true order of education; and a powerful 
Ineical drill, liko Colbum's admirable first lessons of Arithmetic, is sadly out 
of pl.-ice in tho hand.s of a child who.se powers of observation and conception 
have, as yet, received no training whatever. I have, therefore, avoided rea- 
soning, and simply given intrre.sting geometrical facts, fitted, I hope, to arouse 
a child to the observation of phenomena, and to the perception of forms as 
real entities. 

'The imiioa are HUPb. 



TIIK TKACIUNtJ OV OrCOMKTUY 



11 



I irlvo tluj* in fsoniu detail in ovdvv to sliow that tlic idea of an 
intuitive Ki'Diucfry nmrsv is not so \vm\i in tl)is country somo 
ti'at'licrs siTin U) think. Tlio hirgn nunduT ol' hooks'* siniihu' to 
Hill*i*, written sinro 18")0» will be souirwhat surpri-^'ny to many 
tinu'licM's who aiv not iViiMully to thi^ junior liijrh srhool cunrsi* in 
niatluMnatii's and who can tlunk of a jrruat many reasons for ron- 
tinuinf? to beliovn tliat what they ahrady think is the hist word in 
tcaeidny Rcometry. 

Demonstrative Geometry. As the human nund devidops it 
does not demand merely probable faets; it seeks to prove thai these 
facts are real. It is this attitude which has leil the race to seek 
to demonstrate the truth of its statements concerninR j;eometric 
figures. 

If in intuitive geometry, for oxntuple, the teacher tells the pupil 
that in this fijrure b and n'^'*^ lum to express an c 
opinion on the relation between the sizo of angles 
**l and /i, the pupil will naturally say that these 
angles are equal. It is not probable that any so- 
called logical proof that his inference is correct will noticeably 
increase his confulcnco in the validity of his judgment upon any 
proposition of this degree of simplicity, 

When, however, the pupil meets the Pythagorean theorem, his 
intuition leads him to e(Uududo its truth for only very special cases. 
His greater maturity of thought should now tend to lead him to 
desire to prove what is not so plainly evident as the theorem re- 
lating to the isoceles triangh'. ^Vllen that ''urge'* toward demon- 
stration appears, ho is ready for what is called dcmomtrut!i'( 
geometry. 

To soni(» U'inils this '*in\u;e" comes early; to others it comes lat(^: 
to a few it comes not at all. Tntil it comes, however, the pupil 
can profit but little from the study of demonstrative* iicometry. 
He nmst accept on faith tlie simpler facts of •iieometry. When, if 
ever, he conu^s to appreciiite the value of a demonstration, he will 

•1. CampheU. W. T.. Observati'ynnl {Jcometry, .\mpri«'an llnok Co.. lsii!>. 

J. fn.itfs. J. v. H.. .1 First lihnh uj Oruuirtnt, M;i'-minaii l*t>.. 

:\. I\iUi»r. I. N.. Ini'rntif,))ftf fh-'tmrtrff, TliP CiMitury Co.. l!nU. 

4. l-'nwh»r. W., hiflurtivv (Jrmnotrif, piiblishotl l».v tlH» uiiUmr, liHK"). 

C), Hill. (». A.» .1 (ivnmvtry Jdt HifjinnrvM, Oinii ntul t'o., IS!»7. 

«i. Tloriilirook, A. U., Cotirrrtr fhomvtnt, AmtTli'nii HiM>k (*».. isti."). 

7. .Mai»I><>iMilil. J. W.. (h*r»nvtry in thr Srrtittdnrif Srhool, WUlanl Small. \SS\), 

8. Ui»\v. T. S.. (iromvtric i':xrrrhi\^ hi l*nin^ I''jhlinfh i^n^n Cimrt ruhllsliiuK 

Co.. 10U5. 

Wright, O. S., Kxcrtiae^ in Cnm^etc Geometry, I). C. ileaUi and Ci>., 1UU7. 
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8CC the signilicance of the systematized scheme or chain of geometry 
and will then take an interest in proving most of the propositions 
which he once took for granted. 

For that matter. Kiu^iid did not prove that if in the triangle AL^ 
wc know that (i = 6. then I A ^ lli became anybody doubted it, 
but because it was u part of his logical chain of geometry, 

Deduction and Proof. It will be of interest here to note Car- 
son 4 distinction between '^deduction'' and ^^proof/' He says; 

Turning niuv to the more oducatiouul aapect of the subject, the finit 
problem which confronUs u« is this: children, when they commence mathe- 
nnitics, have formal muny intuitions concerning space and motion; are they 
to be ufioptoii and used as postulates without question, to be tacitly ignored, 
or to bo attacked? Hitherto traching methods h&vo tended to ignore or 
attack such intuitions; instances of their adoption are almost non-existent. 
Thin statement may cau.<e surprise, but I propose to justify it by classifying 
methods which have bi^tn used under one or other of the two' first heads, 
and I shall urge that complete adoption is the only method proper to a first 
course in mathematics. 

Consider first the treatment of formal geometry, either that of Euclid 
or of almost any of his modern rivals; in every case intuition is ignored to 
a greater or less extent. Euclid, of set purpose, pushes this pdllcy' to an 
extreme; but all his competitors have adopted it in acme degree at least. 
Dtuluctions of certain statements still pcisist, although they kt once com- 
mand acceptance when expressed in non-technical form. For example, it is 
still shov^Ti in elementar>- text-books that every chord of a circle perpendicular 
to H diameter is bisected by that diameter. Draw a circle on a wall, then 
draw the horizontal diameter, mark a point on it, and ask any one you 
please whether he will get to the circle more quickly by going straight up or 
.^traifiht down from this point. Is there any doubt as to the answer?* And 
are not those who deduce the proposition just quoted, from statements no 
more acceptable, ignoring the intuition which is exposed in the immediate 
answer to the question? All that we do in using such methods is to make 
a chary use of intuition in order to reduce the detailed reasoning of Euclid's 
scheme; our attitude is that 9*atements wh'ch are accepted intuitively should 
nevertheless be deduced from others of the same class, unless the proofs are 
too involved for the juvenile mind. We oscUlaU to and fro between the 
Scylla of acceptance and the Charyhdi^ of proof, according m the one xb more 
revolting to ourselves or the other to our pupils,^ 

At this point I wish to suggest that a dLstiuction should be drawn between 
the terms "deduction" and "proof." There is no doubt that proof implies 
access of material conviction, while deduction implies a purely logical process 
in which premises and conclusion may be possible or impossible of accepts 

•There Is often aj>parpnt doubt: but It wlU UHually be found that this Is due 
to an atti»mi>t tn oHf.mate tho want of truth of the circle as drawn. 
" The itaUcs are mine. — Editor. 
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aace. A proof is ihus a purileular kind of deduction, whwin the proml»ei 
&ra acceptable (intuitions, for oXtinM UO. and tho conclumon ii not acceptiiblo 
until tho proof crtrric^n conviction, in virtue of the pronrtiws on which il !■ 
baflcd. For cxnniple, Kuclid doduooK tho already acceptable ttatcment that 
any two tides of a trianglo an* tr)Ko(hi*r greater than the third iidc front thn 
promise (inter alia) that all rii:ht an^slnj< are equal to one another; but he 
proves that trianglen on tho miw ba^e and between the aame parallels aro 
equal in area, Hturting from acceptable pro?*U8C4 concerning congruent and 
converging lines. 

The distinction has didactic importunop, bocauso pupils can appreciate 
and obtain proofs Img bcfmo tiiry can wuiirstanH f/ie i*alue of deduciions: 
and it has scientific importnnC{\ bccaiw the functions of prooj and df'diiction 
nre eniirvly diffrrcnL^ Proofs! aro navd in tlio erection of tlio suprrstructuro 
of a science, deductions in an analysis of its foundations, undertaken in order 
to ascertain tho number and nature of independent assumptions involved 
therein. If two intuitions or aswuniptions. A and fl. have been adopt^jd, and 
if we find that B can be deduced from A, and A from B, then only one 
assumption is involved, and we have so much the more faith in the bases 
of the science. Herein lies the value of deducing one accepted statement 
from another; the element of doubt involved in each acceptance is thereby 
reduced. 

II. PuHposB OF Studying Geometry 

Purpose in Teaching Tjemonstrative Geometry. The firj»t 
important question for any teecSer of demonstrative geometry to 
settle is the purpose he hap in ^nind. A great deal of our failure to 
agree on certain mattors of .urricuium construction is due to the 
fa^ft that we do not agree on the valid aims in teaching the various 
topics. That is why senior high school teachers of geometry so 
often object to the teaching of informal geometry below the tenth 
grade. The common objection is that if any geometry is taught 
below the tenth grade the pupils who come to them vnW be handi- 
capped in the work of the lenth grade. This is largely a miscon- 
ception of the real situation and is due to lack of understanding of 
the purpose in teaching inforn'al geometry in the seventh and eighth 
grades or a unit of demonfitrative geometry in the ninth grade, 
or both. 

We must contimially ccpcat and emphasize the fact that the 
purpose of geometry is to make clear to the pupil t'le meaning of 
demonstration, the meaning of mathematical precision, and the 
pleasure of discovering absolute truth. If demonstrative geometry 
is not taught in order to enable the pupil to have the satisfaction 
of proving something, to train him in deductive thinking, to give 

"The Italics are mine.— Editor. 
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Ilim thp poNvci' to prove his own stntomcnts, then it ii not worth 
toai'Inng at nil. 

SoMu'i.iK.. iniiy «sk. If tminihR in const met ivo tliinkinR is tlio 
objective, why not fjive « course in pure liiKic? Tito niiswcr i8 
that mmvuy Umm\m appropriate fiKures to illiistrate nnti apply 
the essential types of thinking, while pure logic does not. 

Who Can Profit by Studying Geometry? Informal geometry 
represents about all the geonietry that many pupils arc capable of 
\inclersfan<ling. If nil pupils had strong native ability, thev could 
dispense vvilh a ctnisi<lerable part of informal geometry anil could 
proceed with only a slight introduction to the demonstmtivc stage. 
As It stanrls to-day, however, with almost nil children going to sec- 
nndar>- sclinols, informal geometry constitut^ss nbout nil the training 
in gcon."try that a considerable Ixjdy of our pupils will bo able to 
absorb with profit. 

On the other hand, the pupil with n fairly high intelligence 
quotient will derive more pleasure and interest from doing than 
from mcicly depending upon his intuition; he will obt^iin satisfac- 
tion in demonstrating that lii.s intuition is correct. To do this he 
must learn to give reasons for every step in the thinking process; in 
other words, to demonstrate. This applies to all subjects. The 
natiivfil seienees arc not taught from a vocational point of view, but 
for puriu.scs of general infoniiation and Ijccause they furnish the 
student an opportunity to oolleet and t^ost eniiiiricar facts. Simi- 
larly, niatheiiifities in general and demonstrative geometry in par- 
tieular are not tmiKht to make engineers out of those who study 
fhem: the former is taught for the general information it affords in 
one of the great branches of knowledge so useful in life; and the 
latter is taught because it gives exercise in deductive thinking 
where demonstration is independent of external appearances. 

If we can develop some kind of prognostic test in demonstrative 
geometry that will tell us whn can profit by such work, or if in 
.«ome way we can select those who will be able to succeed in the 
study of the subject, any pupil whose mentality indicates a prob- 
able low degree of .success should be excused from taking geom- 
etry. We must insist, however, that the responsibility of saying 
who can profit hy a study of geometry and who cannot profit by it 
must rest on people qualified to give the proper advice. That is an- 
fuhcr reason why a trial course in detnonstrative geometry in the 
ninth grade appeals to so many teachers when the purpose of teach- 
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iiiK it i(9 ckuirly undersUiud. From euch n eourKc it MiouUi bo poa- 
fiiblo til pmliot with foiho luoii^urc of uvcumcy wiivtlior u pupil 
uuglit to ou with tho study ot iliMnunntmtivt' K^Huiii'try in \\\%^ 
tenth gnuie. 

Qeomttry the Supreme Test. For sonu* tlio study of Kounuury 
in the real te^t of u rcnl and uhidinK iittorui^l in niathnnatirs, l^*o- 
f088ur Nunn told ine iUwl he got Ids lir^l real thrill when he ills- 
covered fur himself thut the fe^uni of the angles of u triuiifzle is 180'\ 
U is reluunl ihat Newton eihowed little proniia^ until he took up the 
Htuily of (geometry. Tho point is that we never ean tell what u pupil 
Hi*^ do if he is properly urouwd. 

OmissionB tmd Additions. In line with the purpose of toachiiiK 
Keonu?try previously stated, we need to invesii^;atu can^fully tliv? 
rondition.^ whioh work against obtaining the best results in the 
teai'liin^ ol Kuonietry, and to dim)ver the poi$sii)lu n\eaus (U* rcMoe- 
dying existing iuiperfuctions. These inipcrfeetion^^ may l)e rcMuedied 
by on^itting some of the unnei'essary un<l unimportant pha.ses of 
the geometry work, by substituting better muti»riuh and i)y add- 
ing such new subjects or ideas as shall make the sui)joit matter 
more desirable from the standpoint of both pupil and teacher. 
Moreover, we need to in\prove our M\etliods of tearhiuK. 

We have all heard tiie comphdnt that students aru imuble to 
apply to other sciences the principles which they are supposeil 
to have learned in niathemuties. It is such complaints ns this 
and the realization of their justness that have causeil mathema- 
tieians to turn their minds to the improvement of the subject 
matter in the stuily of secondary mathematics. Dr. (is^^nod of 
Harvard duco said, **A student s ability to prove a pn)pi)?iilii)n i.^ 
!u) ussiu'iuice that he knows it. The test as to whether he knows 
il is wliether he can use it/' 

In no event will all authorities aj^ree upon the ln-si plan fur 
betterment. There is a tendency to go from one exueiue to tlie 
otlier, but it ought to be possible to stuily the situation intelli- 
gently and then adopt whatever plans are considered be^t suited to 
particular needs. 

It has been suggested that all projiositions not bearing on subse- 
quent work in the same course shouhl bo omitted. Some teaclier.< 
ihsapprove of tliis plan beca\ise many stich propositions give pleas- 
ure and make the work interesting to the student. Certainly we 
want to make tiie work as interesting as possible, but should we 
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keep Bucli iDAtcilal In the couno, even though intercutting in tlic 
oInNmmm, if Momothlng better, bearing on iubsetiiicnt inuterlal» is 
to he had? 

OtiierR say that much time is wasted in work on original exer- 
v\m whlfih by niany teachers are made a fcticli, tiiat "a proposition 
whoi^e solution is given by the teaclicr or by one or two pupils 
out ot a class of forty, for the amaecmcnt of interested dullness, 
or the vacant stare of apathetic indolence of the ck»», to be 
copied mechanical ty as an exercise In penninnship and drawing, 
is no more an original than any of the propositions in the regular 
tixt." If, as has been said, the ol>ject of preparatory inxtrucMon 
Ih twofold— (1) to put the pupil in possession of certain facts, and 
<2i to develop in him mathematical power—it is equally true that 
the routine method of handling originals does very little toward 
accomplishing the first object and practically nothing toward at- 
taining the second. 

The geometry report of the Central Assocation of Science and 
Mathematics Teachers for 1Q06 is full of nuggestlons as to omis- 
sions and additions. It r'ays, "The proposals of the oonmiittce are 
meant to be evolutionary, not rcvolutionar>' in tendency; and each 
suggestion is intended as one which could ho adopted without de- 
parting fm from current texts and methods. The conunittee ex- 
pects no sudden, drastic reforms in the teaching of geometry, but 
liopus that those who may have been accu.stome(l to look upon cur- 
rent tests as ideal and their logic as unassailable will tolerate criti- 
cism and concede the desirability of reforms. In any event, it is 
not advised that many changes be intrudurcd hastily, but that, so 
far as ponsiblc, the teacher become familiar with each change bo- 
fore putting it into practice in teaching." 

Criticisms and Suggestions. It would be diniriilt to list all 
the cTiticiHms and suggestions that have been made for improving 
tli(< xituation in geometry'. The following are a few of those rost 
frequently offered. 

1. All geometry has cultural value. Omit "culture for culture's 
t»ak(3" and tearh a more practical geometry. 

2. The question of rigor is overrated and overdone. 

3. There is too much hair-8plittii)g of definitions, and too much 
time wasted defining terms. 

4. Too many theorems that need no proof arc proved. Intuir 
tion or experience should be substituted in such cases. 
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A. More inutorlHl is crowded into a ilngle year than a child 
fourteen or fifteen years of age can absorb. 

6. The notation in many textbooks is too elaborate^ and besides 
it obscures the thread of logic. For examplei a line can be repre* 
sentcd by a single letter and so can an angle. 

7. Textbooks in geometry do not discriminate carefully or suf- 
ficiently between the essentials and the nonessentials. They deluge 
the pupil 'Svith a great number of stock propositions u large pro- 
portion of which are unimportant tlicorems/' 

8. Of all the suggested omissions in geometry tlic subject of 
limits has been given as much attention as any other part of geom- 
etr>\ Nearly every mathematics teaciier who has suggested any 
omissions in geometr>' at all, so far as I know, has suggested at 
least less teaching of the theory of limits. Fortunately, most 
teachers of geometry now omit all reference to this subject, aU 
though it lias taken a long time to bring about this change. In 
fact, some of the newer geometries still give it space in a supple- 
ment. 

Professor Alan Sanders, in the opening address to the Associa- 
tion of Ohio Teachers of Mathematics and Science at Columbus, 
December 29, 1904, discussed at length the question of limits and 
showed why the subject was introduced into our American texts. 
He also took up specific examples of the use of the theory of limits 
and showed the inconsistency in their application to particular 
proofs. He closed his argument with the following statement: 

The fact that 90 per cent of the geometries used in this couptry give no 
proof for the propositioM quoted relating to cylinder, conca, and ephcrea 
ia a matter worthy of the aerioua consideration of the teachers of geometry. 

Professor Lennes, in commenting on what Mr. Sanders said at 
that time, interpreted the latter by saying that what Mr. Sanders 
meant to say was that the proofs attempted do not as a matter of 
fact prove anything. And he then adds, with an exclamation to 
the shades of Euclid: 

All the teachers of geometry in this country combined can no more prove 
these theorems than they can raise a two-year-old calf in a day. 

It is a ''sine qua non" that shoddy proof must go. Clearness and honesty 
of thought is the ideal of mathematics if of any field of intellectual activity. 
If it should not be found possible to formulate a solid treatment of limits 
adequate to meet the needs of elementarj- geometry and at the same time 
sufficiently simple to be understood by the pupil, then either the topics 
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r^Ti''"'!''' "•''^ '"""^ '"^ """"ed a comprehensible treatment 

wore chast-n. on. ,n,Blu consider only ihoso segments. anRles. etc.. whS> are 
con.n,on.urablo. Of e»ur«>. it would J,«ve to bo sta od exp ic-i S th. t .nch 
r.a,,u.nt not cumMcte but that wo a*un.e tho theirS wilLut pr^^^o^^^^ 
m case the si-KnH-ni.. t-ic.. ure inuonuuensurable. The length of h circle 
nn^ht be consuU-rcMl as the pcrin.otor of u re«ular polygon of. 'ly. one «£n 

tion. A over>- «tep wn sIduIiI have to be perfectly clt-ar aa to what xvo are 
Siout' "'""""^ - - ''^ -^-S "/oil 

III. KxTKNr OF TiiK Covim 

Conditions Controlling the Selection of Content. Tlie nres- 
sure upon tho curriculum, the imv subjects that arc clamoring lor a 
P ac-c in tho sun. md the dcmanils that we break with tradition- 
all these problems have caused educators to question the extent 
to which geometry should be carried. Tho wisdom of teaching 
so Id geometiy in parti.-ular has been seriously questioned. In fact 
solid geometry as a scinimte half-year course is rapidly becoming 
inmc in our schools. It is not eviMi retjuired for entrance in some 
of our engineering schools and colleges, as, for cxamjilc, the follow- 
Hig Statement shows: 

Solid OVomotry .-Those who take this course have already had one year 
of 1 lane Oeonietrj' to provide a foundation in geometric methods and proc 
e^es. In feulul C.eumuiry much sire:*s should be laid on the development of 
space perception Pupils should be encouraged to make models, ani hen 
10 draw hem. Ihe mensuralion fomiulaa relating to polyhedra cylinders 
concH. and spheres should receive special attention. tynmLrs. 

This subject is no longer required for admission to any college of the 
University 0 Nebra.sk:, or of a am.<iderubie number of other large u iv' !: 
s ties It IS therefore being dropped from the curricula of many high schools 
Subs itutlon 0 a fourth seme.^t.-r of Algebra will be accepted by the S 
versity from those student. s who wi.h to offer si.x point, entrance cr ditH in 
Mathematics. Such students may then enter with three points in elch su^^ 
ject. mcludmg Solid Geonietrv, as heretofore. 

Schools which do not otYer a course in Solid Geometrj- would do Well 
to see that the standard men.suration fonnulua from this subject are used 
sufficiently both in Algebra and in Plane Gcometrj- to Ike Jh pupi s auTe 
familiar with them. They should include ,he fonuulas for he su fa e^and 
volume of parallelop>p..d. cylinder, cone, and .ph.re. Proofs ni: J be omitted^^ 
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A Combination Course in Plane and Solid Geometry, I am 

not taking the position that solid geometry should go or that it 
should stay, but I do wish to point out tlmt if it is to stay it will 
probably have to bo combined with plane geometry and be taught 
in the tenth year. In answer to this suggestion some teachers will 
complain that they cannot teach plane geometry in one year, much 
less solid geometry. Such an attitude presupposes a definite 
amount of 'Aground'' to be covered and this is a myth, except in the 
case of those who are bound by extramural examinations. We can- 
not teach all of geometiy or all of any other subject in a lifetime, 
Moreover, we (io not teach geometry for the purpose of teaching 
any given list of propositions, but to develop the ability to demon- 
strate. The fact is that many pupils can learn all that is worth 
learning in plane and solid geometry, and many others will learn 
little if any. The rule of common sense— not, as is so often the 
case, the rule of prejudice — should detennine the extent of the 
course. 

Some teachers say that they wish to preserve a distinct place for 
solid geometry in the schools because it is the subject which teaches 
spatial relationships. However, trigonometry will do that as well 
or better and it has other advantages not credited to solid geometiy. 

If solid geometry is to be preserved, it can be done in three 
ways: 

1. It can be taught as a separate unit in the tenth grade much 
as it is done to-day, except that it must be more concentrated. 

2. It can be fused with plane geometry at the places where such 
fusion seems most desirable and possible. 

3. It can be taught intuitively. 

The advantages and disadvantages of each plan should be 
discussed and some intelligent conclusion reached. 

European Practice. In the European schools the number of 
propositions .^itudiod is generally smaller than has until recently 
been the case with us. and the teaching of the subject is extended 
over a longer period of time.^"* Our practi(*o must be more unifonn 
than the practice in European schools because our people move 
about so much, and this makes it harder for us to arrange our 
courses and the sequence of work to suit local needs. Besides, Euro- 
pean schools take several years to do what we crowd into one year 

All ti'ai'hrrs of mnth*^matlc« In this otuintry should be familliir with the rrport 
(if fhi- British As>ociatlc)n entltlrd Thv Totuhiny of (h'omrtry in i<rhoola. A A'f- 
ptprt py^nrod for the Mathematical Association. 0. Bell and Soqb, Londoo. 
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with disastrous results, The rise of the junior high school idea, 
however, has enabled us to take advantage of some of the best ideas 
in European practice, 

Along with the development of the junior high school course in 
informal geometry we have also reduced the traditional number 
of plane geometry propositions " which we expect a student to 
muster and have increased considerably the number of original exer- 
cises. Xot only that, but these exercises are more carefully chosen. 
As a result, they are simpler, more interesting, and on the whole 
better adapted to our purpose of having the majority of our stu- 
dents acquire the method of demonstration. We should not limit 
the work to only those who possess rare mathematical ability and 
who expect to be exi)ert8. 

Algebra in Geometric Proofs. There has been a great deal of 
discussion concerning the advisability of using algebra in geometric 
proofs. The .)urists are in favor of leaving algebra out altogether, 
in .spite ol the fact that the modern view of mathematics permits 
geometry and analysis to complement each other. At the other 
extrpiue are those who try continually to force algebra into a geo- 
metric proof whether or not it properly belongs there. 

A more satisfactory view would seem to be to use algebra in a 
geometric demonstration when the lailure to do so would make the 
proof unusually difficult. Likewise, in such propositions as the 
Pythagorean theorem it is not only easier but better to generalize 
the theorem by including the other two metrical cases about the 
square on the side opposite an acute nnir\c and the square on the 
side opposite an obtuse angle, and to use both algebra and trigo- 
nometry in proving it. Such a procedure will save time that can 
be devoted to the salient features of solid geometrj'. 

IV. Foundations of Geometry 

Fundamental Principles and Definitions. The traditional plan 
of proving propositions is to refer back to statements already 
proved. However, there is no proposition before the first one by 
niPiins of which the first one is proved; so we decide to set up cer- 
tain statements that we are willing to accept without proof. These 
conventional statements are called postulates. Besides postulates 
we u.se certain general assumptions, common to all mathematics, 

» S.<« the CoUegre Entrance Examination Board's Syllabi In Algebra and Gpometry 
Ihiriinu'iits .Nutnbera 107 aad 108. 
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called axioms. It. is now goncrally undiM'stood that tlic number of 
assumptions should he small, but not too snuiU.^^ 

Nature and Purpose of Definitions. Whereas the modern ten- 
dency is to omit all memorizcil definitions in arithmetic, and for 
the most part in algebra, the opposite is true in geometry. Here the 
proof of a proposition may be based upon certain definitions as 
well as upon preceding proofs or ussumi)tions (postulates or 
axioms). As examples of terms whivh are used in proofs and which 
should therefore be memorized, we lun*e right angle, perpendicular, 
bisector, perpendicular bisector, and so on. Here again, the text- 
book or tlie teacher should guide the pupil in deciding which defini- 
tions need to be memorized. 

It is not possible to define all terms adequately; some of them 
must simply go undefined. Sucli terms as point, line, plane, and 
angle are good examples of things that might better go undefined, 
The failure to memorize definitions for these terms does not, how- 
ever, excuse the pupil for using them improperly. He is required 
to use the term electricity although he cannot define it. 

How Precise Must a Definition Be? All teachers of geometry 
who know anything about the situation at all, 
know that t>recisic)n of definition is very diflfi- 
cult. Let the teueher who feels that absolute 
accuracy is necessary first define a polygon and 
then decide whether these figures come within 

his definition. If this causes him no worry, let 
him figure out the smallest number of vertices 
that a polygon may iiave, and then ask hfmself 
whether a regular digon (two-angled polygon) is 
possible, anrl if not. why not. 

Let him further infjuire whether the diagonals 
of a quadrilateral lie inside or outside the figure, ^ 
and consider suoh a simple case a.s the one here \Z^Z^^yf ^ 
shown, in which the diagonals are AC and BD. \vW^ 

Finally, let him consider whether a quadri- \ I / 
lateral is formefl by intersecting lines, and how \{/ 
many diagonals are i)ossihln, and (lipn see if his \ 
statements meet all the conditions suggested by 
the figure here shown. 

"For a Ust of such nssumpfimis tlu^ ri*iul.*r I< n'f.-rrrd ti> any gmul mod«^rn text 
in geometry. 
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Such questions should not be introduced in the early stages of 
geometry. At that time a pupil may properly think of a quadri- 
lateral as convex, as in the accotnpanying figure. This figure, as he 
^ ^ properly conceives it, 1ms only two diag- 

^^7^ onals, shown by the dotted lines AC and 

N^.,''" / BD, The teacher, however, should realize 
'^s,^ / ^hat in general a quadrilateral is formed by 

4 Bt straight lines lying in a plane. If we 

adopt the modern phraseology we say that 
these lines intersect in points at a finite distance or at an infinite 
distance, and that in any case we have three diagonals, even though 
some may be infinitely far away. For example, there are simple 
cases that may be profitably considered by the teacher and perhaps 
referred to later in the pupil's course similar to these illustrations: 




Such considerations may suggest more forcefully to the teacher 
the undesirability of committing to memory definitions that are 
not actually used in proofs, since we are constantly extending our 
ideas of even very common terms, and any claim for absolute pre- 
cision of definition is sure to be a hindrance to progress and will 
probably be withdrawn as we proceed in our work. 

Distinction between Theorems and Problems. The theorems 
of geometry are concerned with proving geometric statements; the 
problems are concerned with the construction of geometric figures 
in a plane, the only instruments allowed being an unmarked 
straight-edge and a pair of compasses. In solid geometry we as- 
s-mie that the necessary figures can be constructed, and so we do 
not attempt to show how this can be done. The term proposition 
is commonly used to cover both theorem and problem. 

In early days, upwards of two thousand years ago, the writers 
on plane geometry did not attempt to prove any theorem until they 
had shown that the figure could be constructed. For this purpose 
they placed some of their prohlpiu.s of plane geometry first, and in- 
troduced others as necfled. At jwscnt \vv fj;('tit'r;illy assume that 
all figures in plane gcunictry run be cuii.structed, as we assume 
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for solids, but we j)rove this Inter in u number of important 
eases. 

We migljt go even fartlier, for it would be possible and logical 
to assume all constructions in plane geometry, just as wo assume 
them in more advanced work. We do this in some cases, as it is; 
for example, we would not hesitate to ask a student to tell the 
number of right angles in the sum of the interior angles of a regular 
seven-sided polygon, althoupli it is impossible to construct such a 
figure with tlie limitation imposed ui)on plane geometr>'; namely, 
of using only the compasses and the straight-edge. 

Because of this modern view of the case, we generally place 
the problems at tlie end of any particular book or clmpter although 
they might, as with ancient writers, be scattered among the 
theorems. 

Number and Importance of Theorems. Tlie number of pos- 
sible theorems in plane geometry, and similarly in solid geometry, 
is apparently unlimited. Now projiositinns are continually being 
discovered, most of them being simjile deductions from propositions 
already known. The hitter are usually theorems upon wliich a con- 
siderable number of others (lo))en(l; that is, they may properly be 
designated as basic propositions. 

Among the basic propositions the following are particularly im- 
portant: 

1. The congruence theorems. 

2. The equality of alternate angles in the case of parallels. 

3. The sum of the angles of a triangle. 

4. The theorems rela uig to similar figures. 

5. The Pythagorean theorem. 

6. Measurement of an an^le formed by two cliords. 

So important are these few proj^ositions that, if we had no 
others with which to work, we couhl, with these alone, prove a 
large proportion of the original exercises of geometry. Indeed, it 
would not he bad practict* to postulate all but the third and spend 
the time findir.^r out how many exercises could be mastered with 
these as a foundation. A ))U))il would be fully as well off so far as 
mere traininjj: in lo^ic is conccnioil. although he would not have such 
heli)ful niatlifUiatical c*(iuipnu*til as he would have if he followed 
the usual nhxn. 

Since the number of basic propositions in plane geometry is often 
assumed to be about one liuotli-fil, or harilly more than three for 
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over>' sdiool \vi"i>k, liavc ut« tiii.(> uti-it-r thi< plan for the important 
part of pomctry— th.> ex. tvi<i v, it^;,.,.,i. have we time for the alter- 
native i)l;ui of civin-i :i f;iir iMir. -.-niiu'try in this same year? 
It is a mistake idoa that tl,r l.r>r n>'ilts rffiuiro the rejietition of 
the i)rouf of every pmpositKui m any purtinih'- textbook, A 
teacher who is able to arn.i>t« thi- interest of his puiiil!! in inde- 
pendent work with tlie e\ern<i's. or in finding other exercises that 
are new to them, may safely di<cuss in class the i)roofs of the less 
important theorems, with a brief citing of the reasons involved in 
each st-ep. 

Model Proofs. Given this number of basic propositions, the 
question arises as to how they should be present<>d. Should we 
give the proofs in full? Should we give them in full at first and 
gradually leave more ami more u;aps for the i)Ui)ils to fill in order to 
make the proofs complete? Should we dictate the propositions and 
have the pupils work out the proofs? Should we follow a syllabus 
instead of dictating, still leaving the proofs to be worked out? 
Should we emiiloy intuition, pretentl to discover the propositions, 
and then invent our own proofs, perhaps working them out by 
having the entire class take part, we ourselves guiding them in the 
right track? Shoukl we give suggested proofs, the pupijs following 
out the suggestions, ourselves pretending to encourage an original- 
ity which the suggestions render impossible? Or should we make 
some other com.bination or experiment, knowing very well that the 
same thing has doubtless been attempted many hundreds or thou- 
sands of times before? (iiven a teacher with enthusiasm and per- 
sonal magnetism, any one of these plans will yield fairly good re- 
sults. 

The plans are not equally good, however and world experience 
has generally favored the use of a textbook that gives the proofs 
of the early propositions in full, gradually reducing the degree 
of completeness and leaving the pupil more and more upon his own 
responsibility in completing the demonstration. 

The purpose in giving a complete proof at first, with the reasons 
stated both by section number and in full form, is that the pupil 
may have a model before him. The reason for giving substantially 
complete proofs thereafter is that an approximate model may be 
before him even after he has come to rely more fully upon himself. 
It should never be assumed that proofs are given only to be mem- 
orized; they are given in order that a student should have, every 
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day or two, a model for his treatment of the important exercises, 
these con^titutin;^ the field in which his originality, his insight into 
geometry, and his ability to think logically are to be shown. 

Whetiur the pupil writes his reasons under each statement of the 
proof or at the righi^ of the statement is a matter of little moment. 
In the printed page a larger type and a more striking arrangement 
can be used if the reasons follow the steps, but in written work on 
a large page it is quite allowable to place reasons at the right, and 
many teachers prefer this arrangement because they find that they 
can the more readily mark the papers when they are written in this 
way. 

In any case, the model in the textbook will serve to keep before 
the student the necessity for succinct and logical expression. 

Euclid's Sequence Versus the Modern Sequence, For about 
2,000 years ICuclid s sequence was the order that was universally 
followed. To-day we have a simpler and more usable sequence, 
not so rigidly scientific as Euclid intended it for university stu- 
dents, but within the reach of high school pupils and better adapted 
to their needs. 

Euclid was little concerned with the classification of proposi- 
tions. He arranged his propositions in an order that seemed to him 
to begin with the easiest proposition. He then built the super- 
structure so as to construct his figures before using them. We at- 
tempt to classify our propositions, but we do not attempt to con- 
struct our figures before using them. From the standpoint of strict 
logic Euclid^s plan is better; for teaching purposes ours is superior, 
A good plan for teachers to follow is to choose a carefully written 
modern textbook in geometry, follow the sequence given there as 
carefully as possible, using all the ingenuity they can, emphasize 
the work on original exercises, and cultivate the originality and 
imagination of the pupils as much as possible. 

V. Methods of Attacking Original Exerciser 

Four of the Methods. No single method of attack can be ap- 
plied to every exercise. This is fortunate because otherwise our 
teaching would be more formal and wooden than it is. However, it is 
worth something to point out to a pupil some of the more definite 
methods of attack so that the ''trial-and-error" method may not be 
overworked to the loss of all concerned. The most commonly used 
methods will be discussed. 
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1. The Synthetic Method, Professor David Eugene Smith says 
of this mctliocl: 

The pupil usually wanders about more or less until he strikes the right 
line, and then he follows this to the conclusion. He should not be blamed 
for doing this, for he is pursuing the method that the world followed in the 
oarliost timejj, and one that has always boon common and always will be. 
This is the s>'nthetic method, the building up of the proof from propositions 
prnviously proved. If the proposition is a theorem, it is usually not difficult 
to rrcall pro}K)sitions that may load to the demonstration, and to select the 
onoji that are really needed. If it is a problem it is usually easy to look 
ah^ad in the proposod solution, to see what is necessary for its accomplish- 
mont and to .Hect the promiinp propositions accordinply.^* 

2. The Amdytic Method. The analytic method of attacking 
original exercises in geonietrj' is penemlly reeognized as one of the 
niojst powerful metliOfU which the pupil can learn. For this reason 
Professor Sohhuich's cluipter on the analytic inetliod will be of 
especial intercj^t and no further (i'^eus.^ion of it will he piven here. 

3. The Method of Loci, This nu^thod of attack in geometry 

applie.«^ chirfly to problems whoro jsonif point is to ho doterniined. This is 
the method of the intorsectii;n of loci. Thus, to lo&ite an oloctric light at 
a point cinhlooii frr't from the point of intcr?5oction of two 
/ strf'^*ts and oqui(ii.<tant from them, evidently one locus is 

/ a circle with a ratlins oitrhteon feot and the center at the 

vortex of the anclo inarle by the stroots, and the other 
locus i.s the bisector of the angle. The method is also 
ocoasionally applicnhlo to theorems. For example, sup- 
pa'^e th:it we have to prove thnt the three perpendicular 
bisectors of the .^^iiles of a triangle 
pa.^< throiiprh fho same point; that is, /s. 
that they arc connirrent. Here the ^^AJpSs© 
lonis of points oquidistant from A /""H^^^pN. 

and B is PP\ an»i thn locus of points 4^ 2!^- — -^/j 

oquidi.-^tant from B and C is QQ\ 
Those can easily be .^liown to intersfct, as at 0. Then O, bein;: equidistant 
from .1, /i. and C i^; also on the perpcndicuUr bisector of AC, Therefore 
iho.-se bi.-eetfirs are concnrn^nt in 0." 

4. Tho Indirect Method, This method is occasionally used as 
a la>it resort. It is severely eondeninod by many, but it has its 
suppcirters as wrll. In order to help teachers who find a treatment 
of tliis inciliod dillieult or unsatisfactoiy Profes^'♦or Upton has pre- 
jiarefl a eh:iptrr oii the inclirect luethod. 

1* Smith. Ijr\i.i KuuN'ti.*, 7 /m /'"f hnn^ ',f ^^/|ml7'/^ p. <;inn ana fi)., inn 
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General Directions for Proving Propositions. Aside from the 
conventional inotlmds of attack on oxorcisos already referred to 
then- are a few p:enerul directions for proving propositions that may 
be given to tlic pupil. 

1. Head the proposition carefully. Many pupils fail to prove 
propoi^itions because they do not read them carefully, determining 
clearly wliat is given and what is to he jiroved. and liecause they 
do not sketch free-hand a figure rejircscnting the conditions. 

2. Draw a general figure. Failures in pro\'ing original exercises 
are often due to tlie fact that a pupil takes a si)ccial case of a figure 
and Imving proved the exercise assumes that his proof is general. 

3. -Draic the proper figure, Tlic careful construction of tlie 
figure under consideration will often suggest the relations which 
lead ultimately to the proof. 

4. Depide definitely what i$ given and irhat is to be proved. 
The given part can perliaps best he stated by using letters or sym- 
bols relating to the figure, and similarly for what is to he proved, 

5. Think out a careful plan for the proof. Here it is worth 
while for the pupil to know tlie various ways of proving lines equal, 
angles equal, lines parallel, triangles congruent, anri tlie like, so 
that he can be more intelligent in his selection of tlie proper plan to 
follow. 

VI. The CoNDrt t of thk Recitation 

Misuse of the Blackboard. It is doubtful whether there is any 
way in which we have wasted more time or developed worse habits 
am^ng our pupils than in the traditional misuse of the blackboard. 
The practice of j^ending an entire class to the blackboard to draw 
figures and write out proofs that they have probably memorized 
is wasteful of time and encourages had habits. If someone held a 
stop-watch on us wliile we passed to arid from the blackboard the 
amount of time lost throughout the country in one day would 
astonish us. 

It is cu.stomary in some i^chools for the teacher to .^end a pupil 
to the board occasionally to draw ;i figm^e and give a demonstration, 
but it is usually very unsatisfactory l)ecause of the loss of time 
and inattention thus developed. If it is necessary to have compli- 
cated figures drawn, it is much more economical of time and it is 
better teaching to use large pieces of cardboard upon which neat 
and accurate drawings have been made. 
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Discussing Proofs. TIu' \mn>h of the propositions as far as 
they arc Kivon in tlic ti-xtbooks slionid be niodcls or they should 
not bo proved iit all. In fact, we oonld easily omit the proofs of 
many conventional pmpositions and the pupil would Ruin in every 
respect by such omissions. Why should we give the proofs for 
each of the family of parallelonram proiiositions which usually 
bcRins with the one which rea.ls: "The diagonal of a parallelogram 
divides the parallelogram into two conpnicnt tHangles"? This and 
all such simple propositions should be treated as original exercises, 
provided, of course, the number of model proofs in the text is suf- 
ficient to give the pupil a good notion of a model proof. 

General Conduct of the Recitation, .vn entire book might be 
written on the cotuhict of the recitation in geometry. We might 
di.scuss the various types of lessons to be recognized and taught, 
how to take care of the routine factors of the recitation, such as 
calling the roll, ventilating, and .^o on, how the time of the class 
.should be employed and divided, when the assignment of home 
work should be made, how to ask artistic questions, and many 
other such problems. However, most people who are qualified 
to tcich geometry at all should have had courses in method or 
in proiossionalized subject matter before they are permitted to 
teach. In such courses all these details should l>e discussed at 
pre.-iter length thun time here permits. Besides, teaching is an art 
and there are always tho.-^c who contend that there is no best way 
of teaching anything. Whether or not this is true I do not know. I 
do know that tlie teaching of geometry in this country needs to be 
and can bo improvctl. It is with the hope that the general level 
of the tt-'aching of geometry may be improved that this yearbook 
has been prepared. 
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Yale Vnivemiyt New Ilavvn, Conn. 

Revolution in Mathematics, (icomctry is one of the oldest of 
eclucational disciplines. More tlian any other it has retained its 
essential character for centuries. Why, then, shouhl this most 
stable subject of our curricuhuu be questioned at the present time? 
Why should wo ask; Wliat shall we teach in geometry? Greatly 
accelerated changes in all conditions of the civilized world have put 
teachers and advocates of mat iienu\ tics in general on the defensive. 
This is particularly true in tiie more elementary work. For various 
reasons there is i)rcssure from nuiny sources to cut down the time 
devoted to instruction and the material included in the courses. 

The attacks begin on arithmetic. I do not know how wide- 
spread these have been, but I do know that some educators main- 
tain tlmt much useless material is included in tlie courses in arith- 
metic in uur eknientar)* schools. As a specific illustration it is 
argued that the fuibject matter of fractions is much inflated and 
that no one in ordinary life uses a fraction whose denominator is 
anything but 2, 3, 5, or some simple multiple thereof, like 6, 10, or 
12. Hence we should omit all work in fractions except simple 
addition and multii)lication of fractions vntli the denominators just 
mentioned. 

A little higher in the scale we are all familiar with the attacks 
made on the amount of time devoted to mathematics in the second- 
ar>- schools. Not so many years ago one of the important asso- 
ciations of educators in New England formally adopted a resolution 
urging the restriction of work in algebra to one year. Other 
mathematical subjects have likewise been under fire. Thus far the 
line has held fairly well but some losses have been sustained by the 
mathematical army, the most serious, I think, being that on the 
solid geometry front. 

The Place of Mathematics. Now the changes that have al- 
ready been made and those which are at present advocated by pro- 
fessional educators are all in the line of progress. It should not be 
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niir (itlitmlo til viwwhni pnitfiTss .^imply hrcuusi* wo arc hum con- 
siM'Vfitivrs or luraiiso \\v \y\?i\\ to holil on U> niir prmMit jobs. Wn 
limy wi ll osk: Is tlinv any jiistilloution for rontinuint: to touch 
tlir prosnit .'unoiinr of inathrmatirs to the Iniw nuuiluM* of nnwill- 
MiK pupils who aro uwv victims? A partial unssvor to tlio rpuvstieui 
is to \)v fiiiiml liy oxanuninu tcmtonrios in onr institutions of lli^lll^r 
lrarnin«. That all onjrinorrinK Muih-nts nml a ronsiilorahio anunint 
i\t niatlioniaiii's uoos without (|iio.<<tioi). That not all colli^j^o stii- 
iliMits nialhrinalirs is ntttsti'd hy thu fact that fow n)llr^?(»s 
lihrral arts ivquirr mathrniatirs of all stinlents. \\t the amount 
of nwit hematics rrcpiircil of a yrowiun «roup is inrrc?asinn rapidly. 
>futlu'!iiatirs has always hwu the hasir tool of the physicist arid 
the asfrononicr. anil nnnlcru thciu'ics involve more ailvanccd matlie- 
malics than the earlier ones. The cipiipment of the prescnt*day 
ehemist involves more nnitheniatioal training. Studpnt^s in th'u 
chemistry course at Yale are now rocpiircd to have the two years 
i>f college niaihcmatics Kiven »o cn^^nocrs, and at the present 
moment we arc eonsii|erin« a request from the department of chem- 
istry to jrive a special third year course for their students. Every- 
one is familiar with the i^rcal increasr in applications of mathenwit- 
ieal statistics in the liehls of (M*onomies. business, education, and the 
natural scirnces. Perhaps nut so many realize, however, the grow- 
inR demand for niathennitically trained men and women in medical 
research. A >}inrt tiiiu^ a^ro a portinn of the staff of the Medical 
JM'hool of .lohiis Ilopkin** fnrmeil a class and requested a member 
of the ilcpartmciit nf jnathi'Miaiics to pve them a course in the 
ealculu.v A simihir nc^d for more mathematical knowledKc ha.'- 
been expcrit iiceil by certain tnombers of the faculty of tbo Vale 
Medical School. One of the physicians has felt that Yale CollcKe 
siiouhl have re»iiiired hint to study the calculus. Ho knew wlien 
he entered cnMeue tliat he wanted to be a physician. He was re- 
quired to take i)hy.<ics. chemistry, zoiilo^', but not mathematics. 
How sluiiiM he know MS an uiKh'mraduate that in a few short years 
he would find it S(» desirahh* to have u Working knowledge of tho 
ealculus? 

The ttJtal iiundu*r nf cidh'^' students Iims increased so emo'- 
mously that the nuiiihei' takiim i\u iiiatheniatics may reailily j^ive 
the i!upi-essii)n that oiher >iihji-cts ari* ^rowin^ more rapidly in 
importance. iMit thi*re can la* iio doubt that the nmnber who need 
matiu'niatics i> ai.M) iiuMea^iiiK rapidly, and the amount of inathe- 
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matiot* miuirofi in v\\oh \\vU\ of application Ims nuiltiplieil many 
fold. This situation .<lioulcl hv siilHrient justillcution for holding 
our niathematicul tronohes against ovory assault. 

Value of Geometry. Wc should \hv\\ be prrpaml not oidy to 
deftMid oursidves from any attacks that may be made on our present 
teaching of geometry, but also to rnakr* a vigorous counter-assault 
to retrieve what has been lost in solid geometry. First of all, we 
should take account of stock. Why should geometiy be tauglit by 
us and why should it be studied by the pupils? The main reasons 
may be summarized under four heads. 

1. Loiiivnl cxpodtiofh In this i)hase of the work nothing else 
approaches geometry. Nowhere else does the pupil marshal his 
facts in such strict order and present them with such precision of 
statement. For ages this has been considered the chief value of 
the study. Perhaps it will continue to be so, but we umst not be 
unmindful of the fact that there are some heretics, that some 
psychologists assert that there is little, if any, transfer of training, 
zind that a study of the water-tight arguments of geometry iieljjs a 
lawyer very little in nmking a convincing argument in a courtroom. 
We can not rely too much on training in argument, from hypo- 
thesis to conclusion, as justitieation for retaining geometiy as a re- 
quired subject for all students. 

2. Geometric facts and rclatiom. The utilit^' of this phase of 
geometry is too obvious to require comment. K\ jryone knows that 
to a large extent geometry has been indi.spensable to civilized man 
since the earliest days of which we have any record. »Somc of the 
oldest hieroglyphics that have been deciphered refer to records of 
land measurement in simple geometric forms. Homo of the most 
complicated geometric forms and relations are involved in the latest 
triumphs of engineering construction. I should like, however, to 
call attention to the importance of a knowledge of geometric fact^ 
as a part of a liberal education. Most of the great horde of stu- 
dents going to college now are seeking a liberal education. They 
want to be able to ai)preciate what they read and to talk intelli- 
gently of art, literature, scientific progress, and current events in 
general They would be greatly mortified if they failed to under- 
stand such a reference as ''exacting his pountl of flesli.'* Yet a 
similar ignorance of geometry is ))asso(i off lightly. Certain facts, 
for cxaniple, that a straight line is the shortest distance between 
two points, ai)pear to be obvious. Others do not. For instance, 
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do all person!* posi*essing what is culled a libcml education know 
that on the surface of a sphere the shortest distance between two 
points is along the arc of a great circle? They do not. When 
Lindbergh electrified the worUl by his flight from New York to 
Paris, almost every newspaper print<jd a map showing his course 
across the Atlantic. Many others must have luid my experience of 
tr>nng to explain to friends why he flew so far north. Why should 
he have been seen over Ireland wiien he was going to Paris? My 
longest argument was with a college professor who did not know 
what the newspaper account meant when it said that Lindbergh 
followed a great circle. He was not familiar with the technical 
term ^'.jreat circle" and soenuHl to think that for some tempera- 
mental reason Lindbergh chose to fly in a huge circular path. Isn't 
it just as desirable in our modern social life to know the most 
important sayings of Euclid us it is to recognize the most common 
quotations from Shakespeare? 

3. Memuration formulas and methods. These follow from the 
geometric facts and relations. Their necessity and utilit-' need no 
comment. 

4. Cultivation of space perception, including the representation 
of three-dimensional objects by two-dimensional drawings. The 
natural ability to visualize objects and relations in space varies 
greatly among individuals. There is no doubt that this natural 
ability can be increased by cultivation, and that such cultivation 
has important practical result.s as well as less tangible effects on 
general mental developnjcnt. 

Why Solid Geometry is on the Decline. With all the cogent 
reasons that can be advanced for the study of geoniotry, why is it 
that the most valuable part of the subject, namely, .^olid geometry, 
is on the decline? Why nave all colleges that are not technical 
schools ceased to require it? Why have more and more schools and 
colleges withdrawn courses in it so that more ami more students 
have no opportunity to stucly it? With u hiri^e number of students 
solid geometry is unquestional)Iy just naturally unp()i)ular. To 
an appreciable number of teachers .^olid ^cometr> is distasteful. 
To the general public, inchniing some profi'ssional mathematicians, 
the study of solid geometry in jireparatory school ajipears to be 
futile. 

Now I believe this situation exists because of tho common 
meaning attached to solid j;eometry. It brings up a vision of metic- 
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ulous proofs of obvious facts, of the devil^j* cofTm and other com- 
plicHtcd figures called by more or less meaningless nanus, of long 
and involved series of stejis to establish a conclusion which often 
is only vaguely understood. This unfortunate conception is due 
largely to us, to our understanding of what we should teach. It 
seems particularly regrettable because the subject can be made 
extremely interesting. This is not my individual opinion alone, but 
that of many others who have studied the situation and have asked 
what is to be done about it. The answer is that we must change 
the character of the course. We must give up some of the less 
valuable features and replace them by others. 

Solutions Offered by the College Entrance Examination 
Board, Two solutions of the problem have been offered by the 
College Entrance Examination Board: 

1. The requirement labeled Mathematics D, Solid geometry. 

2. The requirement labeled Mathematics cd. Plane and solid 
geometry. Minor requirement. 

Mathematics D, It is my impression that comparatively few 
people understand the intent of the Mathematics D requirement, 
and to make it plain let me explain some of the history of its 
formulation. 

The present requirement was formulated by a commission of 
eleven members appointed by the College Entrance Examination 
Board in 1920. Four of t\w>Q nienihers had served also on the 
National Committee appoint 'xl by the Mathematical Association 
of America to make recommendations concerning the content of 
courses in mathematics in the secondary schools. At the first meet- 
ing of the Commission a resolution was presented which was t^o 
outgrowth of the work of the National Committee. I can not repro- 
duce the wording of the resolution but it was to the following effect: 

a. That sufficient drill in fornuil gLunietric proofs is given in 
plane geometry and that it can \xi very largely dispensed 
with in solid geometry. 

b. That mensuration be \s}vvn much more prominence. 

c. That nuicli more w^rR be done to develop space percep- 
tion, relations of objects in three dimensions, and the 
representation of the.so relations by drawings. 

The resolution met with no opi)()sition and received enthusiastic 
support from some members of the body. It was agreed, however, 
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that such i\ radical change wouM have to ho inado jrnuhially and, 
as the result of consideriil)le discuj^sion. it wu? dcci.lcd to fomrdatc 
two requirements to he known as Solid Geometry A and Solid 
Cieonietry B, the first to he the traditional course and the seeond 
a new one defined along the lines suggested in the resolution. The 
idea was expressed in the meeting that the i)roposed new require- 
ment would gradually make its way in the schools and ultimately 
replace the traditional one so that finally the so-called A require- 
ment could be discontinued. 

The work of the Commis.sion was apportioned among various 
subconnnittces on algebra, geometry, irigonometrv, etc., with a 
special committee on Solid Geometry B. The work of the general 
committee on geometry consiste.l in drawing up a svlhibus for each 
of the reciuirements in geometry. Its chief contribution was the 
selection of certain starred propositions chosen for their hnpor- 
tance and suitability for examination purposes, with tlie idea 
that less effort should be d-voted to memorizing the whole li.«t of 
pit)po.sitions and more time should l)e given U) originals. The task 
of the special committee on Solid (Jeometry B consisted in selecting 
a small list of propositions and in drawing up a description of the 
new type of work to be introduce.l. The result of its attempt ap- 
i)ear.s as the Appendix, i)ages 35-43. of Document Xo. 108, which 
eontams the definition of the reciniremeiits of the College Entrance 
Kxamination Board. 

When the different subconuuittees reported to the Commission, 
It appeared that there was less diircrciicc between the A and B 
requirement* than had been expected. lUnh reports recommended 
es.sentially the same amount of gconictrie knowledge, a curtailment 
of the time spent on book propositions, and an increase in the time 
spent on originals and applications. The essemi:d difTerence was 
that the A requirement included eidit starred piopositions in Book 
VI and the li refinirenient included none. Nothing was more nat- 
ural tlian to attempt to combine the two statements into one. The 
final statement covering this (•()nihin:iti(m is as follows: 

The Board wishes to iii-cnnl nil dxu- l.tfitiuio in tho trratmcnt of the subject 
of solid geomeliy. It ree(jgnizcs tht: vul.ie <,f the further training in logical 
(lenioustration which 8Uiii,li.nicnl.s the sUuly of plane geometry and is given in 
standard course.-? at the present time. It recognizes al.'^o t^'it the intuitive 
geometry of the early school coxirse may well be curried further as regards 
both a firmer grasp on si)ace relation.s and the visualization of space figures 
and the mensuration of surfaces and solids in space. ' 
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The ex{imination.s will bp constructed with reference to this hirger interpret 
ttitii)n of the rfijiiinnu nt. In the piust, the candiilute has been expected to 
im>\vrr six (iiu'.-^i inns. :in(l this will bo a&nnnod for convenience in defining the 
uatiiro ..f the new exuininatioiid. These papers will consist of seven questions, 
of which the candidate will be expected to answer six. Two of these questions 
will call for demonstrations of propositions from the starred list, but not both 
of these propositions will be chosen from Book VI. Many teachers have felt 
that the aniouat of formal demonstration demanded by this Book has been 
excessive ami has ol)scured the subject matter. The purpose of the new re- 
quiivinent is \o ijive the teacher a freer hand, enabling him, if he so desires, to 
teach the facts concerning the relations of lines and planes in space by means 
of problems and constructions. 

What Can Be Done, The question now is, What can a teacher 
do who wishes to break away from the drudgery of forcing unwilK 
ing pupils to reproduce book proofs and substitute material wliich 
appeals to the imagination, which stimulates the curicsity of the 
pupil to find out for himself results which are not announced 
in the statement of the problem, and still prepare the pupils to 
meet tlie College Entrance Examination Board requirement? Such 
a teacher can umit a fonnal proof of every one of the thirty-six 
propositions in Book VI. I have done it with college freshmen 
and Ijclievo the result is good. It is merely necessary that the 
eontt'ut of tlie hook bo understood. 

The rel.'itiotis between lines and planes in space can ea.sily 1)0 
sliu.'-n by a few sinii)lc models construct<3d extemporaneously from 
two or three huoks and pencils. Very few of the facts recpiiro 
l)n)of. If any one is nut accepted readily by the whole class, it 
>li()uhl ha\'e an informal but convincing demonstration. 

An explanatii)n of the meaning of the propositions .^houhl then 
he lolluwrd hy many t^implc j)roblems making use of them. A 
><ingle example will illustrate the idea. What is the angle lietween 
two diag(Uials of a cube? Most pupils will answer th.at immcdi- 
aicly. With all the symmotiy involved n-hat could the ans^ver be 
l)Ut U0-? And t!iey will be umch surprised, when the problem is 
analyze«l and woi'ked uui, to find that the answer is 7U ' 32'. It is 
an cxt'ellenl introduetoi'V problem both in the steps of thr >ulution 
and in the unexi^eeted result. The introduction of nujiicricul trig- 
ononieiry in elementary algebra opens up a great (juantity of 
material in both plane and solid geometry which could not be 
toiu'hed behire, and probably very few of us are taking advantage 
of this liberation from the domination of the 30^*~GU' right tri- 
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angles. Further applications and developments are suggested, but 
by no moans exhausted, in the Appendix of tlie Board's pamphlet. 
This procrduro has the advantage of saving time and sustaining 
interest. It avoids the danger of disgusting the pupil by proofs 
of facts that anyone can see and thus killing his interest at the 
start. 

Mathematics cd. The second solution of the problem of geom- 
etry teucliing offered by tlio College Entrance Examination Board 
is tlie requirement known as *'Mat hematics cd. Plane and Solid 
Geometr>\ Minor requirement.'' The suggestion of such a course 
was made to the Commission by Professor Dunham Jackson, who 
came to tlie first meeting just after tlie faculty of the University 
of Minnesota had voted to eliminate solid geometry from the curri- 
culum. He was anxious tliat sometlnng be done to retrieve the 
loss but felt that we could probably not get more than one year 
for geometry in our preparatory schools. He suggested a course 
which should include both plane and solid geometry, but whicli 
should require no more time tluin is usually given to plane geom- 
etry. Tlie proposal went tlirough without o()position, because no 
one would be required to take the couri?e and it seemed quite right 
to offer the opportunity to anyone who desired it. 

Present Status of the Two Requirements. The progress of 
the new geometry under the MaHicmatics I) rcciuirement can not 
readily be measured, and we can only surmise tliat little has been 
accomprshed. As to the Mathematics ?d requirement we need only 
turn to the Secretary's reports to assure ourselves tliat it has not 
been used. During the past four years the number of books in 
geometry written by the Board's candidates was 24,432. Of this 
number seventy-two were in Mathematics cd. After we have been 
told by the readers that most of the seventy-two gave unmistakable 
evidence of not knowing enough geometry to pick the right question 
paper, we are fairly safe in saying thai no progress lias been made 
with the minor requirement. 

The minor requirement has recently had some able champions 
in Professor Beatley and Professor Tyler, and a committee is now 
at work to promote the idea. Until more progress has been made 
in the development of the course, it is quit« natural that the Board 
should feel that it has done all that it can. A definition of the 
requirement has been formulated and examinations are set every 
year. Any candidate who chooses may take the examination. Any 
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teacher or school may prepare for it^and any college may accept 
it. The colleges have Imd no opportunity to express their attitude, 
because the question has not been put to tliem in tlie only form 
which they can answer, namely, by candidates ofTering the subject. 
Personally, I have not the slightest doubt that tlie minor require- 
ment in plane and solid geometry would be accepted everywhere, 
except perhaps in some technical schools, in place of the plane 
geometry alone. 

Importance of Experimental Work. Wlio, then, has the op- 
portunity and responsibility of clianging the situation in geometry? 
It seems to narrow down to tlie scliools. Any school, or any teacher 
who is given a free hand in a school, has the opportunity to teadi 
a course in solid geometry wliicli is radically different from the 
traditional one, a course which can not fail to arouse some curi- 
osity, whicli appeals to pupils as worth wliile and to administrators 
as having practical value. Sucli a course has been taught suoce:?s- 
fully, is approved by the Board, and is accejited by every college 
in the country. We need only textbooks a little better adapted to 
the purpose, a little bolder in breaking- with tradition. 

If the longer course proves inipos.sible in some caj^es, the next 
best cliance is tlie minor requirenient. I feel so sure tliat there 
will be no difficulty in having such a course accepted by the colleges 
that it seems unnecessary to consider this phase as an obstacle. 
Tlie course, however, will have to lie dcvelo{)ed. ^ou\q cntliusi- 
a.stic believers in the subject, with o{)portunitics to experiment with 
classes and time to work out details, must show the rest of UvS how 
it can be done and prepare the texts with which to do it. There is 
presented here an opportunity for valuable constructive work, for 
I can not believe that the subject will continue to be divided into 
I»lunc geometry and solid geometry. Considering present needs, it 
seems more advantageous to develop the simpler {uirts of thivr- 
(limensional geometiy simultaneously with the corresponding work 
in two dimensions. 

Our young people of to-day have such a variety of interests 
that it is quite natural for them to become impatient with a subject 
which appears to have little, if any, connection with ordinary ex- 
istence. They can not be censured for feeling that everj- efTort 
must be directed toward something that will count, not necessarily 
toward greater earning capacity, but at least toward greater 
mastery of the problems of present-day civilization which they are 
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just beginning to sense. With the growing importance of mathe- 
matics to an increasing nmuber of people it seems more tlian ever 
unfortunate if there is any step in the mathematical ladder which 
arrests progress. The traditioTial course in solid geometry often 
presento such an obstacle. When a pupil does not study solid 
geometry, it usually means that there is a break of at least a year 
before he can go on with further work in mathematics. He not 
only misses the content of the course and the increased power tliat 
can come from it, but he loses much that he has already gained. 
As a college freshman hi) finds himself usually at a great cUs- 
ud\*antage in competition with others whose mathematical career 
liiis sutTered no break, and whose mathematical maturity is greater 
lhari a difference of one year's work would indicate. 

Present View of the Situation. Now it is quite possible and 
highly desirable that we shall sometime have a rearrangement of 
tlie mathematics Curriculum which will offer to students in the 
hir^t year of preparatory school a course which will be more at- 
tractive than the present ones and which will better prepare them 
for continuing the study of mathematics in college. In the mean- 
time, while the pioneers are dcing thoir work, the best single step 
that we can take is to teach solid geometry from the point of view 
of the B requirement described above. Under the present defini- 
tions of requirements in geometry of the College Entrance Exam- 
ination Board there lies before us the opportunity of doing a con- 
.<iderable service not only for the single subject of geometry but 
also for mathematics throughout thr whole curriculum of the sec- 
ondary schools and colleges. 



DEMONSTRATIVE GEOMETRY IN THE 
SEVENTH AND EIGHTH YEARS 

By vera SANFORD 

School 0} Education, Western Reserve University 
Cleveland, Ohio 

Possibilities of an Early Approach to Demonstrative Geom- 
etry. The development of the course of study in mathematics in 
the junior high school, involving as it does the early introduction 
of the ideas of algebra and trigonometry, raises the question of the 
value of an earlier use of demonstrative geometry. One solution 
urges that a unit of this subject be taught in the ninth year, the 
work being somewhat less rigorous than the corresponding part of 
the traditional course. A second solution involves the informal 
introduction of the subject in the seventh and eighth years. It is 
the purpose of this chapter to point out, by describing a specific 
piece of work, how this second suggestion may be put into practice 
with the brighter students; not' it nuist be understood, as a unit set 
off from the pupil's study of intuuive and experimental geometr>% 
but rather as an integral part of his study of geometric relation- 
ships. It is, as he may perhaps grow to realize, another metiiod 
of thinking about the topics with which he deals. 

The objection will be raised that an important reason for pre- 
senting the unit of demonstrative geometry in the ninth year is its 
heuefit to the student whose school life terminates at this point, and 
that such students seldom rank in the upper quartilf^ of their grou)). 
This point must be granted; yet experience shows that these stu- 
dents sometimes find great satisfaction in the study of elementary 
algebra. It is not improbable that something of the same sort may 
follow from the study of elementary demonstrative geometrj- even 
at an e^rlier point. 

In the case of students who meet the subject later, whether in 
the ninth year or in the tenth or eleventh, their acquaintance wdth 
the concepts of geometric reasoning may be quite as valuable 
as their preliminary knowledge of geo^iietric forms. 
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View Based on Experience. Although the considerations that 
follow are based on my experiences over a period of nine years in 
the Lincoln School of Teachers College, they should be considered 
as mere suggestions of the possil)ilities of this work rather than as 
a repoi-t of the results of scientific experimentation. During the 
early part of this time the necessity of some such action was be- 
commg more and more clear to me through mv work in the senior 
high school field where the problem was the building of a suitable 
course on the basis of the junior high school work. During the 
latter part of thi.s period, I had an opportunity to see what changes 
might be effected in the junior high school course to provide for 
better preparation for the work of the later grades. 

How the Question Arose. My first interest in this problem 
was influenced by conditions which I think were not unique. I 
found that classes trained in junior high school mathematics t<?nded 
to be restive when they were asked to prove theorems that in an 
earlier grade they had assumed to be true or chat they had estab- 
lished by experiment. Even postulating a liberal number of propo- 
sitions would not solve the difficulty, for their work had involved 
congruency, similarity, area formulas, and even the Pythagorean 
theorem. The essential differences between experimental and de- 
monstrative geometry were emphasized but again and again the stu- 
dents would refer to their former work; for example, in proving 
that only one perpendicular could be dropped from a point to a 
line by reference to the formula for the sum of the angles of a 
triangle— a theorem that had not then been proved. As authority, 
they cited the page on which the statement appeared in their junior 
high school text. They had a u.seful vocabulary of geometric 
terms, but apparently their study of geninetiy that was intuitive 
had inhibited their acceptance of geometry that was demonstrative. 
A possible remedy was to reduce the amount of intuitive geon..etr>- 
or to change its subject matter, perhaps emphasizing svmmetr>' of 
different types and paying little attention to congruence and simi- 
larity. Yet these very topics were furulanHMital in parts of the 
junior high school course that were themselves of intrinsic useful- 



ness. 



Experiment versus Reasoning. Another way of meeting the 
problem was to attack it at its source, and to add to seventh and 
eighth year geometry the consideration of the difference between 
an opinion based on intuition and one based on reasoning. At this 



SEVENTH AND EIGHTH YEAR GEOMETRY 



point, I was greatly assisted by a chance circumstance that not 
only provided a natural opening for the problem with the seventh 
grade, but suggested a situation that might be duplicated with other 
classes at the same point in otlier years. A social studies discussion 
of the way in which men arrive at a statement of a scientific law 
was interrupted by the close of the period, and the class came in 
a body to the mathematics room. Mindful of the close interplay 
between departments which is characteristin of the school, the social 
studies teacher suggested that the pupils see if they could not find 
immediate assistance in mathematics. Fortunately the day's work 
was well adapted to this problem; so, building on the considerations 
of the previous hour, we pretended complete ignorance of our pre- 
vious work in the study of the sum of the angles of a triangle, and 
started afresh. 

First Step. The first step was to state the problem: to con- 
struct a triangle whose angles are of given size. This was clearly a 
simple matter compared to primitive man's experiments with vari- 
ous remedies for disease or an inventor's groping toward scientific 
discovery. When we listed the values of the angles which were 
shown by experiment to permit the construction of a triangle and 
those that did not, we were clearly in the trial-and-error stage 
which had been discussed in the social studies class. The study of 
our successes and failures led to the conclusion that the work was 
not necessarily possible when just any angles were given, for the 
drawing of the first two inexorably determined the size of the third 
which might or might not be the same as the size of the third given 
angle. Our conclusion was that some connection between the size 
of the third angle and that of the other two was essential to the 
drawing of the triangle. 

At this point we might well have traced a comparison between 
the work at hand and the methods of the medicine man and his 
herbs or the astrologer who based his conclusions on observations 
of the planets. 

Scrutiny of our data showed that although there was wide 
variation in the size of the angles in the different triangles, the sum 
of the angles in any one case was in the neighborhood of 180"^. Our 
rule had now reached the stage where it read, ''The construction 
seems to be possible if the sum of the given angles is 180^." 

Second Step. We then passed to the second stage to see 
whether this rule of thumb would work with eases chosen at ran- 
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(lorn. The dfiHS ixr^d that a single case in which the rule did not 
yield a satisfactory result would be suflicicnt to nullify it, and it 
clearly would be inij)ossibIe to draw all possible cases. It was hero, 
then, that we undertook the time-honored tests of cutting out a 
triangle and piecing the corners together. Wc turned a ruler 
throusih each tuijjle of the triangle in turn and were convinced that it 
had made half of a complete turn (rotation). Finally, we accepted 
tiic conclusion that the sum of the angles of a triangle drawn in a 
plane is 180". We had recapitulated the early steps in the dis- 
cover>- of a scientific law: first, trial and error leading to the formu- 
lation of a rule of thumb; and second, the tests of this rule. The 
final step of reasoning from previously accepted hypotheses to 
law"! was as yet untouched. 

Third Step. The next day, however, a member of the class 
asked if the sum cf the angles of a four-sided figure was also a 
definite amount. I ohcrt, brilliant but hasty, said, "Yes, 360°, for 
a rectangle is a foui -sided figure and it has four right angles." 

"But," objected Kdson, "not all four-sided figures are rectangles. 
Suppose it were a parallelogram?" 

"That's all right," said Robert, "what you squeeze out at one 
corner comes in at the other." 

Edson's reply indicated lack of conviction in these blanket 
statements, and Margaret interpolated the opinion that some four- 
sided figures were, as she put it, "neither rectangles nor parallelo- 
grams b>..c cockeyed." With that she drew an irregular quadri- 
lateral on the board. Cecilia (I. Q. 106) then said, "That's all 
right. I'll show you (drawing a diagonal). The sum of the angles 
here is 180° and here it is 180° -and together the sum for the whole 
thing is 3fi0°." 

The ela.ss agreed that Cecilia's scheme was neither intuition as 
was Robert's, nor was it based on measurtiment. They decided to 
call it a "proof by reasoning." From that time on, we definitely set 
ourselves the job of proving our guesses in this manner wlienever 
possible. 

In the course of this work, besides getting an inkling of the 
meaning of demonstration, the class discovered for itself Robert's 
use of an unproved converse, and criticized him for his tacit as- 
sumption that since all rectangles are qimdrilaterals, all quadri- 
laterals are also rectangles. Examiiles of converge statements were 
proposed and discussed, and these ranged from very simple ones 
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to the table talk at tlio Mad Huttcr's party with the say what 
I moan is tlio same as I mean what I say/' 

Value of an Early Approach to Geometry. This was tlie 
writer's first introduction to tho informal use of tlie basic iilea of a 
proof by nnisor.ing in tlie seventh grade, Init it suggested a lino of 
thouglit to which other oxperiiMice^t wore naturally allied. Why 
should not those students early become accustomed to reasoning 
from provinu.sly accepted theorems or from postulates? Not, of 
course, with the technical vocabulary of ''theorems'' and ''postu- 
lates/* hut with the concepts informally expressed? Why should 
they not leani ilie pitfalls of the glib quoting of a converse to a true 
statoniont? Why should they not learn how to phrase the oppo- 
site of a giv(^n statement? The work to which they come in science 
and the social studios, for example, ontloavors to stimulate indr- 
y)endent tliought. It ofTers many opportunities for reasoning from 
hypotheses but it also offers many occasions in which the pupil 
is likely to fall into habits of incorrect reasoning in the matters of 
converses and opposites mentioned above. Is the seventh or the 
eiglrth grade too soon to begin to build an appreciation of a proof 
and its implications? 

Repetition of This Piece of Work* It not infrequently hap- 
pens that the opportunities that come by chance in one class can be 
induced by suf^gcstion in another. This has been the case in the 
instance cited here, and in other classes it has been a simple matter 
to protrros.'2 froin the proof of a theorem l)y measurement to the proof 
of a corollary of this theorem by reasoning. Other features have 
entered natumlly—the arbitrary nature of a definition, the idea 
that a posjtulate is accei)tcd wnthout i)roof, and the contrast between 
a direct proof and a proof by exclusion. 

It ha5= bc'rii iiiy exi)orienrc that thc^^o considerations make for 
a greater unity in the geometry of the junior high school, that they 
provide opportunity for individual work of high quality, and that 
they bridge the gap l)etwoon two opin)sing types of geometry — 
informal and demonstrative. 
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A IT.VIT OF DEMOXSTKATIVE GEOMETKY 
FOR THE NINTH YEAR 

By JOSEPH B. ORLEANS 

George Washington High School, 
Now York, N. Y, 

Purpose of the Unit. A unit of clemoiistrntive geometry, to 
cover in time the equivalent of six to eight weeks, can best fit into 
the work of the ninth year if algebra is begun in the eighth year 
and if a foundation of intuitive geometry is laid in the seventh 
year. Since many of the pupils in the algebra classes continue with 
plane geometry the tenth year, nothing must be presented in this 
unit which will in ^ere with the work of that year. The purpose 
of tliis course is t jive the pupils a notion of what a logical proof 
is. It is not necessary, therefore, to emphpsize the translating of 
word problems into geometric language. That may well be left 
for the next grade. The work need concern merely the relationship 
between the facts tliat are given, the conclusion to be reached, 
and the steps one must follow to reach the conclusion. Since the 
unit is to be part of the work of a year which is devoted also to 
algebra and to the solution of the right triangle, and is to be spread 
over at least the 9B grade, it would be well to correlate the geom- 
etry, as far as possible, with the algebra and the trigonometry. 

Axioms and Postulates. The axioms and the necessary postu- 
lates are not listed in the outline which follows because they will 
appear in the work one at a time in various connections and the 
individual teacher must emphasize and teach them as they occur. 

Nature of the Unit. This plan takes the form of a series of 
t-xi'i-cisos which arc based upon certain postulated geometric facts 
and which lend tlictnselvcs to logical demonstration, special em- 
phasis being laid upon certain important problems. 

Outline of the Unit 

I. PRELIMINAUV Defimtion.s. Line, point, angle (straight, 
right, obtuse, acute), vertical angles. In connection with these the 
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class should review the fuiuhiiiiontal cuiistnu'tious which lead to 
the postulatiiii; i)f the conitrueucu theurotui^. 

II. Vertical Ancslks Aue IIijual. An informal proof. Pupils 
always wonder wliy tliey must prove tliat vertical angles are equal 
when they can readily see that they arc equal. An informal con- 
versation about a pair of vertical angles and their common supple- 
ment will help to establish the fact without dependence merely 
upon appearances and will also give the pupils the beginning of the 
relationship between statement and reason leading to a conclusion. 



(a) Numerical exercises. 




Lb- 20^ Z c = 60°, lAOE = ? 
ZfiOf = 130^Zc = 40^ Za= ? 
IF0D = \AQ\ z6 = 60»,Za= ? 
«Z/ = 00°, Z6 = 25°, Zrf = ? 
" li = b\ Zd=10()°. Z6= ? 
Za = 2Zc, Zc = fiO°. Zc= ? 
ICO A = H0°, IKOC =120'. 

IDOH = ? 



(b) Proofs, (Use the above diagram.) 

(I) Lh-\- Lc- LAOE, (2) LBOF - Lc~ la. 

(3) LBOF - Lf= Ld. (4) Z/ f Z b + /. = Z 180°. 

(5) LCOA-{- LDOB LEOC = 360°. 

(6) LCOA-{- LEOC - LAOE = 2L<i. 

(7) If Z/= Le, then Lb=z Lc. 

(c) Moil- dijjicult excrcuHcs. (Use the above diagram.) 

(1) ZC0.4 = 150°, Z.fi;OC = 130°, Za= ? 

(2) LBOF -liO^, ICOA -12o°, Id— 'I 

(3) Z^O/i + zro/i - 140°, Zr=:40°, Zc = ? 

(4) If IBOF- LFOD, pvovc Lf= Le. 

(d) Gconu (ric application. If a straight line bisects one of two 
vertical angles, it bisects the other one also. 

III. The C'oNnHfKNfK Thkohems. The congnionco of pairs of 
triangles ba.«cil upon a. .s. = a. .t., a. s. a. = a. .t. a., ami s. .<?. s. = 
s.s.n. by means of triangles constructed with given parts and cut 
out of paper or cardboard. 

Exercises 



(1) 



Given 
Za = 30°, 

z;^ = 3o°, 

Zr =20°, 
Zfi = 20°. 



Prove 



A ABC as t^ADC. 
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Given 



AC bisects I A. 
AC bisects Z C. 



BD bisects Z B. 
is 1 to BD. 



I is the midpoint 
rt of GH. 

KG is 1 to GH 
^ and //L is 1 to 

and BC are 
straight lines. 
P ^0 = 0D and 
BO = OC. 



XY = XW. 
XZ bisects Z A'. 



DBC is a straight 

line. 
AB is 1 to i)C 
and DB = BC. 

AB is 1 to 
and CD is l to 
BD. 
0 bisects BD. 
AB = CD. 



MN = iVP, 
A/0 = OP. 



Prove 
A ^BC a AADC. 

ABED s a;3D/<'. 

AiCG/ ^ A ///A. 

AilOB s A COD. 
AXZY s AA'^ir. 

A^BD s A^BC. 

A.4B0 s AOCD. 
AMA^O s Ai\rPO. 



^ BC = ^D, 

AB = CD. aABD s a BCD. 



NINTH YEAR DEMONSTRATIVE GEOMETRY 47 



Teach the fact of the equality of the corresponding sides and 
of the corresponding angles of congruent triangles. Use exer- 
cises 1 to 10 for drill in proving corresponding parts equal. 



Given 



Prove 



(llj 



(12J 



(13j 



(14) 




XO bisects IPXM. 

MX-NP. IM=:IP. 



DBC is a straight line. 
AD - AC, 

Z.DAB— L BAC. = ZC. 

0 AB — CD, 

Z.DBA= IBDC. AD = BC. 

I BAD = Z.BCD. 
C ICBD=IADB 



CD is ± to AE, 
AF is±toC'G', 
BD - BF. 



IC= I A. 



(15) Same diat^nim !i.>5 CB — BA, 



Ex. 14. 



DB - BF, 

AB and CG arc straiglit 
lines. 




AB=^DC, 
AC = BD. 



.\B = BC, 
:.x— ly. 



AB = AD, 
<^ BC = CD. 



CD - AF 



Z.l= ID. 



IA= IC. 



IB= ID. 
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(19) If two sides of a triangle are equal, the angles opposite those 
sides are equal. 

(Introduce the need of a construction line to help one to 
reach the conclusion. Emphasize the importance of drawing 
the construction line with a purpose in mind.) 

Exercises Based on the Isosceles Triangle Exercise 

Given Prove 




AC = BC, 

AD = EB. CD = CE. 



(21) Same diagram as AC = BC, 

Ex. 20. AE = DB. CD = CE. 



(22) / \ Fis the midpoint of CE. 

AC = AE, BC = DE. BF = DF. 



(23) A AC = AF. 

BD is 1 to CF. 
G£ is 1 to CF. 

CD = EF. BD = GE. 

(24) A = AE. 

B is the midpoint of AC. 
D is the midpoint of AE. CD = BE. 

(25) If the three sides of a triangle are equal, the three angles are 
equal. 

Postulate the fact that the exterior angle of a triangle is 
greater than either opposite interior angle. The proof of this 
tl'eorem does not fit into a series of exercises like those in this 
outline. It is impossible to expect the pupils to suggest the 
necessary construction lines. They must get them eithsr 
from the teacher or from a textbook. There is, therefore, no 
loss in postulating this theorem. 



(26) / W Given: AB = AC. 

Prove: IB greater than LD. 
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(27) / \ Given: AD greater than AB, 

AC = AB. 
Prove: IDBA greater than lADB. 



IV. Parallel Lines. Two lines are parallel if a transversal 
makes a pair of alternate interior angles equal. (This theorem in- 
troduces the pupils to a simple form of the indirect proof.) 

Exercises 

(28) Tell why lines AB and CD are parallel if 

(a) Zc = 70" and Z/=70». 

(b) Zc = 60" and Ze=120^ 

(c) Za = 110" and Z/=70». 

(d) Zb = 60» and Z/=60». 

(e) Za = 120" and Z0 = 6O«'. 

(29) Prove that AB is II to CIJ if Zb = Z/. (Use diagram in 

Ex. 28.) 

(30) Prove that AB is II to CD if Z a = -Z h. (Use diagram in 

Ex. 28.) 

(31) Prove that AB is II to CD if Z6 = Ig. (Use diagram in 

Ex. 28.) 

(32) Given: £CAD= IFDA and 
C / LBAC- lEDF. 

Prove: ABWUiDE. 

(33) Use diagram of Ex. 32. Given: LBAD = LADE and 

LBAC - LEDF. 
Prove: ACWioDF, 

(34) ^z';;- -jD Given: i4B = DC and 

LCAB= LDCA. 

Prove: ADWixiBC. 

(35) Draw two lines AB and CD bisecting each other at E. Prove 
AC II to DB, 

(36) Two lines perpendicular to the same line are parallel. 

Postulate the fact that if two lines are parallel, the alter' 
nate interior angles are equal, 

(37) // two lines are parallel, the corresponding angles are equal. 
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(38J 




AB W to CD. 
Zc=70», 
Zc = 80», 

Za= 110', 
lb = 80^, 



If 

a 

lb. 



(39) 



(40) Same diagram as 
Ex. 39. 



(41) 




Given: 
Prove: 

Given: 
Prove: 

Given: 
Prove: 



AD = BC and AD II to BC. 
I DC A = IB AC. 

AB II to CD and AD II to BC. 
ZB= ID. 

AD I to C/i and AO OB. 
DO = OC. 




(44) Prove that I A 
A 



(42) If a line is perpendicular to one of two parallel lines, it is 
perpendicular to the other one also. 

(43) In the accompanying diagram, prove 

that I DC A = + IB. (Since we 
i'.re comparing the exterior angle with 
two other angles, divide the exterior 
angle into two parts in the most con- 
venient way. Let the class discuss the 
various possibilities and suggest the 
construction line.) 

-\- IB+ ic = m\ 

(The pupils have learned this fact in their 
intuitive seonietry. Since we are comparing 
the three iinglos with a straight angle, what 
is the l)ost way to introduce a straight angle 
into the diagram?) 

Exercises Based on Ex. 44 

(45) If I A = 70" and IB = 50°, lC=1 

(46) How large is each angle of an cfiuiangular triangle? 

(47) The vertex angle of an isosceles triangle is 30°. How large 
is the base angle? 

(48) The base angle of an isosceles triangle is 35". How large is 
the vertex angle? 

(49) AVhat is the number of degrees in each angle of an isosceles 
right triangle? 
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(50; Two angles of a triangle contain respectively 60^ and 67^. 
What is the size of the third angle? 

(61) Two angles of a triangle contain respectively hnd^y^. 
What is the size of the third angle? 

(52) Two angles of a triangle are equal and the third angle con- 
tains 2k degrees. How many degrees are there in each of the 
equal angles? 

(63) If the three expressions 2a:, 3a: — 2, and x — S represent the 
number of degrees in the three angles of a triangle, find the 
number of degrees in each angle. 

(54) Two angles of a trit'ingle are in the ratio of C to 7 and the third 
equals the difference between the other tw*o. Find each angle, 

(55) Find the number of degrees in the angles of a triangle, if the 
first is 12® more than the second a^d the third is double the 
second. 

(56) Find the number of degrees in the angles of a triangle, if one 
angle is twice the second and three times the third. 

(67) Prove that the sum of t\v angles of a quadrilateral is 360*^. 

(58) Explain why a triangle can have no more than one right angle, 

(59) Explain why a triangle can have no more than one obtuse 
angle, 

(60) Ii two angles of a triangle are equal respectively to two angles 
of another triangle, the third angle of the first is equal to the 
third angle of the second. 

V. Similar Triangles. Definition. Illustrate by means of 
parallel lines. Contrast similar and congruent triangles. Contrast 
equal corresponding sides of congruent triangles and proportional 
correiponding sides of similar triangles. Relate this work to the 
solution 0^ the right triangle in the trigonometry. 

Postulate the fact that two triangles are similar if at least two 
angles of one are equal to two angles of the other. 



Exercises Based on Similar Triangles 
Given 



Prove 



(61) 




EC is i to BD 
and AB isl to 
BD, 



l^ECD l^ABD 
and wi'ite a pro 
portion. 




BE is II to CD. 



t^ABE ^ AACD 
and write a pro 
portion. 
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Given 



DE isltoil^ 
andCfikl 
to AD. 



EFG is a right 

angle. 
FH IB 1 to EG. 



Prove 

LABC ^ ^ADE 
and write a pro- 
portion. 



AEFH ^ ^EFG 
and write a pro- 
portion. 



(65) Use the diagram 
of Ex. 64. 



(66) 



(67) 



(68) 



EFO ia a right 

angle. 
/^'/^ is 1 to EG. 





1 















(69) 




LFGH ^ L.EFG 
and write a pro- 
portion. 

AABC~d,DEF. AO-.DH = ABiDE. 

AG :a 1 to BC 
and DH is 1 
toEF. 

The two tri- 
angles in the 
diagram are 
similar. 

The two tri- 
angles in the 
diagram are 
similar. 

AD IB 1 to BC 
and EH is J. 

BE is II to CD. 



Find the values of 
X and y. 



Find the value of x. 



(70) 







Find the value of 
AC. 

A/20s~ Amu. 

Write a proportion 
based on this fact. 



RS is lltorM. 

RM is a straight 

line. 
TS is a straight 
line. 

(71) 7 • a pole 120 ft. high casta a shadow of 40 ft., how long is the 
shadow of a pole 30 ft. long? 

Summary. In the above outline the pupil becomes acquainted 
with the meaning of a geometric demonstration through the notions 
of congruence (in connection with which the teacher may introduce 
symmetry), parallelism, and similarity. These ^re the three main 
threads that run throughout the plane geometry of the tenth year. 
With some classes some teachers may be able to go a bit further 
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and develop the Pythagorean theorem, which will follow directly 
from the exercises dealing with similar triangles. This can very 
well be correlated with the solution of the incomplete quadratic 
equation in algebra. No attempt has been made to suggest the 
methods that the teacher is to use in introducing the work or in 
developing the various parts. The outline merely suggests what 
might be the content of a unit of demonstrative geometry in the 
ninth year* 
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A UNIT OF DEMONSTRATIVE GEOMETRY 
FOR THE NINTH YEAR 

By JOSEPH SEIDLIN 
Alfred University, Alfred, 

Nature of the Unit. The unit of demonstrative geometry here 
suggested is based in principle upon the recommendation of the 
National Committee on Mathematical Requirements*: Dem- 
onstrative Geometry, The demonstration of a limited number of 
propositions, . . . the principal purpose being to show to the pupil 
what 'demonstration' means." 

That a pupil may see a demonstration he must understand every 
step in it and he must be satisfied with the genuineness of the struc- 
ture as a whole. But he need not necessarily be able to reproduce 
the "proof" synthetically "get at it" analytically. 

Other things being equni, the "demonstration" in this unit is no 
less rigorous than that in present-day tenth year geometry. Though 
assumptions are made rather freely, the extreme of assuming 
"everything and anything" is avoided. The writer feels that too 
many axioms and postulates would complicate the unit and destroy, 
to a proportionate extent, the validity of demonstration. 

Practical applications, basal theorems, the development of 
spatial imagination are unquestionably desirable objectives in the 
teaching of tenth year geometry. But they have exercised very 
little influence in the choice of the content of this unit. It is dis- 
tinctly not a mere preparatory course to further work in geometry. 
On the other hand, this unit is so constructed that it will neither 
interfere with nor inhibit the more formal geometry of the senior 
high school. 

Axioms, Postulates, and Definitions. At the very outset the 
pupil must learn to distinguish between assumptions in demonstra- 
tive geometry and inferred facts in intuitive or 'Experimental 
geometry. For instance, in informal geometry we assume the 
equality of vertical angles because the angles "look equal" and 

• The Rer^rganisation of Maihcmaticn in Secondary SchooU, edited by John W, 
Young. Published by Houghton Mifflin Company. 

£4 
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as a result of a simple experiment we assume that the sum of the 
interior angles of a triangle is 180°; in demonstrative geometry we 
may assume the equality of vertical angles irrespective of "looks" 
or "experiment." In other words, the pupil must be given to under- 
stand that the axioms and postulates, the definitions, and the 
"given" part of the theorem are indisputable authorities in demon- 
strative geometry. 

In the plan of this unit the assumptions and definitions imme- 
diately precede their actual use in proofs. Varying pupil conditions 
may require a richer list of exercises and, likely, other assumptions 
and definitions. In no sense is this unit to be regarded as a com- 
plete or "closed" whole. 



Assumptions, The following assumptions will be necessary: 

1. When two straight lines intersect, the vertical angles are equal. 

2. If two sides and the included angle of one triangle are respec- 
tively equal to two sides and the included angle of another 
triangle, the triangles are congruent. 

Definitions. We shall also need the following definitions: 

1. The equal parts of congruent triangles are called their corre- 
sponding parts, 

2. Distance between two points is measured along the straight line 
joining the two points. 

Exercises, The following exercises may then be given: 
1, If in A/IBC, AC is prolonged to D as to make CD = AC, and 
BC is prolonged to E so as to make CK = BC, 



These four exercises may be proved infcnnally either in the order given 
or in the order a, c, b, d. 



Introductory Group 




we can then prove that 



faj aCD£' ^ A^fiC. 
(b) £ is as far from D at A is from B. 
(cj AACE^ aBCD. 
(d) E is as far from .1 as D is from B. 
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2. If in LABC, D is the midpoint of BC and through D we draw 
AE so as to make DE = AD, and if we then draw BE, we can 
prove that 

(a) diDBEsi lADC. 

(b) IDBE^ lACD. 




First Group 

Assxunptions. The following assumptions will now be neces- 
sary; 

1.1* The whole is greater than any of its parts. 

2.1 In any function any quantity may be substituted for its equal 

Definitions. We shall also ne6d the following definition; 

1.1 In the triangle ABC, ^ 
angles ABC, BCA, and CAB are its interior ^ 
angles; 

angles CBX, ACY, BAZ are called exterior 
angles. 

Theorem I. The following theorem may then be proved: 

An exterior angle of a triangle is greater than either of the oppo- 
site interior angles. 

Given. In d^ABC, with AB produced to X, CBX is a exterior 
angle and AACB is one of the opposite interior angles. 

Prove L iCBX > lACB. 

Proof. Through the midpoint of BC, say D, draw AE so as to 
make DE = AD\ draw BE. 





A 3 

It is easy to show (see Exercise 2) that IDBE = lACB. But 
we know that ICBX > iDBE (see Assumption LI). And, there- 
fore, ICBX > lACB (see Assumption 2.1). f 

• Read "FifBt assumption in the first group** and ftlmilarly tor the other notation 
like this. 

t The reasons should be stated in words» of course. 
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Prove $. ICBX> A CAB. 

The proof may be developed completely ud independently of (I), or 
It might suffice merely to indicate the two new eleroenta. 



Assumptions. Another assumption will now be necessary. 

1.2 Three mutmlly intersecting lines, not passing throMjgh the same 
pointy form a triangle. 

Definitions. This definition is needed: 

1.2 When two lines are cut by a third (called a transversal) the 
angles formed on the alternate sides of the transversal and 
"inside^^ the two lines are called altemate'interior angles. 



Angles z and y are alternate-interior angles. 
Theorem II. The following theorem may now be proved. 

Two lines cut by a third mil not meet, however far prodiiced, 
if the alternate-interior angles are eqwL 

Given, Lines PQ and RS are cut by the transversal AC so that ^ 



Prove, PQ cannot meet RS. 

Proof, At first it may seem (to the pupil) that it is impossible 
to prove this theorem since, aiter all, it is not practicable to keep 
on producing these lines forever. Here; again, we have the oppor- 
tunity to glorify the power of logical demonstration. 

We are going to prove that because Z,m= it is impossible 
for PQ to meet RS anywhere: What sort of figure would be formed 
by AC and PQ and RS if the latter two met? 



Second Group 
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Obviously a triangle ABC would : formed (see Assumption 
1.2). What is the relation of to LnJ (see Definition 11). It 
would therefore follow that lni> In vsee Theorem I). But we 
know that Z w = In (the only fact "given"). This rules out the 
possibility of the *'extcrior-oppo8ite-interior" angle relationship be- 
tween angles m and n. In other words, AC^ FQ, and US cannot 
possibly fonu a triangle. And, therefore, PQ cannot meet RS (see 
Assumption 1.2). 

Definition. Another definition will now be necessary: 
2.2 Two lines in the sanie plane that do not meet, however far pro- 

duccd, are called parallel lines, 

Exercises. We may now prove these three exercises: 
1.2 Restate Theorem II, using Definition 2.2. 
2.2 Any number of well-known corollaries and exercises may follow 

Theorem IL (The choice is left to the instructor.) 

3.2 Two sides of a triangle are prolonged their own lengths through 
the vertex of the triflngle. Prove that the line joining their ends 
is parallel to the base. 

Third Group 

Definitions. The following definitions will now be needed: 

1.3 Straight angle. 

2.3 Sum of angles about a point. 
3.3 Exterior angles of any polygon. 
4.3 n-sided polygon. 

6.3 Exterior-interior, or corresponding, angles. 

Assumptions. Two more assumptions must now be made: 

1.3 The more common axioms. 

2.3 If two parallel lines are cut by a transversal the corresponding 
angles are equal. 

Exercises. The following exercises can now be proved: 
1.3 // two angles have their sides parallel^ left to left and right to 

right, the angles are eqiuil 
2.3 The extension of Exercise 1.3 to more than two angles: 
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^3.3 By means of the v^ccompanying diagram show that the sum of 
the interior angles of a triangle is equal to a straight angle. 
We have AC produced to X. 
BC produced to 
DE 11 to AB. 

Show tliat angles m, n, o are equal, respectively, to angles p, q, n 




Theorem III. The following theorem should then be given: 
The sum of the exterior angles of any polygon is eqml to tvjo 
straight angles. 

Since ''an n-sided polygon" cannot be drawn (to the complete 
satisfaction of the pupil), we will employ a five-sided polygon and 
indicate toward the end of the proof that this in no way impairs 
the generality of the theorem. 

Given. Polygon ABODE with its sides produced so as to form 
the exterior angles a, b, c, d, 




Prove. Za + Zo + Zc + Zti + Ze = 2 straight angles. 
Proof. Through some point, such as P, within polygon ABODE, 
draw PE II to AB, PG II to BC, PU || to CD, PJ 11 to DE, PK II to EA. 
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Za = 






Z6 = 






Zc = 


IQPH 


'See Exercise ii. • 


Zd = 


I HP J 




Ze = 


IJPK . 





Za+ Zb+ Zc+ Z<i+ Ze= IKPF + LFPQ + lOPH''+ 
IHPJ + IJPK (Sums of equals are equal). 
But ^:ii:PF+ IFPQ^- IGPH^ IHPJ + IJPK = 2 straight 

angles (Definition 2.3). 
. Z a+ Z 6+ Z c+ Z c?+ Z e = 2 straight angles (Assumption 21) . 

In what way would the proof be altered by the choice of a polygon of 
six sidea, or eight sides, or ten sides, or, conceivably, any number of sides? 

Exercises. The follo\\ing exercises can now be proved: 

4.3 Simple numerical exercises involving exterior angles of equi- 
angular polygons. 

6.3 Show that in any polygon A = 180^ — a (where A is any in- 
terior angle and a is its adjacent exterior angle). 

6.3 The sum of the interior angles of a polygon of five sides equals 
three straight angles. 

7.3 The sum of the interior angles of a polygon of six sides equals 
four straight angles. 

8.3 The sum of the interior angles of a triangle is a straight angle. 
(Note that the proof here is independent of that of Exercise 3.3.) 

9.3 Numerical exercises based on the above theorem and exercises. 

Enriched by simple exercises the unit might end here. Cer- 
tainly not much more should be attempted if only three or four 
weeks are allotted to this work. Under a more favorable time 
apportionment, say six weeks, it would be desirable to enlarge the 
unit by including the follovang propositions on areas. In the latter 
case it would be necessary to have enlarged the scope of exercises 
on parallelograms. In particular, we need to have considered: 

(1) Opposite sides of a parallelogram are equal. 

(2) A diagonal divides a parallelogram into two eqml triangles. 

Theorem IV. We may now introduce the following theorem: 
// a parallelogram and a rectangle have the same base ani altir 
tude^ their areas are eqml. 

F D £ C 
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Given. ABCD, a parallelogram with base AB and altitude BE. 
ABEF, a rectangle with base AB and altitude BE. 

Prove. Area of ABCD = Area of ABEF. 

Proof. Area of ABCD ~ Area of ABED + Area of £^BCE 
(The whole is equal to the sura of its parts.) 
Area of ABEF = Area of ABED + Area of AADF 

(The whole is equal to the sum of it« parts.) 
(i.e., the parallelogram and the rectangle have ABDE 
in common; all we need to show, therefore, is that 
AliCE=: ^ADF.) 
In A BCE and ADF (1) BC = AD (Opposite sides of a paral- 
lelogram are equal.) 

(2) BE — AF (Opposite sides of a paral- 

lelogram are equal.) 

(3) LEBC= I FAD (Exercise 1.3) 

(4) :.^BCE= AADF (Assumption 2) 
Consequently, Area of ABED + Area of ^BCE = Area of 

ABED + AvQti of C^ADF (Sums of equals are equal.) Area of 
ABCD = Area of ABEF, (Quantities equal to equal quantities are 
equal.) 

Exercises. These exercises can now be given: 

1.4 // two parallelograms have the same base and altitude, their 
areas are equaL 

2.4 // two triangles have the same base and altitude, their areas are 
equal 

3.4 // a triangle and a rectangle have the same base and altitude, 
the area of the triangle is half the area of the rectangle. 

Theorem V. The Pythagorean theorem can now be presented: 

The square on the hypotenii.se of a right triangle is equal to the 
sum of the squares on its sides. 

Given. Right A ABC with BC 1 to AC 

Square ADEB on AB (hypotenuse) 
Square BfGC on BC 
Square on AC 

Prove. Area of square ADEB — Area of square ACHK + Area 
of square BFGC. 
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Proof. The added lines in the above diagram are CL drawn 
perpendicular to DE \ CD and BK. 

CL divides the square ADEB into two rectangles— i4Z)LAf and 
LEBM. We will develop the prooi* bv showing that 

(1) Area of ADLM = Area of square ACIIK 

(2) Area of LEBM = Area of square BFGC 
To prove (1) we show that 

(3) aABK= ^ADC 

(4) Area of ^ABK = I Area of square ACHK 

(5) Area of A^IDC = | Area of rectangle ADLM 
To prove (3) we show that 

(6) AB = AD (sides of square ADEB) 

(7) AK = AC (sides of square ACIIK) 

(8) Z KAB = Z C/ID (each = 90^ + z C.IB j 

To prove (4) and (5) we use Exercise 3.4, since IBCII = 
90^+90^ = 180^ and, therefore, BCII is a straight line parallel 
to AK, 

To prove (2) we draw the additional lines AF and CE and then 
follow the procedure of the proof of (1). 

The above proof is partial, sketchy, and very informal. Never- 
theless it is conclusive and satisfying. For the' brightest and most 
interested pupils the complete form proof may be given. The 
duller pupils may be sparer! oven thr mformal proof. To the bright 
piipil the Pythagorean theorem geometrically proved may seem a 
fitting "grand finale.'* 
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Exercises. 

1.6 Any desirable number of exercises involving the Pythagorean 
theorem. 

Conclusion. The purpose of this unit, it will be recalled, is 
"to show to the pupil what 'demonstration' means." The propo- 
sitioiisjvere expressly so chosen as to make the introduction to logi- 
cal proof most real, most palatable, and least painful to the average 
pupil. The unit of demonstrative geometry will serve its purpose 
best if it leaves with the pupil a pleasant and lasting impres- 
sion that there is a subtle, mentally-satisfying quality in ''proof 
by reasoning" not found either in "proof by experiment'^ or in 
"intuition." 
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TEACHING PLANE AND SOLID GEOMETRY 
SIMULTANEOUSLY 

By may L. wilt 
University High School, West Virginia University 
Morgantown, W. Va. 

Introduction. Under the pressure of change in secondary matli- 
ematics, plane and solid geometry have been compressed into a 
one-year course. Such a combination entails two marked changes: 
first, the elimination of about one-third of the content, and second, 
the simultaneous introduction of the more fundamental parts of 
plane and solid geometry. 

Reduction of Content. Teachers of secondary mathematics 
have realized for some time that they have been attempting to 
teach material which rightly belongs only in advanced courses es- 
pecially planned for teachers of mathematics. Con?ider the fol- 
lowing: the proofs of the congruent triangle theorems, incom- 
mensurable cases, the geometric proof of the Pythagorean theorem, 
and much of the material on limits. Postulating the three congru- 
ence theorems on triangles and solving the Pythagorean theorem 
algebraically strengthens rather than weakens the pupil's power. 
Certainly it helps to eliminate difficulty. 

Simultaneous Introduction of Plane and Solid Geometry. 
How can plane and solid geometry be taught simultaneously? The 
sequence of Kuelid must be largely followed, but we should not 
forget that the geometry of Euclid was constituted and arranged 
for mature minds— not for children of the age now found studying 
geometry in secondary schools. Probably the first step in this new 
presentation is the enlargement of definitions. 

Enlargement of Definitions. • Take, for instance, the concept 
"angle." Why limit the child to plane angles? Let him see dihe- 
dral and polyhedral angles at the same time. He is daily faced 
by the dihedral angle when his book is opened, when a piece of 
paper is folded, and \\\m\ he sees the intersection of any two walls 
in his home, in his schoolruum. or fl^i-wherc. Moreover, he sees 
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trihedral angles in the corners of boxes, the corners of rooina; and he 
discovers polyhedral angles in roofs of houses, in church steeples, 
and iu the ci^stals of various minerals. Does isolation of special 
angles contribute more to their meaning than consideration of them 
simultaneously? Probably there has been a tendency toward too 
much separation in the past. 

Think of the possibilities in the following: perpendiculars to 
lines and to planes, plane and splierical triangles, bisectors, comple- 
mentary and supplementary angles, circles and spheres, and paral- 
lel lines and parallel planes. Spatial concepts and plane concepts 
contribute much to each other, but since we live in a tliree-dimen- 
sional world the spatial concepts should be easier of comprehension. 
In our zeal to follow the past, however, we have turned psycho- 
logical order around*^ 

Congruency of Triangles. Now let us examine some of the 
ways in which solid geometry may be introduced with plane geom- 
etry. Take the three fundamental congruence theorems on tri- 
angles. Is there any real reason why the triangles involved may 
not be revolved from one plane to another or why we may not draw 
oblique lines from any point in a perpendicular to a plane? In- 
deed, there seems to be no real danger in letting the pupil know 
that there are other types of triangles — spherical triangles, for ex- 
ample. We try to make our pupils "plane minded" instead of 
"space minded* "thus we begin to isolate and disconnect the various 
phases of matlieniaties. The marvel is that pupils have ever at- 
tained a high degree ol understanding and power in this subject. 

Parallel Lines. The theorems in plane geometry based on 
parallel lines and parallel lines cut by transversals are not espe- 
cially difficult for pupils to understand, but parallel planes ami 
parallel planes cut by tran:>versal planes seem to annoy and disturb 
them. I see no reason for separating the treatment of these 
theorems, If two parallel linos cut by a third line are pulled 
through space in a direction perpendicular to them, the student can 
visualize the straight linci^, tracing out two parallel planes, cut by a 
third plane. Moreover, the plane angles formed by the original 
lines trace out dihedriil iingles. Since plane angles measure dihe- 
dral angles the story is told convincingly. 

Just as the ideas (M)nTUM'te(i with a parallelogram j^row out of 
the theorems concerned with pairs of intersecting parallel lines, so 
also do those connected with parullelopijHHls grow out of the situa- 
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tion where pairs of parallel planes intersect. Similarly, polygons 
and prisms aire related. Pull a polygon through space and the 
prism can be visualized. 

Volumes and Areas. Areas of plane figures and areas and 
volumes of three-dimensional figures have so long been separated 
that the ordinary student finds it difficult to understand much about 
them. 

Circles. One of the most interesting opportunities for teaching 
plane and solid geometry simultaneously is found in associating 
the circle and the sphere. Revolve a circle about one of its diame- 
ters as an axis and observe the path traced by an arc, a chord, a 
radius, and a central angle. The association clarifies each. 

Loci. Probably no topic offers richer material for bringing 
together the content of plane and solid geometry than the discus- 
sion of loci. The locus of a point equidistant from two parallel 
lines and from two parallel planes, the locus of a point equidistant 
from the sides of a plane angle and also from a dihedral angle, and 
th'e corresponding two- and three-dimensional associates based on 
the locus of a point equidistant from the extremities of a given 
line, together with countless other cases, indicate the marvelous 
opportunities available. 

Possibly a small unit of solid geometry- will remain at the end 
of the course— a unit which seems to be more effective when taught 
alone. However, with experience, more and more of solid geometry 
will become absorbed in plane geometry. As a result, the teaching 
cf geometry will become more dynamic and the understanding of it 
Ifei^s difficult for most pupils. 



AN EXPERIMENT IN REDISTRIBUTION OF 
MATERIAL FOR HIGH bCIlOOL GEOMETRY 



By GERTRUDE E. ALLEN 

University High School of the University of California 
Oahlayui, Call}. 

Introduction. A distinguished Scotchman, visiting professor at 
the University of California, while acKlrossing a Phi Beta Kapna 
gathering recently referred to the hordes that throng our campus 
as a "university proletariat innocent of the vaguest suggestion of 
culture or scholarship — yet withal, friendly, capable, nice young 
things." To initiate a European guest more completely in the pro- 
fession of public education in a democracy, we •should introduce him 
to the multitudes which overflow our hi^h schools, the source of a 
selected grouj) which forms the so-called "univvrsiry proletariat," 

The management of these "friendly, capable, nice young things" 
is a veiy insistent and vital problem to the adults concerm-d. It 
means nothing in their young lives for their ciders to stand aloof 
and condemn them in casual review, Rali>h Waldo Emerson once 
said, *'The secret of education lies in n'Si)C'cting the child." As a 
high school teacher, I champion the cause of high school chihlrcn. 
Our greatest service to them is to preserve and lostJ.-r their breezy 
freshness, originality, independence, and enthusiasm; to direct their 
purposeful activity in order that it may br etiieient and si^nilicant 
in the world in which they live. In the attempt- lo th) this the 
imtural (juestions which the thou.uhtful te.-u-lier is alw.-ivs asking 
himself are— Why? What? When? How? The spceilic ([Urstion 
()j)oned for discussion here is — In what way are thf :^r«j\\ih and 
development of senior high school children be>t promot(ul and 
nurtured through the study vi elementary i^eonietry? The purjnyse 
of this chapter is to describe in some detail the modified proirram 
of tenth grade geometry at the University Hiirh Sehmd oi' Oak- 
land, California — a program which has been in tiie proce-- oi being 
evolved by experimentation over a period ni alumt ten years in an 
attemj^t to redistribute the material and tij adapt the methotls of 
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presentation better to the needs of the children entrusted to our 
care. The statements preceding the outline are introduced by way 
of explanation and defense. 

Vou have ah-eady a visitor's impression of our lively foreground. 
The backp;round in California high schools requires perhaps a 
little explanation. First, public schools are of far greater signifi- 
cance and imi)ortance than private schools and California spends 
money lavishly on the equipment and maintenance of the public 
high school. Superior private schools are comparatively few in 
number and have in many cases largely a non-resident clientele. 
The State Board of Education defines requirements for gradua- 
tion and it must approve public high school courses of study. The 
Board ih>os not prc?>cribc uniform textbooks nor set state examina- 
tions. Xo mathematio? is required for high school graduation. 
(Iraihiates of acrreiHted high schools may be admitted to the Uni- 
versity of California without examination— subject to ai)proval 
of the admissions connnittee. A new ruling, effective in 1931, 
transfers certain rebtponr^ibilities from the hi^h school principal to 
this committee. The university connnittee requires that a candi- 
date for matriculation offer elementary algebra and plane geometry. 
Further than that, teehniral colleges require four years of mathe- 
matics as a prerequisite for university courses. There is always 
the alternative of passing the College Kntranee Board Examina- 
tions; the point of immediate interest is, however, that elementary 
algebra and plane geometry- are recjuired a.s preparation for college 
and that the university is the goal of a large nuijority of our young 
people. There is a reasonable degree of freedom for every teacher 
of geometry to exercise his initiative and judgment; in the last 
analysis, however, his .students must moke good when they continue 
their work and he nmst justify his goals and standards to his prin- 
cipal and superintendent ?o that the percentage of failures is within 
the range of normal expectancy. The teachers set or select their 
own examinations, and these examinations are only one of the fac- 
tors tletennining promotion; only in exceptional cases do our 
students take the College Entrance Board Examinations. The high 
schools and the individual teachers are rated by the university on 
the basis of tlie success with which their graduates carry on at the 
university. Such a plan seems eminently just — it offers the greatest 
possible stimulus to teachers to work with the welfare of the chil- 
dren as the ideal always uppermost in their minds. 
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Criticism of the Teaching of Geometry. As a matter of bark- 
ground, I think it is worth while also to take stock of some of the 
significant things that educational leaders have said about geometry 
and about the way it is taught. A few criticisms and suggestion.s 
are given in the following quotations: 

"Schemes of geometrical education ... are lacking in foundation, mrthod 
and extent. Euclid's Scheme— iUsolf utterly unsuitable as an introduction to 
the subject, has been so far tumpured with that hardly any scheme remains. 
So long as no attempt is made to devise a connected development based 
on the many intuitions which are common to all civilized beings before they 
reach maturity— so long will the subject realize a painfully small proportion 
of its potential value."— G. St.L. Carson, Essays on Mathematical Education, 

**As a .school subject, geometr>- i^j capable of improvement in sjiirit and 
in content. In most schools there has been a good deal of memorizing of 
demonstrations— original exerci^'s played a negligible part without purpose 
or pleasure/*— David Ku^rtjut- Sautli. First YKuhaok, National Council ui 
Teachers of Mathematics. 

"The chancf.s for development of mrnlal puwer out.<ide of gooru»»trv are 
nuich greater today than they wtre bei*i)re the dawn of the present age of 
science. . . . We have many gouil geiunetriri ins who siM-m to possess small 
logical sfn>e in otht-r affairs. . . . higieal i.tnvcr is a growth and UMiallv a 
slow growth— an attribute of maturity and nut of youtlifulness, . . . An 
average pupil can mcmorizi- and n-pruduce anything tliat is pnnteil in the 
geometries. We deceive oursi lvts itito bt-lirving thai the puj-uls were n^ally 
comprehending the thing which tlu-y M^cnnHl tu be doing. . . . Humanize the 
teaching of high school geometry. . . . Ailiait tliat g^-ometiy .should be taught 
for the benefit of the students, ami that tlii.s benefit consi.sts quite as mueh in 
the inward devf^lopnient of power to use the >ubject in its manifold applica- 
tions as in the outward in.<istence upon its thcijrt'tical a.spt e.t.^ lov the purpose 
of mental discipline.* —H. K. blauglit. ilumnnizihij n/ High School Mnthr^ 
matics, 

•'Euclid's brilliant .succe.<.<=? in orgauiz^nu into a foniiallv cir ductiv,. system 
the geometric treasures of liis times lia.-; eaus<-d tlie rngn of .Hueneu in the 
modem sen.se to be .•^ long ileii-rnnl. . . . Tlie leanu/r is led bUnd-folded. 
. . . Method of investigation is conce aled. ... It is essential that the boy 
be familia- by way of e.xperim .-nt, ilhi.straiion, measurement, and by mery 
po.ssible in 'ans, with tlie i»ieas to whicli la- applies lus logic and, moreover, 
that lie should be interested in the subject." — Perr>\ 

••It is to the interest of the geometrician himself that he be persuaded to 
look about for ways of cultivating space imager>- which ere more efficient 
than those atTortied in the logical courses now offered in demonstrative geom- 
etr>\ If demonstrative geometr>' is to be made a training in reasoning which 
may be Used in other fields, there must be radical changes in the met-hods of 
teaching it.**— C. H. Judd, Psychology oj High School Subjects. 
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*'Uur goonu'tric ooncri'ts have horn rcaohrd for the most part by purposciful 
oxpiTieiU'O. . . . (Soomctry has spning from inttTost centering in ppatial rela- 
tii»ns of physical boili( s. , . . It is wroni? in elf?nientar>' geometry to cultivate 
preilominately the logical siile of the subject and ne>?lect to throw open to 
young students the wells of knowledge contained in exporience."— Much, 
Sixice and Geometry, 

•^Mathematics genenilly, and particularly K'eonictr>-, owes it.^ existence to 
the need which was ft-lt of learning sonjethinj? about the relations of real 
;hin«s to ono another. . . , According to axiomulics, the lojiical-fonni\l alone 
fornis the Mihjtct matter of mathematics. , , . It is not surprising that dilTer- 
eni persons niust arrive af the scunu logical conclusions when they have ulre:uly 
akTivt-d U]»on thr fundamental laws as Wi ll as tht. methods by which these 
laws are deduced therefrom. ... It is clear that the system q{ concepts of 
axiomatic grometrj- ah^UM cannot make any rtions as to the relations of 
real objects. . . . To be able to make sm ii a.ssertions, geometry must bo 
stripped of its merely lo^ical-fonnal ebamctrr by coordination of real objects 
of experience with ibt- empty framework of axiomatic geometr>\ We need 
also to add the nl.ititai u\ solid bodies of thrie dimensions. , , . Gcomotr>^ 
thus ct)mpletfMi is evidently a natural .scii-nce. . . . We may in fact regard 
it as the must, ancient, branch of physics. ... I attach special importance 
to ih- vi.'W (»!' u'. nm. irv \\l,:ch I l.avr jn^i un\\\ bi-caOse. without it. I 
should h:ive bten unible to formulate the throry of relativity."— Albert Kin- 
stein, ^iiiit h'f/ht.i oii Rt Uit'anty, 

"The rea.voning wu have to depend on in the d.iily conduct of life is almost 
all probiblr and not deiuonMriMv»-."— (*. \V. Klioi. 

'A\ry few of the activities of the mind are thinking---but no .-^chool work 
is worthy of a place in a school pm^rraui that does not requin' .>oine thinking. 

. Thinking is the activity of a per.^on dnminated by a ]uirticular purpose. 
Essi^ntials of thinking— something to think about, a motive for thinking, a 
methoil of thinking, inherent capacity to think at all. . . . Rp:isoning begins 
not with premise's but with ditRcuities. . . . Dirlkailty. perple>'ty, demand 
for the .volutinn of a probl.-m . . . .Mfadyin- and LMji.linu I'u-tor i'/tho entire 
]»rocess of reflection. . . . Wh.it is imi-orf.mt is that the nu'nd should bo 
sensitive to problems and .'^kiKt .1 in ni-th..d.< of attack .md .solution."— John 
Duwey» Uuw We Think, 

Course of Study in Elementary Geometry : 

A. One-Year Course. T.::Jh .--h-..! y. -r. ..r !.!..r e.j >;..:,! c.,..,.. hy advice 
01 schivjl counselor. 

Prerequisite — K''«iiieiitary Alg- bn. 

Required for admission to th*- Tnivor-ity (M.n rriii. 

B. Aims. The followin^r aim:! an* »•) b»- n:' .-.1. 
1. The Development r)i Spaer Intuit jou by 

a, "^Ixiying a joundntum of rxprrii nrr u; i»n ',*/. 'V/t to />\ A/.'* 

(I) Kxperiment and measurement. 
♦ Ki'priiui'ci frniu (Mklaiul 0(»ursc? ..t Stii»iy. H iU»'fin 77. 
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(2) Constructions. 

in) Geometric dnnviiig. 

(/)) MiikinR modolsi and crude instruments. 

(3) Observation of geometric forma in nature, architecture, and decora- 
tive design. 

(4) Kxorcis<» of tipatial imagination. 

fa. '^Organizing a body of knowledge out of this experience/* The definite 
goal is: 

(1) To gain an accurate knowledge of the significant propositions of 
geometry. 

(2) To develop and loarn for practical use the essential formulas of 
mensuration. 

(3) To rcvpal possibilities in further exploration and to find incontivos 
to carry on. 

c. ^'Applying the temUing knowledge to practical use in the concrete world." 

2. To Fumi:*h Favorable Material for Exerciso in the Process of Logical 
Thinking. 

a. To develop an understanding and appreciation of the method of de- 
ductive rra.'^oning in the field of goomotrj-. 

fa. To form habits of exact, truthful statement, and of logical organization 
of ideas in this field. 

c. To establish and exercise a con.«?cious technique of thinking — u.<ing as a 
basis Dewey's analysis of a complete act of thought: 
(DA felt difficulty. 

(2) lis location and definition. 

(3) Suggestions of possible solution. 

(4) Development of reasoning of the bearings of the suggc^stions. 

(5) Further obser\'ation and experiment leading to its acceptance or 
rejection. 

rf. To foster all pos^^ible transfer of ability to the solution of new problems, 
both mathematical and non-mathematical. 

C. Outline of Course. 

1. Congruence and Equality. 

a. Congruent trianjrles— their significance in the study of trigonometry and 
in mechanical constructions. 

fa. Sum of angles of triangle and polygon. 

(1) Importance in theory of trigonometry. 

(2) Isosceles and equilateral triangles, regular polygons. 

(3) Applications in design for surface covering, such as quilt patterns, 
tiling, a rpet, and oilcloth patterns. 

c. Right triangle and theorem of Pythagoras. 

(1) Deriving theorems for length of side opposite an obtuse and an acute 
angle in a triangle. 
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(2) Different interesting proofs and viirious important application! of the 
Pythagorean theorem, 

(3) Ratio of side to diugomil of a tjqiiure; of altitude to ba>e in an equi- 
lateral triangle. 

2. Similarity and Symmetry. 

a. Similar triangles and similar polygons; the right triangle; sine, cosine, 
and tangent functions of an angle; problems in heights? and distances; 
ratio of lines in right triangle fonnod hy dropping a perpendicular from 
the vertex of the right angle to the hyputonujic mi the const i-uct ions 
depending upon the equality of those ratios. 

fa. Ratio of corresponding lines, corresj^ondiug aroas, and the volumes of 
similar solids. 

c. Symmetr>'— central, axial, planar. Observations of 8ymmetr>' in nature, 
architecture, stage settings, art design, room furniahinga. 

3. Form and Position. 

a. Rectilinear figures and jsolids bounded by plane.**. 

(1) Intersecting linos and intersecting planes; jx^neil of planes; concur- 
rent lines in a triangle; the cent^^rs of a triangle and the related 
circles. 

(2) Perpendicular linos and perpendicular planes ;-^recl angles and rec- 
tangular solids. 

(3) Parallel lines and parallel planes with their related angles; parallelo* 
grams and parallelopipeds. 

b. Circles. 

(1) Subtended arcs, angles, and chords. 

(2) Secants and tangents to a circle with related angles, relation of 
segments of intersecting lines which meet in a circle. 

(3) Regular polygons in.H-ribnd and circumscribed; limiting value for 
ratio of periniet^^r to diamrter; computing tt (the ratio of the 
circumference to the diameter); computing area of regular polygons 
and circles; infomal treatment of theory of limits. 

c. Locus of a point which moves about in space, but satisfies fixed con- 
ditions; locus of the moving point when i>ositions are restricted to the 
plane; informal treatment of variables and constants. 

4. Geometric Construction. 

Constructions of more or less complexity to stimulate thought in applying 
previously acquired knowledge in new situations. 

5. Mensuration. 

a. Development of standard formulas for ama^^ and volumes. 

b. Ntimerical computations involving these formulas applied in miscel- 
laneous problems of practical value. 
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M4K1KQ Some Solid Geometry an iNTi^oRAL Part of Tenth 
Year Work in Elementarv Oeometry 

First Method. We find that for children tlie most natural and 
interesting introduction to the abstract phase of geometry is through 
their concrete experiences in their real world of three dimensions; 
and we also find that conditions most favorable to transfer of 
training obtain in the application and operation of general prin- 
ciples to problems in this same world of three dimensions. Certain 
fundamental concepts are more eflfectivoly developed and investi- 
gated by generalized treatment than by a restricted treatment 
which limits the excursions of thought to flatland— auch concepts, 
for example, as congruence, symmetn-, similarity, locus, geometric 
forms, angles, parallelism, perpendicularity, motion by rotation and 
translation, position referred to A'-F-Z axes, size, and measurement 
of length, area, volume, and angles. 

The fundamental principles of congruence arc more significant 
if they are explained in f^onnection with solids as well as plane 
figures, reference being made to the importance of exact congruence 
in the economics of industry. Children contribute a remarkable 
variety of material for illustrations — radio parts. Ford parts, tele- 
phones, quart milk bottles, standard screws, electric base plugs, 
lead pencils, ]Ma5?on fruit javs linoleum patterns, taolet armchairs, 
and the like. Similarity may be illustrated by an object and a 
miniature model of it. preferabh two objects which can be measured 
and weighed to compare corresponding lengths, areas, and wciplits. 
A satisfactor\' treatment ol :'ii:.^nr figures should bring to the stu- 
dent the conviction that when iwo similar solids are compare.!, 
two corresponding lines hav c ;, v-amo ratio as any other Uw^. 
corresponding lines, oorrospimw.n,-: '^reas have the same ratio as the 
squares of any two corresponding lines: and aho that the volume,H 
have the same ratio as the cubes of two corresponding lines. Sym- 
metry may be illustrated by the human body — for example, the two 
hands — or it may be illustrated l)y a pair of shoes, a vase, a shapely 
tree, a well designed building, a balanced stage setting — as well us 
an isosceles triangle, a kite, or a fleur-de-lis pattern. Parallelism 
is better understood by ohsorviiig parallel walls in the corridor, 
the floor and ceiling of the room, a picture molding and the neiling, 
parallel rows of trees in an orchard, parallel columns in a beautiful 
building, than by parallel lines drawn on a sheet of paper. The 
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nature of a locus is iu:ulo dearer by numerous examples of re- 
stricted motion in spiioe and the corresponding result when the 
locus is limited to a plane. The tridimensional locus problems are 
tMitirely intuitive but chihlren never question this procedure; they 
pmliahly will challenge the arbitrary requirement of a logical proof 
for any tlu'oroms on loci. The type of generalized treatment indi- 
catctl in the luvcodinc: illustrations serves to engage the attention 
auil interest of the beginner, enriches the field of his geometric ex- 
pcM'ience. and motivates rather than diswacts his efforts in logical 
demonstration. 

Second Method. A second means of unifying plane and solid 
geometry is the extension of certain facts and theorems of the first 
to include analogous facts and theorems of the second. For ex- 
ample, from whatever aspect one chooses to discuss definitions for 
point, line, surface, and solid, magnitudes of one. two, three dimen- 
sions are involvtHl. anrj some child with a fertile imagination, active 
fMiriosity. nr gmul memory for hearsays will wish to pursue the 
(liscussion into the realm of the fourth dimension. Postulating the 
statement that a straight line is the shortest distance between two 
points — how can wo account for Lindbergh's route from New York 
to Paris? What is the shortest air line route from New York to 
San Francisco, from San Francisco to Honolulu? Extend the con- 
cept of an angle between two lines to include the definition of an 
ancle formed by a line and a plane and an angle fonned by two 
planes. Illustrate the earpenter^s test for making an upright perpen- 
(iiculnr to the plane of the floor. Note the one-to-one correspond- 
ence of parallel lines cut. by a transversal line and parallel planes 
cut by a transversal plane: 'parallelogram and parallelepiped; 
reirular polygons and regular convex polyhedra; area of a rectangle 
antl N'olume of n rectangular parallelepiped: area of a parallelogram 
and volume of an oblifjue jiarallelepiped;* area of a triangle and 
vt)hnnc of a tri.angular pyramid: area of a circle and volume of a 
sphere: perigon and stercgon; radian and steradian; central angle 
in a circle and intercepted are and polyhedral angle at center 
o:* a splien^ and interc^^pted spherical polygon: :irea of a trapezoid 
and volume of the frustum of a pyramid. Hot:ition about an axis 
i- a useful d(^vi(H^ in a stutlent s tiiinkiuL^ what solid is generated 
by rotatint: a rc(^tangle aluuit its b.u<e? by rotatitig a right triangle 
about either arm of the riglit amiile. about the hypotenuse? a 
circle about its iliameter? an ellipse about its major axis, about its 
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minm- axis? Othrr anaK^uii's will suir.m'st tluunsplw.s and may be 
intrudiuvd at tin* clixTi'tion of t!u' ti-u'la»r whon by douv^ iso 
intcMVst in the work iji ini'ivajJocl or the niathoniatical outhH)k 
widened. 

Third Method, A third means of liftinu* drmonstrativi' ixuo- 
ruetry out of Ihitlaiid ic^ to sek»et varied positions for the i^hines in 
whu'h our lii^un-s are drawn ■ imt Vv 'ini: thi> to the hhu'khoard 
or the writin.tr pad. t'onsidia- the an^ie of elevation of thi^ tt)p of 
tlio thiir|H)k». the diau'imal of i\\v ehis>roonu the total surfaci of tho 
teacherV desk, the lateral >urf- • ')f a pyramid, the total surface 
of the Plaionie bodies, the siu..iar jioly^ons fornu'd hy pMrallel 
transver>e sections of a pyranud. ami the like. A^Ay tho theorem 
— *'The sum of the sijuares on the ftmr sides of a parallelogram 
etjuals the sum of the sipiares on the two diaixtmals"- different 
planes in a par.allelopipcd. and arrive at the i-onclus'on that the sum 
of the sipiares on the twelve edi^es e(iuals the sum of tlu^ scpnavs 
on the fiun* diauonals. There was a trooil exercise oi this di'serip- 
tion in a reci'Ut t\)!lc.i!;o Kniranee Hoanl Kx.annnation: ''V-AIU'D 
is any pyranud with a reetan^xular Ikisi> AIi(^D, Prove that the 
lateral ed^es are eonneeted by the relation 

,r.h-+ (Tn^'i:^: ii7ii-+ [VI))'':' 

Fourth Method. The fourth suiri!;estion is to (Unvote the last 
month of the year's work to mensuration. A t(\aeher ean m.ake 
judicious selection, substitution, ami eliniin.ation of the(uvnis so that 
a tenth year cla« c-n work very satisfactorily throudi a eour<c 
in cleni(ui<tr:iti\'e 'jiccnuetry in nine miuiths, iiududini: a review and 
t)ne lU' the sian»larcli/ed ac!:!e\-iMnfn! tc-t-. AcecU'dinu; to our 
records, eighty p^r cent of \hr<v ^\\uUu\< take no more work in 
mathematics. In our jud^mci.t . tluy will mt the trrentest educa- 
tional Value by roundim: (»ut their work witli siLMiifieant .applie.a- 
tij)ns and I'ractice in .MciMir.Htc ami cliicitnt computation. The 
twenty per cent who contime nred >urh e\rrci-e and trairunii; even 
more; fm-t Li-rtuore. tlp v will l.a\'e an (Opportunity to supplement 
the tenth \«.ar -roimtry cdio-^r wili: a -econd courst^ in tlu» seniou 
year. We rmpha^i/c in M.rn>Miat ion thi- de\'e!opment (U* the stand- 
ard forniu!a> hu" an-.i^ iiUil vjdurin- nf >(>li(is. the use of these 
formula^ in tlihilr'n^i (hrt>:i.jL a pmblem .and settini: u]) the ooni- 
plete pl.an of sidijiion in e«|iiation ftirni. an»l ccu'rect. eflicient 
niethml> of eomputati(Ui. A ui»od c-ollectitui of sensible, t^iKniiieunt 
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problems is made and there is a preliminary requirement of indi- 
cating solutions in equation form, followed later with estimating, 
computation, and check. Attention is given incidentally to the 
fundamental principles of perspective drawing. I believe that any 
open-nnnded teacher who tries this plan once will never be satisfied 
unless he continues to follow it. 

Making Some Elementary Work in Trigonometry an Integral 
Part of th*3 Geometry Course 

Congruence. In the treatment of congnicnt triangles, we may 
arouse curiosity and stimulate a fon;v'ard-looking interest if we ex- 
plain that it is the primary* business of trigonometrj* or triangle 
measurement to "solve triangles/' that is, to compute the unknown 
element.^ in a triangle when a sufficient number of elements are 
known to dctennine the triangle. Hence the importance of know- 
ing all the different possibilities— or understanding that the dif- 
ferent cases may be expressed in the one general statement — a tri- 
angle is determined if any three independent elements are given 
(except in the ambiguous case). 

Similarity. Particular emphasis may be given to the theorem: 
"Two right triangles are similar if an acut^ angle of one equals 
an acute angle of the other.*' This fact fonns the basis for a large 
group of important ratios fundamental to the solution of triangles. 
We form the triangle of reference for a given angle by dropping 
a perpendicular from the terminal arm of the angle upon the initial 
arm. Hence the ratio of any two of the lines in a right triangle 
so formed remains constant for a given value of the angle and 
changes in value with a change in the size of the angle. These six 
ratios are called the trigonometric functions of the angle in ques- 
tion. Problems in the solution of right triangles, some practice in 
the use of the tables of natural functions contained in the ge- 
ometr>- textbook, and specializing on sine, cosine, and tangent can 
be given. 

Projection. The definition of the projection of a line segment 
on a coplanar line is /) zir / ros.4. This definition may be used in a 
ver\' neat proof of tho Pythagnrt»;in theorem given as supplementary 
or alternative work; thus: 

Given the right triangle AB( \ right angled at T, a' the projec- 
tion of a on c, and b' the projection of b on r. 
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Then 

c = a' -f 

c = a cos + b cos A = o '-^ + b • — • 

Hence 

Law of Cosines. By using the previous definition of projection 
the generalized case of the Pythagorean theorem may be extended 
to read :=a^ + — 2ab cos C. It may be applied in solving 
problems, particularly with angles of 30^ 45^ 60^ 120^ 135*'. 

Law of Sines. The interesting relation between the sides of a 
triangle and the angles opposite them may be developed through 
the definition of the sine function. This is significant; indeed, we 
are challenged to explain it. as children almost invariably jump to 
the erroneous conclusion that the ratio of two sides of a triangle 
is the same as the ratio of the two angles opposite. This may be 
an inference from the case of the isosceles triangle, but it is a vcr>* 
common error and should be corrected. Particular attention should 
be paid to the ratio of the sides in the two draughtsman's triangles. 

Mensuration of the Circle. In this unit the pupils usually 
make '^pi-books. " containing history and selected problems, and 
develop the numerical value of n by means of the sine and tangent 
ratioj for the inscribed and circuinj?cribed regular polygons, respec- 
tively. \\q supply each with a mimeographed sheet cont-aining 
eight-place tf.ble^^ for the angles concerned. This is a substitute for 
the textbook computation and we find that the pupils take great 
pride in their own theses. 

Making So.me Alckhiu .\nd Arithmetic an Integral Part of 

THE Work in Geo.metrv 

Unification. Whenever it i^ practical to do so, we make algebra 
and arithmetic an integral part of the work in geometry. Aside 
from the sense of continuity that the student feels, there is an 
opportunity to exercise fundamental skills and there is a specific 
advantage in facilitating work in geonu^try. A free use of symbolic 
notation facilitates ^(H)metric analysis and the expression of it; 
the use of the formula and equation is essential to the application 
of theorems proved, c^r to the process of making geometric knowl- 
edge function effectively in action, whichever way one may please 
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fn stati. it. Tn illi:strati«: In the triau^'lo AlW, .Icsi.uMiati^ angles 
liy cniiital li tters and sides eppositi" by eoiTesiumdin.ij: small letlcfs. 
Make a practice (if iiidicatiiii; !itu« setrnu-nts liy small letters. ;'n>:le< 
I'V capitals or Creek letters, n^inj; a sulweript it" several angles have 
a comiiiiin vertex. Use the amventional alihreviatiens in writinj: 
out. autliDrities. A iVw little (.evices of thi-^ si.rt help tlie student 
to keep his "eyi. ou the hall." The ecpiation and t'ormula are nm.la- 
mental in the work ef mensurat ien. We insi.s( (,n thinkin,!: throm-ii 
theprolilem and indic.atin.i: in. equ.-iti.in tcrni the final result heh-re 
any ooniput.'itimis are made. As far as numerical enmputatidus 
are concerned. I think \vc h.ave a right to insist that eeonomical and 
correct work i^ ;in es.<cntial part of geonu-try. It is .iiseonccrtiu.i: 
to a te.'icher. when .a class as a group has .Icvcloped very luviuf ifully 
the proldcm of the (loldcn Sc-tion. to discowr. by means of the 
.juesti.ujs asked l)y those who do not un.ierstand. that tlieir dinicul- 
ties .•iriM- from ad.iinii fractions by adding both numerators and 
denominators, indiscriminate canceling, or iiialiility to do the 
>iniplest tactoring. 

Algebraic Symbolism. The following are a few .-.pecilic eases 
where aiufebraic symludisni is used: 

1, To tiii.l tl„- Mini <.|" III.- .At, lint- Miml. s (if a p.-hu'cu f n .<i(I.-s nuulc- by 
pn..!,u nii: m1i nf -.ty si.l.s m si;.-.v.v<;..n. b-t -nul ,\ nTn^sriit ono 
f\t.ri..r Mii-i.- ilic ;i.i.:a(.iit luuiwr aim!.-; l. r /■." aii.l / represent tlie 
('■■rri -'i uiiiluii,' .siiiii.s. 

Take thi' cun-i c-utiM- \fiti( . !■ ; l st 

• i — 1 St ^ 
.<iti<-.- this 11 1].] ciis /) tiiti.-s. E + ! n sr 

I'nt / /I St a — 2 .i 

TlliTcriH"-, /•.' ; .- 2 .-St A, 

•-' hi til,. If.).. I f„r dividing a Iitic s.uiiunt / in O..I.l.-n .Scotion int.Ttiall.v. 
..- IxMiiK tlic latx'.T part. \vc liavc fri.in fli.- c(.iistritcti..n 

ritf fionl is to pruvp 

'I' ' 'r" 

llvw can .\..>i u'.-t ill .m.- st..p ulmt y.^u want fnnn wliat .v.iii h-iv.-? 
3. .<..i!:..l....lv l.n.imht m tiii.. clippMiu' li-..iii tl„. Oaklan.l Trlhuur - U it 
tti|.-V -Ma!, rial in tl„. cr. o ISratuid u..ul.l Imil.l :i wall 2 ft, wide and 
t ft. liiirl) fn.iii N.-u- V..ik t.. .-^aii Fi-aiici>c.)." 

I 1Y..IU in..!h. r (\.ll. u.. Kntnn.- B.-an! l-xaniinaf i.^n • Is th.-ro onoiiKh 
iiuterial in I cu. ft. of l.vid In luak.- 2CK).(X)0 h.illct.s. in. in dmnicter? 
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5. Ctvi a nalvaniztui biiok<»t from the jauitors claret. M:iko the ncce.'i:iary 
linoar uu»as\iri'iuonts and compute the number of nullous it will hoUl. 
CMin-k by hquiil moasure. 

di==9in.; f/a — 11 in.; /i — I2in. 

No. of gal. |- 'TT /i (r^' + r,* +r,r,) 2M 

-^3 >^ 7^231 >^T~ 42 

6. Imagine the Great Wall of China torn down ami built into a rectangular 
wall which would encircle the earth at th»' equ.itur ('2o.00() mi.) and 
3 ft. wide. How high would it bf? The ChiiU'sn wall is l/KK) mi. lung, 
15 ft. wide at lop, 25 ft. wide at buttom, and 20 ft. high. 

Prismi =5 Prisrai 

3x X 23000 X 5280 1500 X 5280 X --y - X 20 

x = 8 

7. Mt)re or lej« ulgubraic work is neco^ary in the jsimplcr problems of 
proportion and aUo in the problem of the Golden Section of a line. 

How TlIK COMIUNKI) C^Ul'Ii^^K IS \VoHKKl) Ol.'T 

Choice of Material. Wc luive attempted to arran^r {\\v work 
in lopcally self-eousistt'ut units, elioosinii; the niaturiiil I'rdni wluit 
sirnis to be si^initieant and untlertftandablo to the filteen-year-oKl 
rhild and ignoring the artifieial luan-nuule barrier between phme 
and 5?olid geometry. This phm luis been jui^tilied in oiu- jndi;nient 
both in the interest of the large majority who take only two yinirs? 
of high sehool mathein:ities and in the continuous gvowrh ui those 
who study udvaneed geonu^try with introductory work in the eal- 
cuius. The dietuni of certain very wise teachers is amply \'inflieatc*d 
over and o\er a.irain in our jH-actieal experience -it is vital to the 
learning prt^eess that a ehild be tanL»;lit sonu'thing which he wishes 
to learn, that he understand what he is doini;. that he be intere.<ted 
in what he is doiuir. that this interest lu' .^nsLained throUiih satisfae- 
tion in aecomphslmient whieii apjieals to him as worth while, and 
that he have opportunity tt) use the knuwkalgo he has gained in 
sonu* purposeful activity. 

The subjeet ni.atter content is eharaeterizeil by an increased 
ninuber of postulates, a decreased number oi theorems to be proved, 
a close eorrelatinn between nlam* and >olid geometry, the incor- 
poration of siune ak'cora. trigonometiT, and arithnietic, and tli'* 
application of i!:cneral principles in the solution of practical 
problems. 
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It appears permissible and advisable in the teaching of be- 
piiniers to accept as postulates the statement of all possible intui- 
tions. The conventional assumptions would include: (1) the 
equality of vertically opposite angles; (2) properties of figurt^s 
which are evident from symmetn-; (3) congruence of figures which 
can be dot<?rmined by superposition (discarding superposition as a 
so-called method of proof); (4) congruence of jilane figures which 
possess line symmetry; (5) the angle properties of parallel Jines. 
namely: If two straight lines are cut by a transversal so that the 
corresponding angles are equal, the lines are parallel; and the con- 
verse, if two parallel lines are cut by a transversal, the corresi>ond- 
ing angles are equal; (5) the area of a rectangle is equal to the 
product of its base by it^ altitude; (6) the central angle in a circle 
has the same mciisure in degrees as its intercepted arc; (7) equal 
central angles of a circle have equal arcs, and conversely; (8) if 
while approaching their respective limits two variables are always 
equal, then their limits are equal. 

Omissions and Substitutions. Omissions and substitutions 
must be determined by the textbook one uses and also, of course, by 
the ability of the class. The text used in Oakland is Smith's Essen- 
tiah of Phnc and Solid (ieomvtry. Consistent with an agreement 
l)reviously made, we omit as theorems in this text those specific 
statements which we develop intuitively and accept as i>ostulates. 
Furthermore, we omit the proofs of incommensurable cases given in 
the supplement, pages 425-428; the algebraic manipulations of a 
proportion, pages 157-161 (making necessary readjustments in the 
method of the geometric proof^:j ; the two problems which involve 
dividing a line segment externally, page 183 and the proof as given 
on page 240; and pages 192, 196, 197, 228, 229; possibly the con- 
structions on pages 223 and 224. We substitute for the theorem on 
page 209: A — y^ah i^'inC; for proof on page 210 a simpler proof 
based on the ratio r^f Ub/i to Y2^>'h' ; and at that point extend the 
comparison to the ratio of the volumes c)f two similar solids by 
finding the ratio of k[lu'h) to k[l'w'h'\. For problems on pages 
248 and 254 we substitute the trigonometric ratios suggested in the 
section of this article on trigonometry. Hero's formula, page 194, is 
developed with the class, and then memorized and used — pupils are 
not required to reproduce the proof. In the tenth year course in 
geometrj- ro attempt is made to give formal proofs of the solid 
geometry orems. We aim to develop an understanding of certain 
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fundamental principles, a conviction that these principles arc in- 
deed true facts, We aim to develop when needed, as clearly and 
directly as possible, the fundamental formulas listed on page 498 
and provide opportunity for the knowledge of those formulas to 
function in the analysis and solution of worth-while problems of 
application. 

Formal Proofs in Solid Geometry. We reserve formal proofs 
in solid geometry for the second course in geometry offered in 
the senior year of high school. Select groups of mature students 
are able to do more rigorous advanced work with profit. They can 
prove supplementary theorems of plane gcometrj' and the essential 
theorems of solid geometry', and yet have ample ti^nc in their 
semesters work for introductory work in the calculus or for ele- 
mentary analytic geometry. One advantage in the redistribution of 
subject matter here indicated is that time i.s provided for extenj;ion 
of electivcs for the superior student. The development and entire 
treatment is kept thurouglily concrete. It can be managed in a 
way to furnish a review and coordination of high school work and 
provide a better background and introduction to lunversity work. 
We have watched with interest the intelligent student expecting 
soon to leave school; he is quite as keen about broadening his 
intellectual horizon as the prospective university fre.shnuui who 
neeiis to be fortified as well as possible for his now job. Tlie vol- 
untary expressions of appreciation of former gratluates who have 
taken elective work is verj- gratifying and comes both fnnn the 
university student and from young men in business. 

Redistribution of Material. After the selection of appropriate 
nuiterial, the next problem in redistribution is its effective organi- 
zation and control. The essential points to Ih? considered are 
sequence, grouping, generalizing, and method of development. The 
orthodox, logical sequence is not the only one possible. With be- 
ginners we are more concerned to have self-consistent, interde- 
pendent units and a psychologically coherent whole than to repro- 
duce a Kuclidean chain or a philosophical masterpiece of logical 
perfection. It is important to group the material in units on the 
basis of a key proposition or a fundamental concept; for example, 
the angle-sum in a triangle, parallel lines and parallelograms, the 
Pythagorean group, measurement of areas and volumes, similar 
figures, circle meiu<urement, and the like. Again, within the group, 
it is well to emphasize the relative im{K)rtance of the theorems, 
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K.vin<r reasons. It is a good plun for stiulents to keep note-books 
and in revu-w of a unit to outline and fumniarizo. For example 
thoy can mmmavizv (1) ways of proving triangles congruent; (2)' 
ways of proving lines equal; (3) ways of proving angles equal; 
(4) ways ot proving a quadrilateral a paralleloiiram; (73) wav^ of 
proving lines parallel: (G) ways <.f proving triangles similar- (7) 
facts they iiave proved al)out parallel linos; (8) facts tliey have 
proved alx)ut regular jiolygons: (9) facts they have proved al)out 
two intersecting secants of a circle. 

Generalization, (leneralization is an extreinelv important 
pliasc o: inatheniatical thinking— the term exj)ros#es the use of in- 
duction which .<eeks from a nuniher of scattered details to dis- 
cover a general statement or jn-ineiple. thus involving the whole 
question of abstraction and of transfer, tniiding the efforts of 
children in generalization is one of the most interesting features 
of the teaching of geometry. Some illustrations of general state- 
ments which include a group of theorems :ux': A triangle is deter- 
mined if any three independent elements are given (except in the 
aml)iguous case) ; if two inter.secting lines cut a circle, the pro.iuct 
ut the segments of tuie equal.< the product of the segments rf the 
other, measuring from the j)uint of intersection of the secan\, to the 
points where the secant im-ets the circle; the angle formed by 
two lines whi>4i^iiurt a circle has the same measure in degrees a> 
half the sum t.i the intercepted aivs, half their dilTercnce, or half 
the arc. according as the lines mret in.side. outside, or on the cir- 
eumfereiice. The Pythagorean theort>m has many {lossible forms 
of generalization; we have «)mrtiii!ts had classes in which each 
individual presented a different pronf. a> well as taking the supple- 
mentary project of proving scveiai uf the general thecirems of which 
this is a particular ca>e. 

The Function of the Teacher. The function of the teacher in 
helping the learner to learn is tiuite as importaar in .a geometry 
(dass as an approjiriate and wed .ugauized body of <ubject matter. 
Clour, forceful, and conclusive thinking can l)e acquired only by 
long and painful etYort—this in jiart acc.)uiit> for th.- fact that very 
f"w |>cr.<ons ever bectune thinkers. In.lecd. I think teachers are 
i-ften greater obstacles to protrress than dull ehil.ireii or ditlicult 
work. At one time I could not undirsiaml why such a vigorous 
reform movement as I'erry initiated sLuuM retjuire a generation 
of thirty years to become an active agent in the ordinary ela.<s- 
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room; however, after ton years' experience in teacher trt'iining, ujjso- 
ciatcd Willi the Tniversity of California, I have become deeply 
maprrssed with the persistence of tradition. It takes a long time 
to develop in a young university graduate the problem-solving atti- 
tude in his work »as a teacher and in his relation to the work of the 
learner. He is prone to look upon the teaching process us forceful 
feeding, disgorging, and giving examinations; as a rule, he expects 
to t^ach the same things he wns taught nd to teach thorn in the 
same way. 

Unfortunately many of our candidates for j^ositions as teachers 
of mathematics did not study solid geometry in high school and 
have found no suitable opportunity to take it in their university 
course. We must deal with university graduates having maj(n*s in 
mathematics who are not at home in the subject matter oi high 
school geometr>' and it is somewhat diflicult for them to coiii^erate 
in administering a correlated course, (^ur hope for improvinnont 
is that the glorious exceptions uiay be sufliciently brilliant and 
strong in leadership to flominate the situation in the course of time. 

The Logical-Formal Process. While it is not the purpose of 
this chapter to discuss method, it might be legitimate to do so. as 
the logical-formal procCi>s is strictly the characteristic subject 
matter of demonstrative geometry. It seems best to pass over the 
question of method, merely giving some of the most helpful and 
significant references. These are given in the footnote below. ^ 
We are interested in developing an active and effective problem- 

» H-«»k. Wm. K: /.'Virntnt; IlfHC to study and Work Kffcrtircly, Ch:ip. XX. 
Ojliinihirt Assui'iatt's : .4/1 IntrnditCtif^n to Kefivctivr Thinkin>j. 
Civlvin. S. S. : The Learning Procc^i*. 
l>fw»*y. .Ii>hn: How \Vc Think. 

l-YiMMiian. K. N. : P iyi^hM'tgy the Covimon Hranrh*'-'*, p. '2\^\. 
Mn^iih^r. J. tJ.: ".Vnnlytio ami Iiuinctiv»* MtMlimi vs. Syutlu^tw aii'l Pf«ilMi'tivp 
In Teaching l>roblem Solution." School StHence and MathetmUic^, Mar^'h 

naH><hT. J. 0.: **Tt*nohln^ G»*onintpy liiti» ItM Hlirlitful ri;nv.** The Mathr- 

fnaticfi 7'par?uT, CU'ti>ht»r 15* lit*. 
Ji»hu*<^»n. Kl><ii* l*arker : "Tt^afhiiiK' PupiU a of a TtH'hnliiUo of 

Thlukln)?.** The MtithrmaticA Tctwhrr, .\pril 1:*-J4 
Ki*yHrP. CaHSiu.s : The Human Wnrth of A'tj/'^r-^U"* TUinkinij. 
Keysor. ra^Blus : Thinking About Thinking. 

McL.ani:hlin, H. I*.: ••Uisjiiu^try us a I'uurM* in Ki ii<niiiiiK** The Matht matiCH 
()vrr<tpm»t. H. A. ; Ahont Our.^i*h't\'t. 

Shaw, .lamt^ ByrnliM The Philo^i^t>hy of Mathematici*. t*hap. V. "The >U*thodft 
nf .NlatU»>matii*«.*' 

Shaw. James Hyniie : "Tho Way Mathematli'ianH Work." 7*he Mathewatia 
Tearht'T, Maroh 1^23. 



ERLC 



84 



FIFTH YEARBOOK 



solving kind of thinking in children; in developing the power to 
meet new situations and the ability to investigate and discover 
facts to prove what they believe to be true, and to convince others 
01 the truths they have discovered. This logical- formal material 
bcconK>s in a sense a large part of the subject matter of the course, 
but the important thing to recognize is that such abstractions do 
not make wliolesome food for babes. The difficult problem of re- 
organization is to discover exactly what type of concrete material 
docs appeal to the interest of children and challenge their efforts. I 
believe that we are seeking the psychological order. There must 
be no abrupt transition from introductory intuitive geometn- to 
systematic demonstrative geometry. A good deal of unconscious 
nu'iital play and random experimenting may be permitted in the 
early stages by introducing the novel, beginning with concrete 
situations to be met, having a genuine problem. Some of the cur- 
rent social problems may be discussed with the students. Some 
day they should be qualified to cooperate in solving problems in 
their own social group. How did the Institute of Pacific Rela- 
tions attack their problem? They defined their job— an experiment 
in understanding; their object was to study the conditions of the 
Pacific peoples with a view to improving their mutual relations; 
the> then proceeded to develop a technique for their job. The 
method of attackii.g geometry problems should be applicable to 
problems of mechanical and social engineering as well— to problems 
of world peace, farm relief, temperance, tariff, or making a living. 

Summary. Summarizing our fiiuiings from experimenting with 
the redistribution of geometry material: it is the ever-enduring 
process of tr>'ing to adapt- procedure to what we think is going 
on in the minds of the children we are tr>-ing to teach, and to thR 
aims we have together set up as a goal. Tnc teachers * who have co- 
operated in the experiment are unanimous in recommending a more 
fundamental basis for organizing elementary and advanced geo- 
metry than a division into plane and solid geometry ; an increased 
number of postulates and a decreased number of theorems to be 
proved in the elementary tenth year course; close correlation of 

' iT»e classroom teachert and duperviglng teachers ot our irnlvemlty High School 
to the reBular teaehlnfr staff of the Oakland Ilibllc Sch..„!H. The m-.rU.rs 
..t thn Mathematics l»partment have b«>n : Miss .Vnna Grafelman. Miss Ni„a 
liospo. Mliw Kate P^«ter. ilss Irene Ix)r(mer. M»m Kmma Hesse. Mr. Mai Vulich 
un,l the late Mls8 Ethel Durst. As head ot the department 1 ^mild like to ei- 
pr.'ss my appreciation of their excell.-nt work and thHr " a..ip,.ratlon It la 
luvuluat.le to have teacheiB who are In truth thlnkera wid teachers of thluklng 
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piano and siMid >,oi)nu-try. triirnnuniotiy, aljichra. and aritliniotic; 
significant originals and appliotl pruhk^nis; organization of subject 
matter into a coherent wholo made up ni >elt-fonsistont iuTor-leponiU 
eat unit^. I have atteiupteii to i-xplaiii some of the workinsr <K-taiU 
of tlie general plan. The r\p»M'inieut has the ^lories of the incijui- 
plete. Xo textl)Ook fulfills the rrciuirmient^ of the outline ilrserihcd 
above, altiiouiih we have hvvn nmst i^raTeful for the su'j;gestive and 
illunnnaiinj; material in eertain reeent texi>. e?jpucially with refer- 
ence to in2<tru"ti()nal tests, illustrative niaieriah live, up-to-date 
I)rubleni.-» and intere^iinjr chaluhj^os m >tudeut rt'fort. Fiu'ther ad- 
justment.- in (Munent may hr inadt* as wrll as improvement in the 
tei'hni(|ue n\ tiMehiiiir. \\\' ean, howt'ver. fiu'nish statistics from 
the OakI.*\-; I A partment i>! Ur-rarch and (iuidance and from the 
records of nur hii:h x'honl u'raihiat,-- to lieft-nd adecpiately our 
theories: and practice. 
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By GEORGE D. BIRKHOFF and RALPH BEATLEY 
Harvard University, Cambridge, Mass, 

Purpose of Demonstrative Geometry, In demonstrative geom- 
etry the emphasis is on reasoning. This is all the more important 
because it deepens geometric insight. To tlie extent that the sub- 
ject fails to develop the power to reason and to yield an apprecia- 
tion of scientific method in reasoning, its fundamental value for 
purposes of instruction is lessened. 

There are, to be sure, many geometric facts of importance quite 
apart from the logical structure. The bulk of these belong prop- 
erly in the intuitive geometry of Grades \TI and VIII, and are not 
the chief end of our instruction in denionstrvative geometry in the 
senior high school. 

If, then, we find tliat some of our pupils in demonstrative 
geometry make little if any gain in the power to reason as a result 
of our instruction, and find, moreover, that other pupils of equal 
intelligence and schooling— except that they liave had no demon- 
strative geometry— show very marked impro\emer.t in their ability 
to reason, our position is certainly open to attack. We cannot 
blame the pupils entirely. Perhaps there is something wrong with 
the subject; or perhaps the teaching could be improved. 

Undefined Terms. If we arp to give our jiuinls an apprecia- 
tion of scientific method in reasoning, we ought to insist on a few 
undefined terms at the mitsct. Why ju'etend to detine everything? 
The words ^'straight line" mean more to most jieople than Euclid's 
definition, or later j.araphrases v-f it. Then why not call "straight 
line'* an undefined term? If we cannot detine '^jioint." ''surface,'* 
"angle/' without involving the concei)t we are defining, why not 
take them as undefined? 

Need of Certain Assumptions. Do our students appreciate 
the need of certain assumiUions as fundamental in our logical sys- 
tem? Do we not allow them to infer that in geometry we can prove 
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evcrylliiiiR. and tliat as?«iiini» crrlain cIcMiicntuiy propOKitionji 
not bwausi' wv \u\yv to. but because wv arc in a hurr>* to get on to 
moro importaiii manors? SlmuM unt rathor soiio tlio nppor- 
tiinily to iiuprrss on tlimi fla* mnl of (Trtain a.^Mirupiinnj*, and 
5hnvv that tlii.^ nrcMl is not prruliar to p^omotry, but i« inhmnt in 
all !o.uiral ^viUonis? (\)iiM anyllunu' but jiood Vomo from our Indi- 
nitinjr tho possibiiliy of somo latitude in llio oliniro of ar^suniptiniis 
for Kcoinotry. and showing that oaidi snvh rhoiir Irads to a sliulitly 
(liffmMit approach U) iivi)\\\v\v\\ oarh valid with rvs\\vvt to it,s own 
proup of assumptions and to no uiIum'? It is tu'ithor norossary \u\r 
desirable, perhaps, lo lurntiiui luui-hluiditloan K^'oimtrirs in' this 
oonnootion. 

What is the point i?i Irllin^r beuMiuiers that we shall assume eer- 
tain **self.evident truths/* ami then askiujr them to prove eerlain 
other pn»posiiious whieh they reirard ;is etpially self-evident truths? 
Would they nut ronie to a (piiekt^r mulerstaudin^i; of the nature of a 
proof throuirh the elTurt to prove easy '^uM;:inals" whieh are mit tun 
l)hiusilile and whieh s^eni thereion* lo re(|uire ju>tilieai i««n? 

The Method of Proof by Superposition. If we ean pn-Mhly 
avoid it. shouM we etuitinue to di'tuorali/e our ela>ses at thr oni.-et 
by askiie^' them lo prnve the ohvinus l>y the me hod nf >uMrrpnsi- 
tion, a methcd so out of harmony with the hiru'^r aim nf u ir in- 
struetion that evm thnuLdi we re.*(>urni/(. iis validity we ii. 
use to those frw eaM'S fur whieh We can lind no heller iin'l-.u-'V 

The Incommensurable Case. Kuehd devehipe.! li.r ariihm.'ije 
and ahjviira \.r r;.»MhM| l.y purely ueoinefrie UieiKiuU. ;,i,d !!.:•.:.• ho 
referenee to numlu'r. (\>nfri)iited hy *'the ine.ntmiensurMhh' e.-i-e/' 
ho was iiiih' to eiri'iii:,vi"nt it only l)y m^a^w of iiirfiualii and an 
oxreeiliiiLTly >l.n-wd di-fiiiiiun n\ pro|MMiion. Our ruei inn in 
arithuietie and ah.rrhm eniploys ennf^pis df\Tl(iprd >:n.«' IvirlMs 
tinuj and takes nunJH'r .^s jis >«arnn- point. Onr p'lpil.- aie ntii 
trouhkMl l,y iria'a.hjls .-md sim* no niM-d nf ihe in.Mi:nni. n>uraMr 
ease. Onr pn-smi pia.Min- is to pay Lur s-'ani ;;tirnf;.»n in it; hni 
that hardiy r«'n.n\-i- iLr dillifMlty. InM-an-r it >i;il -land-. in prim 
In'fore w-. \\'v.]i nno«- r!ViM ti\c um* of onr irraiitmaN w. i.eiM irrt 
ahunr wiihoJit an>' nirniion of ineoinnieti-uraM'* (•::-.>; !,nt for 
Kueli.I th.-y wi-rr .)f fundammtal imporlaiUM*. If wr ne nMon thr 
ineommen-urahlr ea-e at a.'I. \\c can hardly di-mi- if a^ ev.-. p. 
tional. for iln' ineroumriiMirahie i< of lelaiix'i-ly rnn.n.M! oecur- 
renee: the eommensurahle is the exeepiiom 
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Ttxt* in Otomttry. In »l«jrt, mnny pupils net little good from 
their study of KPomctry bccnuw ftt certnin critical polnti the t«xt 
in quite iiiadcquuto. Tlu« in of oouno no (iinpuraRCJucnt of Euclid: 
hid autlioiu'O knew more ubout loRic nnd lew tibout number than 
dti our jJupiU ill nchool to-d«y. Imoui our point of view liin text 
.-linuld SUV much m'^ro about the foumifttionid of loRical method. 
rotuuMtiiiK those with situations outside Rconiotry by appropriate 
exercist's, and should start with the real number system us we have 
it to-<iay uihI fiain the power ami simplicity which such an approach 
can yield. 

Poisiblf Changes in Teaching Geometry. Perhaps if wo nro 
to rewrite Kuclid we should consider other (pies'. ions too. Congru- 
ence ami parallelism are fuiidauieiital in Kuclid's neoinctry; nnd 
from jmrailclism is derived tlu' t -incept of sin-.Marity. We can ox- 
press this s.Mubolicaily as follows: :-.!!-* But in our demon- 
strations we refer chielly to similarity, aud less often tc those 
aspects of parallelism not comprised in similarity. Moreover, con- 
gruence and similarity have much in common. The British Report 
on The Teaching of Geometry in (Schools (G. Bell and Sons, Ixjn- 
don, 1923. p. 35) makes the -nt^resting suggestion that we replace 
the Parallel Postulate by a PosUilate of Similarity, and derive the 
idea of parallels from similarity. This arrangement can be shown 
symbolically as folknNs: =, ^ -* II . 

Whether wc make such a chanRC or not, our pupils should see 
that the Parallel Postulate can bo replaced by some other assump- 
tion—for example o proposition concerning equal corresponding 
angles formed by a transversal and two other lines— and that the 
erstwhile Parallel Postulate is now a theorem dcpunding on the new 
assumption. The jiupils sliould also discover the effect on geometry 
of omittinR tiie Parallel Postulate, ur its etpiivalcnt, and all the 
theorems dependent on it, 

Plane and Solid Geometry Combined. Inasmuch as most stu- 
dents of demonstrative miuuetry devote but one year to the sub- 
ject, it will iirobiibly be wortli while to make us many allusions 
as po.ssibic to related propositions in three cilniensions. This three- 
dimensional niat<^rial would h.ive to be ba.«'ed on intuition and find 
expression mainly in the exercises, Tl-e principle of duality and 
certain other modern concepts should be included also. 

An Approach Based on Number. Let U3 give further consid- 
eration to an approach to geometry based directly on number. 
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Within the last century Ricmnnn devised txn approach to gcom* 
etry, not intended for eliMucntary purposes and quite unsuited to 
them, but novel tholcss ver>' suutestlve. In this geometry the notion 
of dUtifince hctwrcn two pointa is regar led as the primary geometric 
relation. A little thought will make it plain that most geometric 
ctuiceplions can readily be defined in terms of distance. For ex- 
ample, the line segment Ab may be defined as the collection of 
pointa P such that the distance from A to P plus the distance from 
P to B is equal to the distance from A to A^ain. the circle may 
he defined as the piano figure consisting of all the points P ai h 
Riven distance r from a fixed point 0 called the center. From the 
Uiemnnnian point of view nooniotry then appears us the theory 
of the interrelation of various ilistances between pointa, and the 
formula which oNprcsses the distance between any two pointa is 
regarded as the basic clement. 

In the cai*c of Kudidean geometry this formula may be written 

where the pairs of nuiuhors .r aMil // are the labels which identify the 
point in question. This ayiscrts that the distance between any two 
pointa Px and Pt whose number pairs are ii, Vi, and l/i is given 
by the scpmrc root of the sum of the squares of the differences of the 
.r s and j/ s ('(UTcsponding to thoso two points. Hero we arc not to 
think of the formula in itself as having geometric significance; in- 
stead we must think of a vast collection of pointa, the distance of 
ony two of Ihem being given to us by tabular entries, for instance, 
and then we must think of the above formula as giving a particu- 
larly simple rule by which the various points could be identified 
and the distances between them found as given in the fundamental 
table by short numerical reckoning. 

Advantages of Such a Method. Now with this Riemannian 
method of approB :h intuitive processes which are fundfimcntal for 
Kuclidcnn geome »y have no place. That indeed is the funda- 
mental difficulty -ith the method from a pedagogical point of view. 
But from a logical point of view it has several advantages which 
ought f J be pointed out. In the first place, whereas Euclidean 
geometry takes for granted that there exist such thinga as points, 
lines, and planes, although as a matter of fact none actually cor- 
respond to physical objects, in this now method the whole construc- 
tion is based upon the number system. For example, a point 
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donned to bo n pair of iiurnt)om .r, y niut the diitanco between Mny 
two poiniM \n doHiiod m in the above rule. C^onteqncntly wo know 
«t the outKct that we are dealing with entities which exist In the 
Muno that nund»ers do, so that our eonchisions about them 
are bound to be us ooMHiMoiit as our rules of reckoning with num- 
bers. In tho seooiid place* when wc employ this method of ap- 
))rnarh wo build up at the sutne time the elementary ideas whieh 
i^eloii« to (iDulytic pooinotry and lhuj« introduce the student not 
only to the onlinary guMni'tric theorems but also to their formula- 
tion in tiMMiis of cdiuM^pis (^f analytic urcMU'^try. 

Illustrative Examples. A siiuple illustration will bring out 
both of thi'M* points. Supp»'>*' >vr an- Mvkiun the points on 
the M'^tncnts whit'h join i)o!!)t .1 to the point /i ll, 1), If 

P ii\ //I rciUTsciiti* any pi)int of this srumcnt, then, by the definition 
alH)Ve', .1/^ i'li • -^^^ and 

If now wc transpose oiu- of tlu^ ti'rins on the left, stjuaro and sim- 
plify, wo lind by a little c:isy alui'bra that 

If both nirnilu i> of tlii.< e(iuatioii arc sfjuarcd aRain wc oht.un the 
i-'iuation 

X ?/, 

whirh l!r^In^^s tlu^ Kmc np()n whirh all iioints of the st^ment must 
lie. It In tliiMi easy to show that only tlitj.^o pointrf are to ho taken 
f.)r wliieh X ( - //) is inuufrirally los [hwu I and positive. Hero, 
thru, wr have illustrated how the !\atural (lefinition in tonus of 
ilisi:-ner Inuls lo the forjuulat iun o'" ti e eciuation of a line in u 
sinil^Ie c:i<y\ Kroin this i)oiiit of view (jue.^tiona conoornMij; inter- 
MTiii...': lim-s and non-iiitorst-tMiiii: (^r parallel Hues reduce them- 
-.•Ivi ^ ti) {ihj;i-hraie (jur.-iiiuis .m< to v.lj-ther or not certain pairs v)f 
lo.i-.ir ctiM.'i' ions in two unkinuviK .r and i/ have or liavo not a 
-nluiion. 

The Pythagorean Theorem* As another illustration wc might 
nivv to ti.i' Pyi!.:iiMiri«:Mi th.ron'in. liow docs the Pythagorean 
thi-nn'Mi a|jpi-'ir foiui t-.r Hicnianu aii point of view? In the first 
plarc. wr mny n siV ! the i kimMitary lurnuda it.^elf as a formulation 
of the l\vtl;aiioir:in tlii-i.ivm. :it h*:-.-' wht-n the trian^Oe in <piestion 
has two ni it;: piinille; to tht^.r i.id ;/ a\i-s. But more generally, 
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we •liould flrat Imvo lo ilofino two prrpcntliculnr linop. To tlili end 
we could dpfino tlio Morpondirulnr /Mf dropped from /* to the line 
I ttnd ineotinK / at the point M i\» that lino for which the tlintance 
PM is At n\m\\ nn possible. By purely ftlpehnvic mnnipuliition it 
turns out that piven any two lino seRinenM AC and Cli i«iich that 
AC and CH are pcrpentiicuUr, then {AB)* — {AC)* -f (CZii». 

The Euclidean Method. Considering, then, these two contrast- 
ing methods of approach to elementary Roonictrj , wo may say that 
the Euclidean method proceeds from qualitative propositions called 
postulates, not involving number at all (to which wc vhereforc 
attach the symbol 0), to other propositions involving linear and 
angular measurenient (to which wc accordingly attach the number 
1), and finally to propositions which involve number in a two- 
dinionsional way (to which wo therefore nttiich the number 2). 
Of this last class the Pythagorean proposition and the theorem that 
the sum of the three angles of a triangle is 180** may be regarded 
US the typical and most important instances. Thus the processes of 
development in tlio Dwlidean approach may bo indicated schemati- 
cally by the following diagram: 

1 -♦2. 

The Riemannian Approfcch. In the Ricmannlan approach we 
start with a formula which involves number in a two-dimensional 
way at the outset, for the fundamental formula really embodies the 
Pythagorean theorem. Then from this formula, by means of suit- 
able definitions and the use of ulj^ohraie methods, we deduce other 
proposition."!, such as tlio.se lioaliim with linear and angular measure 
and^also the qualitative propositions with which we started in the 
Euclidean case. For example, the proposition that two pointa de- 
termine a straight line would involve first the definition of the 
straisht line us indicated above, second the proof that any equation 
of the first degree in x and y reprcsont* a .straight line, and finally 
that one and essentially only one ctjuation can be found which is 
satisfied by two given distinct pairs of numbers x,, yi and x,, 
In consequence the diagram which we use to characterize tins 
method ol approach is the following: 

2 -> 1 -> 0. 

Disadvantages of Each Method. Tiie disadvantages of both 
methods arc obvioua. Euclid's method is circuitous and does not 
take advantage of well known facts ccnccming number and linear 
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uiul «n«u^ir iiM»a>»irrmrht in imns of miinlKM', Thwo fuots, whioh 
ap|w»ar al»i*i>luiply srli-rvMi'iii at ah rarly a^o imdor present 
coiulitiohs of iraiiiihK, imist in this 8olu*me be regarded hh thinjpi 
to be demonstratnd. at lca«it if a purely logical point of view is 
adopted. Tiie mot hod of Uiciuann, on the other hand, it totally 
devoid of intuitive 8i|nnticanre and involves fbirly difficult alge- 
l)ruic manipulations at the outlet. 

Each method has, however, its advantages, which have been 
referred to above. 

A New Approach to Elementary Geometry, With these pre- 
liminaries lot us attrnipt to forniuhite a method of approach which 
may possibly eliminate most of those disadvantages and at the 
samo tinjc cmhutly thi» fundainontal advantages of lx)th methods, 
This method may in briof ho ('harat tori/.od by this diagrum: 

0 1 2. 

In this oaso we take for prantod at tlio outso* the notion of number 
aiM' assume that the studont is oapublo of making simple compu- 
tations by means of numbor. Also wo admit the 8clf-c\nJent fact 
of linoar and annular nionsuration and scale drawing; that is to 
say, we arcopt the simple Uxvis familiar to any boy or girl who 
knows how to use rulor and ]irotraotor. On the basis, then, of four 
or five vsimplo postuhitos of vliis typo, the most important geometric 
oonohisions which arc not si*li-cviilcnt can 1)0 rai)idly developed. 
AmoHK those wouhi be tlio Pytlia.u:oro:in iiroi)Osition and the 
thcuroiu that the suii; of the an.^lrs of a triangle is 180^ Further- 
more, on the basis of these jMistulatos and these fundaniontal 
theorems all other theorems in u:eo]iietry can be derived easily and 
nat\irally. 

Fundamental Principles, 'i'he fuiiilamontal principles neces- 
sary to sui'h a (levelnpuif-nt luay be tak(*n as follo\v.«i; 

I. Tho Principle of Lino Me:i.<uro.— T/ic points on any straight , 
line can Ic ?n/;;:/u'/r^/ so that number dijjerences measure 
(^i^^tnnc*'s. 

11. Thtro ran hi onhi anr ,^h\i'iiht line through two given 
points. 

III. The Prinoiph! of An.ii;le Mensurc,--/l/i half lines having thr 
same (ndpoint can he nutnhtnd so that nu7nber differences 
mcasnrc angks. 

IV, AH straight angks have the same measure, 180"^* 
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V. Tin* Principle <if Siinihirity > (Part I).— Tiro tmngltB are 
$ifuUar, if nn anglv of one CiiuaU an angle of th other and 
the sidca including these angles are proportional 

Bisic Thcorcms< Hy meixw of thoso five affsiunptions wo can 
prove the followiriR n\x basic theorems: 

VI. The Prineiple of SinjUurity (Part 11).— Two triangles arc 
similar if two angles of one are eqxuil to two angles of the 
other. 

VII. // two sides of a triangle are equal, the angles opposite 

these sides are equal; and convvrsely.^ 
VIII. The Prinei|)le of Similarity (Part III).— Two triangles arc 

similar if their sides are respectively proportional. 
IX. The sum of the three angles of a triangle is /W. 
X. Through a point on a line there exists one and only one 

Pi rprndicular to the Um\^ 
XI. The PythaRoreun Theorem. — In any right triangkj the 

sqmrc of the hypotenwe is equal to the sum of the squares 

of th other two side^; and conversely. 

Corollaries, ^.s corollaries of XI we have the following; 

XIa. The altitude on the. hypotenuse of a right triangle the 
mean proportional between the segments of the hypot- 
enuse. 

Xlb. If the hypotcnuj^r and side of two right triangles are in 

proportion, the two triangles are similar, 
Xle. The sum of two sides of a triangle is greater than the third 

side. 

Xld. The shortest distancr from a point to a line is measured 
along the perpcndirular from the point to the line. 

XIc. Of two oblique Un^es drmvn from a poiat to a line, the more 
remote is the greater; and conversely. 

^Prlndple V 1» vnry powprful. Thiuijirh .^tjitpd In te^rniH of Himllarlty and propor- 
tion. It evlUontly Induilw* thp (*a>sp of two conffnioiit tdantrloB with two nUh.* and 
IncUiilfHl anfflp rewpoctlvely oaual. It Im apparent from the t'ontont of thone flvf» 
fundamental prlnolplon what trrnis wo nnint detlnp. or takf* aa undpttned. 

•Theorem X ahould he tal. n for jcranted at the outBet ; for although It can hp 
dprivod from the \n\^W prliuMplPs. nitist hi»jclnn»*rfl would hardly care to question It. 
At thi> pnd tif th<» ruurni* xlivy onn n*iurn to u (*onsla«*ratlon of the banlc princlplp« 
undprlyInK thulr K»*«»niotry and ran pruvi' this proposition whUdi formerly thi\v ttMjk 
for granted. This hjuiu* prcM*i»<l\jri' should bp applliHl to on»* or two oiher theoMMUH 
whoHP contpnt st'rnis olivinus' to tho hoKlaiu»r. Hi' should muko a lUt >t all the 
yro|H)Hlilons ho takos f(ir Knuitfd and conipan* It at th^ tMul of UiP courne with the 
minimum Hat on which the gpotnetry is based. 
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Trf«tin«nt of Parallel!. The trcaunrnt of parallels can be de- 
rivod from tho prinoipio of pimihrity. By means of IIuk principle 
alxo we can fthow tliat any two pcrpenilicular lines {eoorcimatc 
axes)^ toKoMier with all the linej> at right angles to them, form a 
rertanmilar network; anrl that all the lines perpendicular to an axis 
are parallel.^ The concept '*slope of a line with respect to a not- 
work'' follows also fmni the PmiWp/c of SimUarity and lends nt 
once to the C(|uation of th^ straight line. 

Area of a Triangle. The area of a triangle is a numbev, con- 
stant for the triangle, and eqtial to k times the product of a side 
and the altitude upon it. 'We may assign any value we like to ^; 
so we choose such a value as will make the area of the unit square 
equal 1. This means that k must equal Mj. 

Advantage of Pythagorean Theorem. It is a trenr^endous ad* 
vantage to use the Pythagorean theorem from the verj* beginninp 
esptoially in connection with early propositions conoerning the 
circle. 

Possible Constructions It is interesting to see what constr\ic- 
tions were possible for KuL-lid with onl" u.unarlied straight-edge 
and compasses; but it is comforting abo to have scale and pro- 
tractor always at hand rnd to know that it is good form to use 
them. 

Advantages of the New Approach. Let us see how this pro- 
gram stanfls in comparison with the Euclidean and Riemannian 
programs, from the standpo* not only of mathematical impor- 
tance but of podrtgogical ust fulnoss. In the first place, it is severely 
logical. In this respect it offers us satisfactory training as that 
of Kuclid, and is much more direct. It lends itself admirably to 
explicit conr'doration of the? place of undefined terms, definitions, 
and assumptions in any chain of logical reasoning and leads to th? 
dcvelopniv'^nt of those same habits, attitudes, and appreciations 
which all toaclers of geumetr>' claim for their subject In the acc- 
ord place, it takes advantage of tlie knowledge of number and 
of linear and nngular mensuration which the student possesses, and 
so does away with the fc.Ming of artificiahty which is inevitul)lo 
when seemingly self-evident (irofiositions are ''proved.'* In the 
third place, it leads very nulurally to the elementary facts of 
analytic geometry and makes it apparent in this way that geometry 

• Sj*o nirkhofP. Oi»«>rK> l>.. The OVgin, Saturc, and Influence of ReMivUy, p. iiO. 
MacmlUau Co., 10125. 
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really n self^contddtont disoiplino whether or not such things as 
pointSi lines, and [yliXMn really exist. 

Value of Study of Geometry. It is true that some of our pupils 
seem to (Icrivo little or no profit frorn their study of i?eomctry. Per- 
haps some teachers take comfort in the notion thut their subject 
possesses a disciplinary something capable of **transfrr'* to situa- 
tions outside geometry and forget that they must do their share 
to oncouraRO the transfer. The text usually fails in the sanio re- 
spect and has other shortconiinus, as we have been at pains to 
point out. But the remedy for these ills is not the present popular 
mode, complete abolition of the f^uhjoet in question, or an almost 
equally dire emasculation. For althouRh it is difficult to prove that 
the '^tudy of geometry necessarily leads in large measure to those 
habits, attitudes, and appreciations which its advocates so eagerly 
claim for it, it is even harder to prove that under proper conditions 
it cannot be made to yield these outcomes, and more readily than 
other subjects o* instruction. Should we then abolish geometry 
from the secondary school, or should we try first to reform it? 

It is often said that the Kucliilean approach to elementary 
geometr>' was designed for thoroughgoing scholars, and was net in- 
tended for the immature youth of to-day. That is of course true; 
but it should not be taken to mean that geometry is beyond the ken 
of pupils in secondary schools simjdy because it was not written 
with them in mind. Youngsters in the grades to-day grapple with 
Lrithmetic and algebraic intricacies, many (if which were subjects 
of debate among adult Greeks of Euclid's time, and some of which 
it^was reserved for adults of relatively recent times to discover. 
Later discovenes ofien shed light on earlier revelation and render 
easy what once wa^^ hard. That hus been true of algebra, and 
could be equally true of geometry if we but dared to take the step. 

\\'e have suggested a nuxiification of Euclid in accord with 
psychological and mathematical ideas which, though commonplaces 
to u to-day, were not available to Euclid. This modification 
would at once simplify the subject and give it greater significance. 

In an age when the amount of material of scientific importance 
which the student ought to Icar** has become very large and the 
demands upon his time are numcunis, it would si*oin that the possi- 
bilities of this new method of ap^iroach should be thoroughly in- 
vestigated* 
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GRAPHIC METHODS OP TEACHING 
CONGRUENCE IN GEOMETRY 



By JOHN A. SWENSON 
WodUigK High Sehool, N$w York CUv 

Influtnce of Euclid. The sway which Euclid's Elments has 
held as a textbook for more than two thousand years is witliout 
parallel in the history of mathematics. Even the invention of 
Cartesian geometry in 1637 has not affected the toad ing of the 
so»caIIed Euclidean geometry. An almost unlimited number of 
textbooks have appeared in modem times but the on'y way in 
which they have differed is in the sequence of the theorems. Euclid's 
treatment has in the main been retained and no modern mathemati* 
cal methods have been introiluced. 

Th( Method of Proof by Superposition. The Report of the 
National Committee on Mathdmatic%l Requirements emphasises 
the function concept but there is nothing in the report to indicate 
that even vhis ultra-modern committee had in mind any^bhing essen- 
tially diffeient from the usual Euclidean treatment. This treatment 
may be best suited to the beginner ^s requirements and t\e one most 
readily comprehended by him. 

We can never be absolutely suie of this, however, until we have 
experimented with otner methods. Other considerations also enter. 
The mathematician does not consider the method of proof by super- 
position very satisfactory. The psychologist says we should in- 
troduce no unnecessary habits in connection vith the processes of 
learning. The use of superposition is surely one of these unneces- 
sary habits because it is barely introduced before it is discarded. 

Teaching Congruence by Graphic Methods. In connection 
with experiments to make variation the fundamental tool in both 
algebra and geometry, I have substituted graphic methods for 
superposition. After the first congruence theorem has been verified 
experimentally by the actual cutting out and placing of one triangle 
on the other, the other congruence theorems are treated graphically 
in the manner indicated below. 
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Variation in Trianfle ABC. In Fig. la, ABC it a triangle in 

which = 2 in.,* ^ BAC = 30", and Z ABC = 15". If we keep 
AB and ZBi4C fixed or constant (i.e.. retain tht- values 2 and 30**. 
respectively) and allow I ABC to increase, tay, by steps of 20" so 
that Z ABD = 35**, Z ABK = 55*, and so on, then the opposite side 
AC will also inci-ense and become AD, AE, AF, and so on, as shown 
In the accompanying table. 



THftDflt 


Aailt 


Side 


4 


t 


V 


ABC 




AC 


ABD 




AD 


ABE 


Si* 


AB 


ABF 

• 


* 


AF 

• 


ABA 


0* 


AA 




To show how these angles and the opposite side vary together 
throughout the whole range of possible values^ let us construct a 



graph, using L s ABC, ABD, ABE, ABF, and the like, as x's and 
the opposite sides AC, AD, AB^ AF, and the like, as v's. (Sec 
Fig. lb.) 

•The flgurei In thin chnpt^r have bivn mlucoU in nlae from the original. 



ERLC 



FIFTH YRAUBOOK 



In con9tructinR the Rni])!^ tho y'n arc t^ken by direct mcnsuro* 
luont from the triunRlc^. hut tho x*« arc liiul off liircctly by letting 
one linear unit represent 5^. An iniipection of the uraph ihowB 
clonrly; 

1. If we traverse the graph from left to right, x and y increase 
together. 

2. If we move from right to left, x and y decrease together, 

3. To each value of one variable corresponds only one value of 
the other. 

When these three conditio. ns atr fulfilUMi, wv pay that x and y 
vary in the sumo sim)h»^ thrnuRlioul the wimlo ran^c of jwssible 
Values. 

Variation in the Opposite Sense, Any two variable magni- 
tudes may be u^ed in constructing a graph. To obtain a graph of a 
diffcriMit n.'iluro from the gripli in the prmMlint? figure, we shall 
again keep Mi and angle A in Fig. lu constant ami use /iC, BD, 
HE, tit\ and so on. as xa and A(\ Al), Al\, AF, ami so on, as j/*s, 
as inilieated vi the table briow. 'I'he mapli from these data shows 



plainly that as ;/ ineicasr 
to inereusc^ 



X decreases f^^' a il^ and then begins 



TrinnKle 


Side 


Side 




X 


V 


ARC 


BC 


AC 


ABD 


BD 


Ab 


ABE 


BR 


AB 


ABF 


BP 


AF 




z ^ j^, 

f fOOQL 2 



The graph in Fig. lb shows no such fluctuation. In timt graph 
X and y both vary in the same sense throughout tlfC who*n range 
of vahies.. In the graph in Fig. 2, x and y vary in the opposite sense 
for a while and after that in tho same senne, but there is no con- 
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sistency throughout the whole gmph such as wo encountered in the 
first jrraph. 

Kxercws. 

L Using the preceding graphs, determine 

a. the vi^hjos of x which correspond to certain specific values 
of y. 

b. the values of y which correspond to certain specific values 
of a?. 

c. the change in. x which coires])ond8 to certain specific 
changes in y. 

2. Specify that part of the graph in Fig. 2 which shows that x 
and y vaiy (a) in the same sense; (h) in the opposite sense. 

Use of Graphs in Proving Congruence. The preceding sec« 
tions have shown the truth of tlie following principles; 

If in a triangle one side and ono of its adjacent angles remain 
constant, then 

1. the other adjacent angle and its opposite side vary in the 
same sense throi^h the whole range of possible values. 

2. the other two sides do not vary together in a comistent 
manner. 

By using the first principle above we can prove the following: 
Theorem. Two triangles are congruent if two angles and the in- 
cluded side of one triangle are equal respectively to two angles and 
the included side of the other. 

Given ^ABC and A^'B'C in which AC = A'C\ ZA = A', 

Prove A.4/iC= AA'BX- .A!^^, 

Proof, In passing from the first triangle to the second. AC and 
ZC remain constant (/1C = A'C', ZC = ZC'). Hence AB and 
Z C vaiT in the same sense, which means that AB must remain con- 
stant when Z C docs. But it is given that Z C remains constant. 
Hence AB remains constant, or AB = A'B\ and tlie two triangles 
are congruent by the first congruence theorem. 

Exerciac. Show that it is not possible to prove two triangles 
congruent when two sides and an angle opposite one of them in one 
triangle are equal respt^ctively to the corresponding parts in the 
other. 
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Another Variation in Triangle ABC. In I'ijj. Hm. AtiC is a 
\r\nu)i\v in wliidi Mi „ M) in., AC 2 in., ami .. KM' - 2;V. If 
wo now l<iT|) nud AC constant (i.tv. of tho same U-nplli). ami 
allow HAC to increase by steps of 20^, tlii-u wi; luivi- tlio set of 
trianj;U-.>< ili-scrlbod in tlio following table. Tlie ^rapli 3b I 

show* that X and y vary in tlu' fauio .sense, lliiui'; // two soUs of 




FlGUQE. 3«f 

V 




I 1 1 1 1 I 1 i » ' Jf 

O £5* 45' 65" 65* 105' 125* 145* 165* iW 

a triangle remain comiant, the iruiufled angle and the third side 
vary m the .^ame sen^^e. 

From this theorem it follows readily that tico triangles are con- 
gruent if three sides of om triangle arc respectively eqxuxl to three 
sides of the other. 

Difference Between Al-^ebra and Geometry. Modern inven- 
tions have i)roduced such powerful tools that it is hardly excusable 
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to oonlliu* Diivsolf excliisivoly to tlioso in uf»c 2.000 years apo. If 
Kuclid HvchI lo-day he woii^-l im ih)iil)t lako ailvantago of modem 
alp»l)raic methods. WhMi the modern teaeher of mathematics keeps 
alpehra and H^uanelry in separati* eompartmeiits, he sac'rilires mueh 
that u union of the two ?4iihjeet!« ean Urin^ out 

Summary, Tlie above sketeh is a mere nint of how the two 
subjeets may be used to reinfi)ree earli other in bringing out tlie 
faet that mathematics is fundamentally a study of variation. In 
nature and ('ViU\vilay all thin^iis ehaiiKe, and it is the business 
of matheniiairs to stu»ly these* rhaii'res and express the laws aeeiinl- 
inH to whieh they tak(» i)laee. The topic Supcrpo.^ition has been 
rlu)srn jmrposely becaust* it is pnMu»rally argu('tl that this is the topie 
in p-ometry that least of all fuses with algebra. 
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THE USE OF INDIRECT PROOF IN 
GEOMETRY AND IN LIFE* 



By CLIFFORD BREWSTER UPTON 
Teaches College, Columbia University, New York City 

Indirect Reasoning in Life. Kecently a valve on the steam 
radiator in my office gave evidence of being defective; when the 
valve was turned off, steam continued to flow into the radiator, 1 
called the college engineer who removed the valve, cleaned it, and 
then replaced it. This procedure, however, failed to remedy the 
trouble for no nmtter how long the valve was closed, the radiator 
remained hot. I called the engineer again and told him that the 
valve was defective and that a new valve was needed. He con- 
tended that the valve was a good one and that a new one was 
unnecessary, That explanation didn't satisfy me since the radiator 
was still hot though the valve hf^d been tightly closed all night 
Umg. I then asked him, *'If that were a good valve, could steam 
loak through the valve when it is turned off?" He admitted that 
steam could not leak through it if the valve were a good one; hence 
he too was convinced that the valve was defective. The valve was 
removed and replaced by a new one, and the trouble was remedied. 

This is a good example of a type of reasoning that occurs rather 
frequently in life. It is a natural kind of argument, it comes spon- 
taneously, and in general it is convincing. call it indirect rea- 
M)ning because we did not prove directly that the valve was defec- 
tive. We established this fact indirectly by showing that it was 
not a good valve. 

This indirect method of proof, which is often called the method 
of redicctio ad absurdum (reduction to an absurdicy) is also used 
in our high school work in demonstr*itive geom rv. In fact, a few 
of our basic theorems, and certain exercises, oan oe proved only 
by the indirect method. 

Some Criticisms of Indirect Proof* It is of interest, how- 
ever, that though indirect proof is easily understood when applied 

• Copyright, 1980, by C. B. Upton. 
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in ninny life situations, it is, on the contrary, considered by n 
larpo K^oiip of teachers as more or Ic^s unsatisfactory when used in 
geometry. Just why it is unsatisfactory is not easy to cxphiin, 
yet tlie fact remains that many teachers find indirect proof much 
loss ronvineiuK *han direct proof. As evidence of this dissatisfac- 
tion. I quote below the statements of a number of peonietry 
toiichors, recently attending the Summer Session courses at 
Teachers ColloRe, who were asked to give their impressions con- 
cerning indirect proof: 

1. Pupils fppl that indiroct proof ''boats arouud the bush." 

2. Indirpct proof i.'? not always convincinp;. It oftt-n sooms ab.'surd to pupils. 

3. The thooroms proved by it are often too noarly self-evident. 

4. Indirect proof tonds to produce roaJsoninK in a circle hocau.'^e of tho 
informal way in which it is used. 

5. If the theorem is true, why can't a direct proof for it be found? 

6. The indirect method i.< hard to teach; it i.'^ not a natuml method. 

7. The uso of the indirect method often re,<ult.^ in memorixinp the proof. 

8. Teachers do not reiilly under.'^tand it. 

9. It is better to prove po^iitively than to disprrve negatively. 

10. Indirect proof is usually taught too early when pupils have many other 
things to learn. 

11. The ability to disprove each of the false asfiumptions is beyond most 
of the pupils. 

12. Pupils do not see all the pospibilitii\s; they draw conclusiotas too soon. 

13. Pupils do not seem to know when the proof ia finished. 

14. Pupils pet the idea that we are dodginj? the iseue. 

15. The figure u.'sed to repre.'sent the fal^e assumption cannot be acctirutely 
drawn. 

16. Pupils do not know when to appl> indirect proof, 

17. It is not really a proof. 

This feeling that indirect proof is not as satisfying as direct 
proof is not limited to high school teachers. CofTey, in his Science 
of Logic, states that "indirect proof is obviously I^ss satisfactory 
and less scientific than direct proof for it does not give the mind 
any insight into the positive intrinsic causes or reasons why the 
established proposition is really true. Nevertheless, it is of great 
importance as a path to certain knowledge and it is used exten- 
sively in every department of research/' ^ The famous mathema- 
tician Augustus De Morgan, who wrote texts on formal logic as 
well as on mathematics, states that "indirect proof is as logical 
as direct proof but not of oO simple a kind, hence, it is desirable 

»Coflfey. Th^ 8oimce i>f Logic, Vox. I J, p. 233. 
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to U50 (liroot proof wlioiiovor it oan he obtained/'* Dauzat, the 
well-Unown I'rench writer on inetho(l()log>', states timt ''indirect 
proof is a sure method, hut although it is convincing, it is not illu- 
minating, and should he used only us a hist resort/'* 

Importance of Indirect Proof. It should be pointed out that 
althouj;!i the above comments indicate that indirect proof is not 
as satisfying as direct proof, yet all lopcians recognize tlie impor- 
tance and logical soundness of the indirect method and certain of 
them emphasize our great dependence upon it in everyday life. For 
example, Jevons, one of the great authorities on logic, goes so far 
as to say that "nearly half of our logical conclusions rest upon 
its eniployment/'^ Milnes. in his revision of De Morgan's First 
^^otiofu<^ of Logic, which was intended by De Morgan as an intro- 
duction to geometrical reasoning, states that "the process of 
rcrluctio ad absurdum is of the greatest importance. It is the most 
prominent of all the methods by which men learn those truths of 
Nature that are unitedlv known bv the name of Science."* 

In our high school work in demonstrative geometry it is imjios- 
sible to develop a syllabus of propositions all of which shall be 
proved by direct methods. To establish certain propositions, we 
are obliged to resort to the method of reductio ad abstirduyn,^ In 
Euclid's Elements, the first great textbook on geometry written 
about 300 B.C., we find in Book I that the indirect method is used 
to prove eleven basic propositions/ Our modern American writers 

•Dt*^ Morgan, Formal Logic, p. 24 

• Dauiat. El^mentft de MHhndnlngir Sfatht^mntique, p, 10. 

*Tho entire pan\»frnph in which the alwivi^ statf^niont apppjiiw U hi*ro guotH r 

".«<f>mp philnsophi^rH. eKp<«dany thns<* of Prancp. havr IipIiI that lh<» Indin-H 
Mi»tho(i of Proof has a certain Inforlnrity to tho ilirrct nn»thml, whirh nhoulil pro- 
vont our usin;? it t^xot^pt whi»n ohli^'t^il. Hut there are m-ttn}/ truthf which trv can 
prove only indirectly. We ean prove that a numhi»r 1h a prime eml.v by the pnrrly 
indireet metho<t of nhowinff that it in nm any of thi' nnnihers whieh have divisors. 
We ran prove that the side and d'.ajronal of a siinare ari« iiieoninii'iisurnhlp. hut nuly 
in the nejrative or indireet manner, hy showing that th** eontniry Huppositimi 
inevitably lends to contradiction. Many nthiT ili'mt>nstratinn>s in varinus hraur*hi'>t 
of the mathematical Mcii»nceH pnx'iHMl upon a like method. Now. if there is only 
one important tnith which must be, and can twily he. pniv^-d indlreefly. we may say 
that the prot>e«.s is a neceH«ai7 and .^ifflcient one. and thf question of its enm 
parative excellence or usefulnesH is not worth disiu-^siou. .V** a matter of fact ! 
hidievp that nearly half our lo^jical conclusions rest upon its ernplt>ytuent."- Kroiu 
Ji'voiis. 7*/ie l^rinciptea of i^cience, p. 82. 

' Milties. Klenicntnru XotUma of Logic, p. O.'i. 

« ThrtMijrhc.ut this discussion the terms "indireet prnaf." "indirect method nf 
proof." nutl "nMluctio atl ahHurdum** are U8ed synout>mi;usly. 

^ Kuflid was not the first one to use indir«»ct proof in ^fcometry. Kndoxus. whi> 
livoil i)h««ut .'170 B.r.. ig known to have used this mKhtnl of reasonintr to prove 
certain theorems. S.'e Allman, Oreek Geometry from Thaten to EuclUl, p. 180. 
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on domons^trativo Rooiuctry tend to limit the use of the indirect 
mothod as niurh as po.^.^ihlo, though practically all of thorn use 
this nu'thod to prove at least five roffular propositions or corollnries 
in Book I of their textbooks on Rcometry. 

Indirect proof is a very powerful instrument. To use it suc- 
cessfully, one must be thoroughly acquainted with it and have 
mtich practice in its use. The fact that the pupil encounters it so 
seldom in geometry and hence has so little practice in using it, 
probably accounts in large measure for much of the dissatisfaction 
expressed concerning it. Tr. our geometry classes to-day, we spend 
considerable time explaining the nature of direct proof; we also 
give ronsiderable attention and practice in the method of anaUj.vs 
as a means of discovering direct proof. Unfortunately, no corre- 
sponding amount of attention has been given to the indirect method 
of proof and it is this neglect, in all probability, that is the cause 
of the trouble. Another element contributing to this difficulty is 
the fact that the indirect method is most frequently used to prove 
the converses of certarti propositions; it is the experience '>f most 
teachers that the notion of a "converse proposition" is, in itself, a 
source of more or less confusion to many pupils. 

Nature of Indirect Proof. Recognizing the fact that the in- 
direct method is not entirely satisfying to many of our high school 
teachers and pupils, and also accepting the fact that we are abso- 
lutely dependent upon this method, not only to establish a con- 
nected chain of propositions in geometry, but also in many life 
situations, it seems important for us to examine carefully the 
nature of indirect proof and to state its underlying principles from 
the standpoint of the science of logic. This discussion is intended 
for teachers with the hope of making available in a singie article 
certain materials that would otherwise be obtainable only by 
consulting a wide range of literature on logic and on geometry; in 
many librariei certain of the books quoted would not "be found. 

Perhaps the simplest way to illustrate the principles involved 
in indirect proof will be to return to our illustration of the defective 
steam valve, which wtis presented at the beginning of this article. 
In that illustration we proved indirectly that the steam valve was 
defective by showing that it was not a good valve. In this reason- 
ing, we assumed that one of two things mxist be true, either (a) 
the valve is a good valve^ or (6) the valve is a defective valve. 
These statements (a) and (6) are such that ''both cannot be true 
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at the same time; likewise both cantuit bo false at the 5?ame time. 
In other worils, at the satne time 07\ly one of these statotnonts can 
be true and only one can be false. If (a) is true, then (^) must be 
false, and if (a) is false, then {b) must be true; likewise, if (b) is 
true, then (a) must be false, and if (b) is false, then (a) must be 
true. There is no middle ground; there is no third possibility/'* 
If we wish to prove that {b) is true, It sufllces, therefore, to prove 
that {a) is false; such proof is called indirect. On the other hand, 
if we had establislied the truth of (b) without any reference to (a), 
which might possibly h\\\ been done by removing the valve and 
discovering that one of its Innor parts was broken, then o ir con- 
clusion v/ould have been readied by direct proof. 

Indirect reasoning; of the kind just illustrated is also known as 
the method of rcductio ad abmrduviy because it always leads to an 
absurd conclusion. For example, in the ilhistration of the defective 
steam valve, the assumption that the valve was a pood one led us 
to conclude that it would shut off the steam when tightly closed, 
but th.is was an absurd conclvsion because the steam continued to 
flow when the valve was closed. Since to asrsume the valve good 
led "to an absurdity, we concluded that our assumjition was false. 
Hence the valve must have been defective since that was the only 
other possibility. 

Contradictory Propositions. Tn the above discussion, we see 
the statement that the i.'alvc is good contradicts the statement that 
the valve is defective; s\;ch statements, in the science of logic, are 
called cortradictory j.ropo.ntions, because one of them contradicts 
the conclusion of the other.' Contradictory propositions may be 
defined as follows: "Two propositions are contradictoiy when 
they are exact oppositos; ore must be true and the other must be 
false.'' 

Contradictory propositions play such an important part in the 

• Jnn«»»». T.^tgic, Jn<in^ti^*€ a n't Dc-Ufctive, p. 115. 

•OtJi'T i*x;inii»I''*< of pnntr.'i»llf*tr»ry i>ri>i»(''<lllrvr,'< nr«» n?; follow.^: .\ni:lo .-1 p»(«i:\lft 
an;:!'' ; nn'/l»»* .-1 ili f^^ not o'pj.al nn^'lr* /?. LItipk m ntul n nrr* i»:irnU«'l ; liniM m ntul 
n ar- n^r pnrall'l. It N ralnlnfr: It Is not ralnlit;:. 

hi f*i}ii >ii>> t t>>Ti \\i*h t))f^ f*nn t rn»)i»'t^ipy ;«n>j».- -iMj-Tii it rndilnp ami It i« ti'/^ 
r itnin'j, f>ri'» rimy : Wr -t h:\^{\\y thiV ih' two |ir'»j»«i iMorw nut c^mt 

ftU tho pt*< i^^][\{U < ^liif**^ It may snnwint: f^r It iimy hf» Imiliiii:; It will !»«• »-"»-n. 

h»»\?nv«'p, ^}r•^t {' vyfiit h'f) iit]t\ it ItnUinQ hnih t lunl- p th" pr* 'pn'sl f it fv 

fX'tt raintii'j. H' ri'*". tin* iir««j«'. I i.ln',v n rnin^'^'J nrwl if it nnt rninin'i n-pn- '"nt 
th*» only \\\t* I'" I^ill'k*. 'I'll' 1^ i.r«»|w>- Irion ! nn* nl«:o fJiM'h tlwit wln-n c»no i»r 
t>i'-rn Ih tr*i«-, tin* nth* p f?i'i-^{ [,». fil-i', ln»:>»>« th»»,v r.ri'> rontniiliflory propu ctt lon«4 In 
pr«»»or»l*irMi- \\\rh th»» fl'Miilflon irlv»'n nln>vA. 

"J>»:n t?, J.ofjif*, Jfiflurtii-r an'l Ordurtii c, p. 11'/. 
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stiuly of lofiic that wo will now summarize certain important facts 
concerning tlicm which have already boon brought out: 

(1) Tiro confnidictonj propof<itiom cat})}ot be true together, 

(2) Two contradict or 11 propositions cannot be false together, 

(3) Of two contradictory propositions, one miust be true ayul the 
other false. 

These facts may be summed up in the form of a working prin- 
ciple as follows: 

// one of t\co contradictory propositions is proved to be truCj it 
immediately foUoxrs that the other rnuM be false; similarly, if one 
of them i.<i proved to be false, it immediately folloirs that the other 
7nu^t be true. 

This principle is applied when we prove a proposition by the 
method of reductio ad absurdum, since we prove the jM^oposition to 
he true by showing that its contradictory proposition is false. 

This discussion of contradictory propositions and their us^e in 
indirect reasoning is also closely related to two fundamental laws 
of thought which are descril)ed in most of the standard textbooks 
on logic. These laws are as follows: 

(1) The Law of Contradiction, which states that a thing cannot 
both be and not be, 

"The Law of Contradiction points out that nothing can have at the 
same time and at tne same place contradictory and inconsistent 
qualities. A piece of paper may be blackened in one part, while 
it is white in other parts; or it may be white at one timo, and 
afterwards become black, but we cannot conceive that it should be 
both white and black at the same place and time. A door after 
being oppn may be shut, but it cannot at once be shut and open. 
No quality can both be present and absent at the same time; and 
this seems to be the most simple and general truth which we can 
assert of all things. Aristotle truly described this law as the first 
of all axioms— one of which we need not seek for any demonstra- 
tion."** 

(2) The Law of Excluded Middle, which states that a thing 
must either be or not be. This is also called the Law of Duality. 

"The Law of Kxrluded Middle asserts that at every step there are 
two possible alternatives — presence or absence, affirmation or nega- 
tion. It asserts also that between presence or absence, existence 
and non-existence, affirmation and negation, there is no third alter- 
native. As Aristotle said, there can be no mean between opposite 

From Jevons and Hill, EtementM of Logic, p. lOQ. 
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a.wrtions; we taust oilhor affirm or deny, Ileneo, the inconvenient 
Uivaie by which it has been kuoun -The Law of Exoluiied Middle,"" 

Another Important Principle. It will now be helpful to state 
one other important principle upon which indirect reasoning is 
based. This can best be done by referring to our first ilhistration 
of the defective i^team valve, Wlien I called the engineer the 
second time. I wanted to convince him that the valve was defective. 
In other words, I wanted to prove the projiosition: The valve 
defective. To do this, I prove<l that the contradictory proposition, 
namely, that the valve is good, must be false. Rut the cjucstion 
arises, how did I prove this contradictory proposition to be false? 
I did so by proving that something which necessarily follows from 
it must be false. In the discussion witli the engineer, the con- 
trodictory j)roposition, namely, that the valve is good, led me to the 
conclusion that the valve when tightly closed should shut off the 
steam. But I knew that this must be a false conclusion becau^^e 
the steam continued to flow when the valve was turned off. Hence. 
I concluded that the contradictory proposition, namely, that the 
valve is good, must be false, since it led me to a false conclusion. 

Whenever the final eondusion of any piece of reasoning is 
known to be false, then one of two things must have happened, 
either we hr ve made some error in our process of reasoning or we 
started from^ a false assumption. On arriving, therefore, at a con- 
clusion known to be false, we may, if we have the slightest doubt 
(^f our accuracy, reexamine the process of reasoning by which we 
we^e led to the false conclusion until there is no doubt of the 
accuracy of that process. If the process is found to be accurate, 
nothing renuiins to account for our false conclusion but the falsity 
of our original assumption. 

The principle of logic illustrated by the above discussion may 
be statofl as follows: 

// the conchmon of a eorrect prore^^s of reasoning be false, then 
the prcmi.^r.^ from vhirh it r?ere.<?.^an7.v follows mxist also be false,^^ 

Summary of Principles Used in Indirect Proof, Let us now 
summarize the principles of logic discussed above which are funda- 
mental in all reasoning by the indirect method. These principles 
are as follows: 

" Prc»m JpVDnB, Principte^ of »Wrnrr, pp. 5 H. 
i» Coffey, The F!cience of Logic, Vol. I, p. 
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PuiNCiPLR I. Tho Law of l-Arliulod Middle. *l thing must cither 
br cr not 60, 

PliiNClPLK II. // onr of (iro contradictory p 'oposifionfi is provrri 
to be true, it immediately follow>i that the other 
must be false; similarly, if one of thrm is proved to 
be false, it intmediatcly folloiey that the other must 
be true, 

Principi.k III. // th( conebuiion of a cornet process of rensoufno 
be false, then the premises fymi which it iieecs^ 
sarily foUotrs also be false. 

Definitions of Indirect Proof. In view of flio ontiiv disnis- 
sion tip to thij^ point, let \is now redefine indirect proof with sjuHMal 
referen(^(* to its u?e in ceonietry: 

When tljo trutli of a propo.^ition is es^tublislieil by showinc: that 
to assume it? rontradietory a? true leads us to a eonrlusion M'hioli 
is known to be false, the pi-ojiosition whosn trutli is tlnis denion- 
st:\'ited is said to be proved indirectly, or by rednriin ad ali^^nrdum. 
The ronrlusion re-i;.tinG: from assuming the contradietory jirofio- 
sition true is considered false or absurd if it is inconsistent with 
soniethin.ir imndo isly accepted as true, that is. if it contradicts the 
pvcn flata, soin-- axiom or jiostulate, or some jireviously ju-oved 
theorem. 

The followintr Itscriptions of indirect pnu>f wliich are quoted 
from the wcu'ks of* some of tlie classic writers on \o^\c and nuithe- 
niatics are worthy of careful study: 

Aristcitlc Oihotjt 310 He.) n'frr< t(i imlinct proof by vtiricus tcrni.^ •such 
jvs r''ffurt\. ^■^.'•i/^v/^/^>^. jfrnnf pi r /m/iox.v?V)?7c, or prttnf frndfrnj to thr imptu^^ 
snhlr. He (Ifsi-iil)' s it m.'^ fnlloux: "Pniof Icudins to the inipn<siiiln flifffrs 
fnnn <lircr. prnnf in tint it .ns^iniu'^ \vh:it it (lo><irc«? to dcstrnv Oinincly tin* 
hypfitlip<i< nf .hi* f ilsiiy of the Of)ncliision) Jind then rcthims it to soniethinc 
Milniift. tlK f l-c. \vh'M«->-*. direct pro(^f start? from pn^mi.'^cs :idinittedly tnu\*' 
— Fn'tn Tl'-ith. Thr Thirtfer) Pottks of Eurh^rfi Klrynnita, S-Tond Ktlition. 
Vol. I. p. \{]e. 

Pnic'his (tihiHit K)0 \.i>.i, who wrotf :i rntntiientnry 011 Kudid. Book I. ha< 
th" fnllmviim liv-cript iDH of thi* inilircft ini thi»l: ' Proofs by r/'*/>fC'/') a^l nn.^>ir- 
ffum in cvi-rv c*M.<f» reach a conelnsirMi manifestly ;nipos>ihle. a ronelii,<i(iii 
the contradictory of which is admit ti'il. In some v;\<i\< the coTtcl\i<i:»ns are 
Mmd to conflict, with the common notintw ^axiom-^ <ir the pcistnlatcs. or th(^ 
iiypc^the.<e$ ( frr^m which we startfd); in otlu rs they contradict propositions 
previously e<tabli.<he(l. . . . Ev»^r>' rchrrfin a'l m a.*'.'«iimes what con- 

victs with the desired resjult, then. u>in« that a.-- a basis, proceeds until it 
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arrives at m admitted rbsunlity, and, by thus do.stroyinR the hypothesif, 
ojjtablishes tJie result originally deflired/'—Frora Heath» The Thirteen Bookn 
of Eiiclid's Elvffwntft, Second Edition, VoK*I, p. 136. 

Do Morjzun (18-17) defines indirect proof as follows; "When a proposition 
establishrd by provinR the truth of the matters it contains, the demonstra- 
tion is culled direct; when by provinur the falsehood of every contradictory 
proposition, it is called indirect .''-^From Dc Morgan, Formil Logic, p. 24. 

De Morj?an also defines indirect proof in another one <nf his bookfl as 
fr>llows: "Ther,e are many propositions in which the only poaaihle rOv^ult is 
of two thinpa which cannot both be true at the same lime, and it is 
more easy to show that one is not the truth, than that the other in. This is 
called indirect reiuioning."— From De Morgan, Th^ Study and Difficulti4'S of 
Mathcmat cs, p. 226. 

Jevons (1877) gives tl^is description: "The method of Indirect Deduction 
ni.iy be de.«Jcribed as that which points out wh/it a thing is, by shounng (hat 
it cannot he mujthinq ehe. In logic we can always define with certainty the 
utmost number of alternatives which are conceivable. The Law of Excluded 
Middle onableft uk alw.nys to assert that any quality or circum.stance what- 
soever is either prefirnt or absent. The Law of Contradiction is a further 
condition of all thought; it enables, and in fact obliges, us to reject from 
further consideration all terms which imply the presence and absence of the 
same quality. Now, whenever we bring both these Laws of Thought into 
explicit :iction by the method of substitution, we employ .the Indirect Method 
of Inference. It will be found that we can treat not only those arguments 
already exhibited according to the direct method, but we can include an 
infinite multitude of other argnment^ which are incapable of solution by any 
other rweam/— From Jevon.«, The Principles of Science, pp. 81-82. 

Applications of the Three Principles to Geomeinc Propo- 
sitions. Let lis now apply the three 5)i-inciples of iogie given on 
piiHQ 109 to one of tho geometric propositions which is usually 
proved hy tho indirect method. In the follow ng iihistration, the 
conunents in small tyi)e are not' to be e^isidered as a regular part 
of the demonstration 

Puom^iTioN: Two lines perpendicular to the same line are 
parallel 
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Given: Lines AB and CD each perpendicular to line MN. 
To Prove that: Lines AB and CD are parallel 
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Proof: 

1. One of 1 1 1050 propositions must b( true: (1) lines AB ami 
(1) iwv \n\vi\\W\, or (2) lines AH ix\n\ TO uro ntit parallel. 

This follows fnmj Principlo I, which is tho Liiw of Kxoludoil 
Mitlillo {\K\]H^ IIMJ), Pruposilion (I) is ihi' coiura^liclory of proposition 
(i?'. hriiiM- ouo of these j)ropo.^ilioa;* is true and iho other (also, 

2. Siiiii)ose tijo lines are not parallel. 

ihis ;i^uuics the contradictory i)ropositiou to be true, 

3. Then AH and CD will meet at some point, .siu li a»s 0, 

Definition uf parallel lini-s, 

4. 'J'li'*ii woiilil liavr two lines iroiu a iiW^'n point l)i)th per- 
pnulicular tu ilu* . auie line. 

T), Mui ilu* coiH'lusion of stfj) 4 is al),<unl, sinre it has prrviously 
hiM-ii proved thai from a ^:iven i)oint only one perpendicular 
ran be drawn to a given line. 

G. Tlierefore, the ^^uppl)i^ition in step 2 is laL- \ 

Thid applies Principle III that if a correct proiTS:^ of reasoning leads 
to :i fiilsi* conclusion, then the premises from which it foilows must 
be fuLse (page lOJ). 

7. Therefore, line.s AH and CD must be parallel. 

The uriirmal proposition iini<\ he true, since it h:i.H bem shown in 
sU-p 0 that the contradielory proposition i.s fal.<e. This applies Prin- 
ciple II th.il if one of two contrndictory proposition^ is proved to be 
false, die oUicr must be truo (page 109). 

Let now a{>ply these princi{)l(^s to another typical jiroposition 
whit'h i< u.^ually jiroved by the indirect niethofl. 
raoPosrnoN : // tiro angU s of a trmmjlc 'jre uneqiad, the aidi-s 
oppo^iitr thfsc angles ar,- nmuiualy and the .side opposite Ihf 
greater angle is the (jreatu\ 



c 




(liven: Anglo B greater tlijiti unglo A. 

To I'roi c thai: Sidt- b is grt-uter thiin side a. 



ERIC 



112 FIFTH YEARBOOK 

I'roof: 

1. One of tlii'so pmpoftitioiis must l)C truo: [1} nulv /i U umitcr 
tliau u, or i2) sido // is hot greater than u. 

Thisf u|)|'lie:( Prini*i|)|(.^ L Proiiut^itiun (2i u the confrai/ic^ory ot 
propoKitiuu ll). 

2. Suppose that h is nut greater than Then 6 is either c(iiuil 
to a or k^s tliun a. 

This u.<<$uino^ the contnuliotory proposition to be true. In this 
c:isi», h»»*.M'Vrr, the cunlrailictory propwition (namely, that b is not 
urruttT thun a) repirsont^ two (iilTomnt piv.^ibllitie^, nMuuly that 
(1) /} r(|u;(ls a ur th.it (2) b is Wss \\\m\ u. It is uoccs^ary, therefore, 
to »hu\v that eueh uf tiu'sr pussiliillties IvmU to tfumethiut; fiiUoi iu 
orUi*r to shu'v ihut ihc contrndtctory propo*<iti'»n fnlso.** 

3. Sui)po8e siilo b equals side a. 

This assumes one of the possibiUties of the controdictory propoKition 
to be true. 

4. Then angle li ecjuaU angle *4. Uy jircvious pro]io.sition. 

5. Hut the conehision in step 4 is absurd, slnee it is given that 
angle B is greater than angle A. 

6. Hence the supposition in step 3 is false. Therefore, side 6 
is not equal to side a. 

This applies Principl-* III. 

7. Suppose side b is less than side a. 

This assumes the socond passihiiity of ttic contradictory proposition 
to be tnie* 

8. Then angle B is loss tlum angle A. liy previous proposition. 

9. But the conclusion in step 8 is absurd, beruu.^c it is given 
timt angle B is greater tliau angle A, 

10, Hence the suiipusitiou of step 7 is false. Therefore, side b 
is not less than side a. 

This applies Principle III. 

11. And it was proved in step G that side b is not equal to side a. 

" IlOttth, Thfl 7Vr<rNw itooktt oj i?uWW> Klnnrtitn, Vol. I. Secoinl K^Utl<^n. 
p. 140. 
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12. Tiiiivfoir, siilo /■ is >:rc;itrr tliun *'n\e a. 

Till' uriijiuul iiiDiuiMiinii must ln> Inio ^illl•e il lias bi-cii shown in 
0 anil sii'P 10 thai two possibilitios of tin; contnulii'tory 
l-roposiiion urc; isich iuW. This ui'pliw Prim-iplo II. 

The rather full proof jiivon ubovo is for tiio purpo.^u of illus- 
trating further the priueipU-s of lojiie applieil in iv nduvtio ad 
absurdum proof; it is not iiitemletl ii.s a model to be used in intro- 
dueiuK this proof to hinh school pupils, l-'or the hvtter purpose, it 
will be siiiii)ler, in ^n•m■r^ll. to i'onik'U.«'e the proof somewhat, inakinn 
the steps less fonn.-il, and arriving at tlie eonelusion more quickly. 
If the pupil is required to dwi«ll upon caeli separate step too lonn. 
he may lose tiie eomieelion belwi-en steps and thus interrupt the 
drift of the argument, 

Euclid's Proof of the Above Proposition, In introducing 
the proposition mentioned above to pupils for the first time, jier- 
haps as clear and as simple a proof as can be fouml is the 
one originally given by Kucliil. In fact, it is difticult to improve 
upon any of Kuclids original dumon.st rat ions i^o far as clear- 
ness ami simplicity of language are concerned. A translation 
of tiie proof as it actually appears in Kuclids Elements is given 
below: " 

Proposition 19. In any triangle the greater angle is subtended by 
the greater side. 

c 




Let ABC be a triangle having the angle B greater than the 

angle A, , i • i 

I say that the side b is also greater than the side a. 
For if not. b is cither equal to a or less. 

Now, b is not equal to a; <or then the angle B would also have 
been equal to the angle A (1.5) ; but it is not; 
therefore, b is not equal to a, 

..Th.^ prm,f hPr,. glv..n Is takrn_^fr.,m Hcith, The Thirten Book» ot WucHd"* 
Kl«mcnt$, Vol. I. Sec-mid liu.won, p. 284. 
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KoitluT is b less than a, for then the angle B would also have 
been less tlian the angle .-l (I. 18) ; hut it is not; 

therefore b is not less tlian a. 
Antl it was proved that it is not equal either. 

Thorefore 6 is greater than a. 
Thoreforo, etc. q 

It is soon that Kuclid'a proof follows the same general plan as 
thi' nioro (letaileil proof of this proposition given on pages 111 ami 
112. thv thinl line of I'iliclids proof corresponding to step 2 on 
|>agc 1 12. In those particular stops of oaoh proof, it should be noted 
that is assinnod to ho oithor oqunl to a or less tlian a; this is 
na-roly another way of assuniiuu; that the contradiotorj' propositi(Ui 
is uuo. In othor words, in oaoh proof tho contradictory propo- 
sition admits of two i)ossil)ihtiis. nanioly. that b is either equal to 
a or h'.ss ih.an a, each of which it! ass\nnod to be true, and then 
proved t(. ho fal.so. In tliis way, the entire contradictory pro|)o- 
sitioii is shown to he false. 

A Suggestion by De Morgan on Indirect Proof. Do Morgan 
has pointed out that in iiuUrect proof it i.s sonietinics (hfficult for 
tho pupil to l)c^du tho actual ariiuniont by as.suniinu fornially that 
tho coutrailictory proposition is trw as was done in .<top 2 on pau;o 
112. As Do Mi.in;ui o.xiiresscs it. "It is rather oiuh.arrassing to the 
l.o;j:iiiner to find tliat ho is ro,|!iirot| to admit, for arguments .'^ako. 
•'. pri)po.<ition whirli the aruummt it.^elf ^-..I's to destroy, but tho 
diilicuhy would be m.aleri.-illy h'ssei;cd. if instoud of assuming the 
coiitradiciory proposition po>itively. ir w.Te hypoihotically stated, 
and flio oon.se(iuoiiees of it .asM-tted with th.o veth nonhl he in.stoacl 
of u<:"" It will be noted that tl;e pnmf by KucHd given above, 
which was written over 2.(K)() years iieioro Do Mi.rgan's tiino, has 
ail tliese niceties of statement whieh Do Moruan inontimis. The 
third liiiu of KucHd's proof ip.-iL'e lliJi >iaies !i;o conf radictorv 
proposition hypothetically l)y the phr.■l^e ,/ nut; likewise, in hotli 
the fourth and the seventh Hues of Kui lidV proof the eonseipioncos 
of the assumption are as.soriotl with wvh ir,>:.!,l /„(r.- bun in- 
stead of w. It may seem trivial to cail attention to such detail, but 
it is retinciuents of this kind that do luneh to make ii.iiireot proof 
clear to pupils. 

Propositions Involving Three Relationships. In each of 
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tho proofs (iiscussed up to tliis point attention has been centered 
upon two major ideas, namely, that a thing tnie or it is not tmc 
The.^e nuijor ideas were re))re?ente<l in each case by the two con- 
tradictory propositions. Kven in tlic ca.^es of the propositions 
proved on i)ages 112 and 113 attention was first conicred upon the 
fact that h is greater than a or h ii> not greater than a; we then sub- 
divided the idea that b is not greater than a into the two possi- 
bilities that b is equal to a or b is lesfi than a. In other words, the 
statement that 6 is greater than a considered the proposition true, 
while the statements that b is eqml to a or b is /t\s\s than a con- 
.<iidered the proposition not true. Our object in bringing out these 
two major ideas was to make clear certain fundamental principles 
of logic which are essential in indirect proof. 

In the propositions on pages 112 and 113, however, before the 
proofs were finally completed, we really liad to consider three 
relationships in all, namely, that b is greater than a, eqml to a, or 
less than a; but as was pointed out above, we did this by classify- 
ing these three relationships in two groups, one relationship con- 
stituting the given j^roposition, while the other two relationships 
constituted the contradictory proposition. Instead of treating these 
relationships in tico groups, it would also have been possil)ie, in 
the very first step of the proof, to have centered attention imme- 
diately upon all vhree relationships connecting b and a. Then our 
proof would have started by pointing out that there are three 
posjsibilities in all; namely, that b is greater than a, or b is eqxuil 
to a, 01 b is less than a. We could then proceed to show that two 
of the.se possibilities lead to absurdities and hence the third possi- 
bility must be true. As an illustration of this treatment, all that 
we need to do is to delete the third line of Euclid's proof, as given 
on page 113, ar.d replace it by the following: '*Xow b must be 
either greater than a, or equal to a, or le^s than a.*' The rest of 
the proof would be exactly as Euclid gives it. 

This new method of approach, where all three possibilities are 
outlined in advance, avoifls any direct reference to two contradic- 
tory propositions anc^ })roceeds on the basis of immediately laying 
all the cards on the table. Most of our modern textbooks in geom- 
etry handle this particular proposition in this same way. This 
procedure lias much in favor of it, })articularly for propositions 
where three possibilities are involved, and is probably the simplest 
appr^^rtCh when we have only a limited amount of time to devote to 
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the indirect method. In this uKiclo we have jiurposely omitted 
di:<oussiug this particuhir method of upproadi until this time, since 
it is k's^.s suitable for illustrating the princijiles of logic involved in 
indirect proof. It should be pointed out, however, that both these 
methods of a])])roacli make use of the same principles of logic, and 
that both may be regarded as essentially alike; such dilferences as 
may exist hctween them are largely dilVercnccs in organization of 
the initial slujis of the proof. 

The Method of Elimination* When a method of proof imme- 
diately centers one s attention upon all three possibilities, as was 
done abo\*e, we huve a form of indirect proof that is sometimes 
called the* method of cxiuiiustion or the method of vlimimtion, be- 
cause the truth of one of the three jjossibilities is established by 
eliminating the other two jjussihilities. In such reasoning it is 
ab.sohitely essential, if the linal conclusion be valid, that all the 
j)os>ibililies be considered and that all but one of them be elim- 
inated; the elimination oi each of the possibilities (excejit one) is 
accuniplisheil by showing that t^) assunie the j)ossil)ility true leacls 
lo a conehision which is itbsurth la-cuuse it is contrary to certain 
known facts. The actual elimuiatiun of each possibility is accom- 
plished, of cuur.'^e, by api)lying Trinciph' III ijiagc IOUj, namely, 
that if a conclusion of a correct process of rc:i>oning be lais(», then 
tiie i)rcnii.-es from which it nccc.-<aril\' fallows musi also l>e lals(\ 

The method of elimination as we encounter it in geometry is 
practically always limited to a toial u\ three pii.-sibilities, but in 
life siinations, where this method is often I'lnpioyed, then* may 
be many mure jjossibilities. The metiiotl uf eiimination leads to a 
ilepeiuiable tiual conclusion, no matter how many possibilities ait» 
considered, j)rovided we have all the jjossibiliues in mind and alsu 
provided wc can eliminate all btit one of them. 

Another distinction between the mctliofl of elimination as used 
in geometric propositions having three j)<*-sibilities and this same 
uiethod as apj)lied to life situations is that in geometry, each of 
the j)ossibilities eliminated is usually .-hown to be false because it, 
leads to conclusions contrary to the given data; while in life, the 
various possibilities eliniinat<*d may be false because they h'ad to 
conclusions in violation of certain other observations, jjrincijjles, or 
fact-s which have j)reviously been shown to bo trtie. Of course, the 
indirect proof given on j)ago Ih), whore wo provetl that two lines 
perjjcndicular to the same line are i)arallel niay be considered as a 
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case of eliiuinutiun whviv only two possibilities are involved; in 
this case, one of the possibilities was eliminated by showing that 
it led to conclusions whicli violated a previous proposition, rather 
than the given data. It is evident that the method of elimination 
may be considered as another form of the proof known as reductio 
ad absurdum. 

The Law of Converse, In geometry the method of elimina- 
tion is most fi'0(iuently employed to prove the converses of certain 
propositions. This leads us to consider what is known as the Law 
of Co/irtr.sT, wliich was lirst stated by Augustus De Morgan in his 
text on logic/' and which is proved by indirect reasoning. The Law 
of Converse* may be stated as follows: 

If the following three propositions have already been proved, 
namely, that 

{a) UX < Y, then A < B, 
{b) UX — Y, thenA = iJ. 
iO UX > r, thenA >ii. 

then it follows logically that the converses of each of the above 
jn-opositions must also be true, namely, that 

{a') UA <B, thenX < 7. 

C^;') If A =B, thenX= 7. 

(rM If A >B, then.Y> 7. 

In each of the above groups of propositions it should be noted 
that the three rt'latit^nships connecting A' and Y represent the only 
three p()ssibilities that may exist and that one of these possibilities 
must be true. The same is true of the three relationshii)s connect- 
ing A and B.^^ 

As an application of the above Law of Converse let A" and Y 
represent two sides of a triangle and let A and B represent the 
angles opposite those sides; then, according to this law, the three 
converse propositions la'), (6'), and {c') are each immediately 
true if we have already proved that the three propositions (a), 
(6), and ir) are each true. 

Proof of the Law of Converse. The proof of the Law of 
Converse is as follows: We know that propositions {aK [b)y and 
(cj are true; hence proposition (a'}, which states that if A is less 

It as>\un»'«] thai .1 :«ii<J fi ar*- •••>m]»a rahlr w itli n-spiTt t«> niM^cnitujli' : tf .1 wi-n* 
a real numhf*r nnd /? an imajrin.iry ruunhrr. th** rflathms Htateil ahovi'^ would not 
hold. This assumption Is also ma«i»' for A* nnd 1*. 
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than i5, then X is less than Y, must be true. For, if X is not less 
than it nuist l)0 equal to or greater than K; hut A' cannot be 
equal to ]\ since l)y proposition [b) it would follow that /I equals 
li, which is impossible, since it is given that A is less than B, Simi- 
larly, A" cannot be greater than Y without violating proposition (c). 
Hence X is less than F, and proposition (a') is true. The truth of 
propositions (6'j and (c') may be established in a similar manner. 

Other Forms of the Law of Converse. The Law of Converse 
also applies if the original three propositions are stated as follows: 



Hence it follows logically that the converse of each of these propo- 
sitions is true. In the above form, the Law of Converse immedi- 
ately applies to the propositions relating to chords of the same 
circle and their distances from the center of the circle; thus X and 
Y may refer to the lengths of two chords while .4 and B refer to 
the distances of these chords from the center of the circle. 

A third form of the Law of Converse i.s illustrated by applying 
it to the Tytluigorean propnsition anrl its two related triangle 
tl eorems regarding the squares on the sides opposite an acute angle 
or an obtuse angle. From these three triangle theorems we may 
obtain the following statement.^, in which S equals the sum of the 
squares of the other two sides: 

(a) If the angle is right, the square on the opposite side = S, 
(6) If the angle is obtuse, the square on the opposite side > S. 
[c] If the angle is acute, the square on the opposite side < S. 

Hence the converse of each of these three statements is true. 

Notice that the angle relationships stated above in (a), (6), and 
(c) represent the only three ])o.ssibilities, namely, that an angle is 



(a) If A < Y, then /I > 
(6j If A= y, then.l ^B. 
(c) If A> Y, then A <B, 



acute, right, or obtuse. 




A arr not equidistant from A and B. 



If DC is the perpendicular bisec- 
tor of line ABi then appoints on the 
}n\^f'rtor arr equidistant from A and 
li, and nil poifit.^ not on the bisector 



The Law of Converse also ap- 
plies in the following proposition: 
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From this pn^jiosition \\v may easily establish the following 
three statements: 

(a) If I) lies on the bisector, then AD ^ DB, 

(b) If D lies at the right of the bisector, then AD > DB, 
(r) If /) lies at the left of the bisector, then AD < DB, 

Hence the converse of each of these statements is also true. 

Notice that there are only three possible positions for the point 
D, each of which is considered. 

Difficulties Caused by Distorted Figures. Let us now dis- 
cuss certain j)ractical asjiects of the teaching of the indirect method 
of reasoning. There is no question that this type of reasoning is 
difficult for pupils and also for teachers. Undoubtedly, some of 
the ditficulty that pupils have with indirect proof is due to the fact 
thao the figures for certain projiositions are often distorted and 
misleading. The following propo.sition with its accompanying 
figure illustrates this point. 

Proposition: Whcji two lines in the same plane are cut by a trans- 
versal, if the alternate interior angles are equal, the t\ro lines 
are parallel. 




It is given that lines AB and CD are cut by a transversal MS 
so that angle x etiuals angle y. We are ^"0 prove that lines AB and 
CD are parallel. Tlic proof of this proposition is commonly given 
l)y the indircrr niethod. according to which we first assume lines 
AB and i'D to niect on the right of MS as at 0, thus forming a 
triangle EOF. It wouhl th(*n follow that angle x is greater than 
angle //. which contradicts the given data. .Similarly, we assume 
AB and CD to nu*et on the left of MS, Since both rhest* assump- 
tions leatl to absurdities, it follows that AB and (.7) are parallel. 

The difiiculty whir-h the j^upil experiences with this proposition 
is that the figure al)0\-e .suggests that the lines AH and T/; can each 
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bend so as to meet at 0, but the pupil knows that this is impossible 
since AB and CD are straight lines which could not possibly bend as 
indicated. This difficulty could be avoided by omitting tlie dotted 
lines? BO and DO in the above figure and by supplementing this 
figure by a second one like that given below. The given farts could 




then be stated with reference to the first figure, while the assump- 
tion that the lines meet at 0 couM be referred to the second figure 
in which it is clearly seen that EOF is a triangle. A third figure, 
which would show the lines meeting on the left of MN, might also 
be included. 

The theorem that the line joining the midpoints of two sides of 
a triangle is parallel to the third side is another proposition that 
causes much confusion when an attempt is made to prove it by the 

indirect method. In the indirect proof, it 
is given that DE joins the midjioints D 
and Ej and it is required to prove that 
DE is parallel to BC, We first assume 
that DE is not parallel, and that some 
other line through D, such as DX, is 
parallel to BC. Then A' must be the mid- 
point of AC by a previous proposition. 
Then since X and E are both the same point, namely, the midpoint, 
wc cnnclude that DE must coincide with DA' and hence be parallel 
to BCj since only one straight line can be drawn through two given 
points. This last step is always unsatisfactor\' to the pupil. 

It would be more satisfactory, if an inrlircct proof is to be used 
for the proposition in question, to omit that step in the above proof 
where we conclude that DE and DX must coincide and to say that 
if D Y is parallel to BC, then X must be the midpoint of AC. But 
this is absurd since it is given that E is the midpoint of AC. (A 
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line cannot have two midpoints.) Hence the supposition that DE 
is not parallel to BC is false. Therefore, DE is parallel to BC, 
Even this modified indirect proof is not satisfactory to many pupils, 
due to the fact that DX is drawn in such a way that pupils can 
easily see that it is not parallel to BC, yet it is assumed to be 
parallel. They also feel that it is a waste of time to prove finally 
that DX is not parallel to BC when this fact is self-evident from 
the figure. 

A still more satisfactory- proof of the proposition under dis- 
cussion is the one where we draw the figure without distortion as 
shown at the right. The proof runs 
as follows: DE is given joining the ^ 
midpoints D and E, We are to prove /\ 
that DE is parallel to BC, Draw DX / \ 

through D so that it will he parallel £)L 

to BC, Then DX bisects AC (by / \ 
previous proposition) and hence / \ 

passes through the midpoint £?. C 

Hence DE and DX must coincide 

since both pass through the same two points. (Only one straight 
line can he drawn through two given points.) On careful exam- 
ination it will be seen that it would be more correct to classify this 
demonstration as a. direct proof rather than indirect.^' 

Difficulties Due to Early Presentation of Indirect Proof. 
Ono other cause for the diflficulty that the pupil experiences with 
inflirect proof is relat<?d to the fact that this type of proof is pre- 
sented too early in the course in demonstrative geometry, before 
the pupil has scarcely begun to understand the nature of direct 
proof. When the first indirect proof comes up, it is usually pre- 
sented abruptly without any preparation whatever for this type of 
reasoning. The result is that the pupil forms unfavorable impres- 
sions concerning such proof that are more or less permanent. In 
view of this situation, it seems to be pedagogical common sense to 
delny the introduction of indirect proof until the pupil has become 
quite familiar \dth direct proof. 

I well realize, however, that the sequence of propositions given 

*• r>iip to the dIflsatlBfactlon caused by the lndlrer*t pr(H>f8 dlscuBaed above, which 
ri'hui' ft) tli»' r>r(>p()sltlf>n conrvmlnK the line Jnlnlnj? th»^ mltlpoints of two Bides of a 
trianjrli*. u any modpm tpxt?* In ffeometry aro iislnj? a slm;.!e direct prwf of this 
pr«»poKi(ii»n which makoH no mention whatever of the final coincidence of the tWQ 
tiuos DE and i)X ; thlB U probably the wlHest plan of aU. 
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in Hook I of most geoiuetries requires tlie introduction of indirect 
jiroof fairly early. There seems to be no way to avoid it when we 
reucli the proposition that if a transversal cuts two lines so as to 
make a pair of alternate angles equal, the Hnes are parallel. In- 
direct proof is also freciuently used to prove the converse of this 
proi)o.<iTion. It <vcms to me that it would greatly simplify matters 
to assume these two parallel propositions as true witliout going 
through the intrioaeies of indirect proof. Certain otht;r early 
proi)Osition.s which arc proved indirectly might also be assumed. 
A little later in the course, after the pupil has a fairly thorough 
understanding of direct proof, we could then introduce indirect 
proof, going back and proving the propositions whose truth had 
previously been assumed. 

In this connectiiui. I should mention that there is considerable 
discussion to-day regarding the advisability of introducing a unit 
in demonstrative geometry in the tliird year of the junior high 
school. So far, comparatively few schools have had nuioh experi- 
ence in teaching soch a unit. I am convinced that if a unit in 
denionstratiye geometry is to be generally successful in the third 
year of the junior high school, its success will dejiend upon a 
marked simi)lifici?titm of the syllabus of propositions offered for 
that unit. I believe we can safely say that an important element 
in this simplification will be to ai^sume as true those propositions 
which require intlirect proof, reserving for the first year of the 
senior high school a thorough study of the indirect metliod. 

Difficulties Due to Insufficient Practice. Still another rc.x- 
«()n why the pupil finds indirect jiroof difiicult, which was mentioned 
earlier in this article, is that indirect jiroof is used so little in the 
<Mitire course in geometry* that the jnipil does not get enough prac- 
tice ui applying it. In most all our textbooks in geometry, about 
!)") per ecnr of the theorems and exercises are proved by direct 
nirtho'ls. Vurtlior, sc.ch exercise as the pujiil does get in intlirect 
prnof i.< hirircly in Hut>k I at a time when his short- acquaintance 
with gcoiiietiy fmds him least prepared to understand it. The only 
sohitioii to this (liiliculty setMus to he for teachers to recognize the 
f:ici that a iii:istcry ni* this kind oi reasoning will conie only after 
the pupil h.'is .<()l\'e'l :i laige nuii.lier of exercises making use of it 
and has voiiw t(j undenstaiid the fundamental nature of indirect 
proof as clearly a.-f 1m- mid( r>t.*in«is that of direct proof. It is a 
fundamental jirinciplc of teaching that the mastery of a new idea 
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or a new way of thinking, like the lourning of a skill, comes only 
through sufTicient repetition and practice; the mastery of indirect 
reasoning is no exception to this principle. 

Indirect Proof as a Type of Analysis. In connection with 
the difficulty just discussed, it is of interest to note that teachers 
have been somewhat inconsistent in their great emphasis upon 
direct proof and their comparative neglect of indirect proof. Most 
teachers are devoting a considerable amount of time in the geom- 
etry classes to-day in making clear that annlysi^ is a fundamental 
method of discovering direct proofs. It is surprising, however, that 
these same teachers are giving practically no time at all to an 
explanation of the nature of indirect proof, though ''it too is merely 
a case of analysis in which the subsequent synthesis, that is usually 
required as a complement, may be dispensed with." Looking at 
this in another way, ''analysis is nothing else but a method of re- 
duction.''^^ If analysis is so important, as all agree that it is, why 
limit the practice of it almost exclusively to direct proof? 

The fact that analysis is fundamental in each type of proof 
may be seen more readily by comparing the usual procedure for 
discovering a direct proof with that employed in obtaining an 
indirect proof. These procedures are as follows: 

(1) To obtain the direct proof of a proposition by the method of 
analysis, we assume the given proposition to be true and then work 
back until we arrive at the given data. We then reverse the order 
of these steps to obtain the direct synthetic proof. 

^et fact C represent the conclusion of the given proposition which is 
assumed to be true. In working back to the given data, we reason as follows: 
Fact C IF true if fact B is true; fact B is true if fact A is true; but fact A 
is true because it represents the given data. Hence, by reversing the order 
of these stops wo obUiin the synthetic proof." 

(2) To obtain the indirect proof of a proposition, we assume the 
contradictory of che given proposition to be true and then work 
forward until we arrive at something that conflicts with the given 

«Allman, Greek Geometry from Thalen to Rurlid, p. 140. See also Heath, The 
Thirteen Huoks of Euclid* b Element Vol. 1. Socoml Kdltlon, p. 140. 

" *'L* Analyse n>fit done autre choso Qiruiie m^thode de reduction.'* — Duhanu'l. 
Den AIMode9 dan^i ?tv» J^oienceJt de Raisonnem'eKt , pn»ml&rt» partie, :ird Edition, p. 41. 

The method of analysis mi^ht also be calletl th♦^ metht/d of re4uctii>iv or thi» 
tiu*thod of 9ucc€€9ive euhititutioni, 

" Kor a full discussion of aiui lysis and s.vntht»8ls. see Heath, The Thirteen Hookn 
Of Euclid'$ Sl«ment%, Second Edition, Vol. I, pp. 137*142. 
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data for some other previously established or accepted fact). It 
thei^ follows xHthout revrrstua the steps that the contradictory 
proposition is false and lience that the given proposition is true. 

Lot fact R rcprosrnt the conchuMon of the contradictory proposition which 
is ass\imrd to be inie. In working forward, to a :<tpp which conflicts with the 
givon data (or some other known fact), we reason a^ follows: If fact R is 
tnjo, then fact S is true; if fact S is true, then fact T is true; but fact T can- 
not be true since it conflicts with the pivcn data (or some other known fact). 
Hrnco, the contradictory of the p;ivcn proposition is false; and the given 
proposition is true. 

It is thus seen that amilyaiit is as characteristic of indirect proof 
as it is of direct proof. Hence, to be consistent, we should give 
far more time than we do now in seeking opportunities to apply 
analysis in indirect proof. The result of such a practice would do 
much to a.ssure a mastery of the method of rediictio ad ahsurdum 
and thus remedy one of the prominent difficulties mentioned above. 

A Thorough Treatment of Indirect Proof. To instruct the 
pupil thoroughly in indirect proof will require about five to ten 
times as much time and effort as is ordinarily given to this type 
of proof in high school classes to-day. All textbooks in geometr>- 
and most teachers of thi.^ suhjeet now give very little attention to 
this topic. For a thorourih treatment of the subject, it is really 
neoessar\' to give the pupils in very elementary form an acquaint- 
ance with certain simple nf)tions of logic. A professor of logic in 
one of our large univ(^rsit ios rcnrMitly deplored the fact that logic 
is no longer a refpiiivd suhjtTt in our college courses, whereas some 
thirty years ago, logic was pracfic'illy always prescribed for college 
students. This loiririan sccnifd to fool that the only solution would 
he to introiluce the teaching: of rlonietuary logic in our high schools. 
While it may he many years before such a hope is realized, it doos 
seem essential that certain fundamental notions of logic should he 
discussed in the geometry (*lass preparatory to the study of in- 
direct proof. The notions I have in mind are simple enough and. 
provided they are given suffiricnt repetition, the pupils should easily 
get them. 

These simple notions aw really the three principles of logic 
which were stated ou pn^sv MM of this chapter. It is not nece«5sary 
that these principles should he statcr] formally by the pupils, but 
it is essential that the i(h\is involved in them should be appreciated. 

The first. imjKirtant idea to he made clear to the pupils is that 
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oviTv proiu)siti(in is tnio or it is not true. By rarcful quostioninR, 
pupils will irrant that Mary (»itlior lias a pair of skatos or slie docs 
not haw a pair of skates; that John either sveiphs 100 lbs. or ho 
does not w(»iirli 100 lbs.; that luisle A either ecpials an^lu li or it 
does not e(|ual anixle li. Thus, in a simple way. by rejicated illus- 
trations, wo run make cU^ar Principle I. which is stated on pape 109. 

Tlie jiupil is now r(*ady to s<m^ that the statements just made are 
of such a nature that one contruflirts the other, because one sa\s 
that a tiling i^^ so while the other says that it is not so, \\q then 
tell the pupil that sueh statements are called contradictory propo- 
sition.^. Numerous examples of contradictory propositions should 
be jiivcn, not only examples of contradictor>' geometric propositions* 
but also examples of contradictory life propositions. 

W> are now ready to point out that if we have two contradictory 
pro{)ositions. one must be trm^ and the other must be false. If 
we prove that one of tluMu is true* it follows that the other must 
be false. Likewise, if we prov(» that one of them is false, it follows 
that the other must be true. Hy a certain informal discussion of 
this idea, we make clear Principle IT. as i^iven on page 109. 

We are then rearly to present some of tlie simpler geometric 
propositions which are proved by the indirect method, such a.*^ the 
one given on pages 110 and 111. .\t first the proposition sliould 
be presented much as is usually done* without any reference to 
the logical principles that are applierl. Then the projiosition can 
be repeated, calling attention in tlie various steps of the proof 
to the fact that we have used tlie ifleas developed above. After 
se//eral sueh proofs, we can then probably best present Prineijde 
III. which we have been using in (un^ ju'oofs* but which we do riot 
point out definitelv until now. 

Undoubtedly the Ix^t way to get pupils to appreciate the nature 
of indirect pijoof is not first to state all the logical principles in- 
volved and then to apply them in proofs, but to alternate, first 
presenting a simple proof, next iiointinc out the principles applicfL 
anfl then, in turn, illustrating these principles by further proofs. 

In this thorough treatment of th(* iuflirect method propositions 
invfdving three pnssibilities will be introflucerl in much the same 
way as they were presentefl on pa^es 112 ami 113. startinsr with the 
simjiler form of the proof giv(ui nn paue 113 and then pointing out 
the princi))les ai^plicfl as on pa.ixe 1 12. Aftcu' tliis i.-^ mastered, then 
the method of elimination may be j^rescnted and finally coordi- 
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nftted with the tivatinent nivci) on paRo 112. tho rohition hetwcon 
iH)ntnuli('tory propositions and the method of oliminution boinn 
disctissod ns on paRi\^ 11»') and llfl. In all this work, applicutione 
of t\xv indirect method, ineludinn tlie method of eli»iiination, will 
be niade not only to peonu'trie i)roposition8, but also to life situa- 
tions. If teachers are willing to spend enough time to t:iN*e sueh a 
iliorouirh and detailed presentation of indir»'Ct proof and its prin- 
cipU>. I am sure they will be repaid for their efforts. 

A Brief Treatment of Indirect Proof. If teaeher«^ cannot 
spare the time necessary to \i\yi} a very full treatment of indirect 
proof as outlined al>ove. I will suKK<?st the following briefer treat- 
ment of this toi)i»\ Pnihably the simplest approach Nvill be to 
start with a i)roi)osition like the one given on page 110, having the 
pupils throupih the various stei)s of the proof without reference 
to the principles of logic involved. It will be helpful in this presen- 
tation to point out for a jiroposition like that on page 110 that only 
two po.«sibilities are involved, namely, that the lines are parallel 
or that the lines are not i)arallel. Show the pupil that if one of 
these po.ssibilities leads to an absurdity, then the other must l)e 
true. The next step will be to proceed to the method of elimina- 
tion, giving a proposition involving three possibilities in all, these 
three possibilities being pointed out at the very beginning of tin* 
proof as was suggested on pane 11.5. This means that in discussing 
the niethml of elimination no reference will be made whatever to 
contradictory {)ropnsitions; in fact, contradictory propositions will 
not be mon+ioncd at all in this briefer treatment. 

In toachaig the mc^thod of elimination along the lines just indi- 
cated, where all three jiossihilities are brought to the pupil's attcti- 
tion at the beginning of the proof, it will be found that pujiils 
often ask how to tell whiidi one of the three possibilities is to bo 
left until the last. In other words, they want to know how to tell 
which two of the thn^o possibilities are to be eliminated. The 
answer to this is that we kerp until the last the j^ossibility which we 
wish to prove true; in nthrr wurd>. we keep until the last the possi- 
bility whicli is rcprrsi'iitrd in tin* statement of the given propo- 
sition» eliminating the* othei* two possihiliti(*s. The (piestion hs tu 
which ])o.<5i:bility to ki'i-p Id tin* la.-^t is not likely to arise in the 
more thorougli trratmnit uf imliret^t proof," outlined abov(s when* 
the fundamental prini*ipK's an* studied and where the whole ti'cat- 
ment is related \u tlu* idea of contradictor}' propositions. In the 
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briefer trefttment, pupils will bo interested to ^ee the method of 
elimination alBo applied to life situations. 

All our high school textbooks in K<?omctry pive what I would 
call the briefer treatment of indirect proof. In most of these 
books» however, the pupil is given simple directions for attacking 
exercises by the indirect method. Probably the simplest directions 
of this *:"ne are to assximCt for the sake of argument^ that the con- 
clusion of the given proposition is not true and to show that this 
assumption leads to an absurdity. It should be pointed out that 
these directions amount to the same thing as assuming that the 
contradictory proposition is true and showing that this assumption 
leads to an absurdity (which amounts to proving the contradictory 
proposition to be false). In our briefer treatment of the indirect 
method, however, we cannot spoak of contradictory propositions. 
Hence the directions given above in italics will be the simjilest 
that we can use in the absence of a knowledge of contradictory 
proi)ositions. It will be found that these directions arc particularly 
f scr\*iceable where the exercises to be proved involve only two po^ u- 
j bilities. They are likewise sorviceuble in cases involving tl*i-ee 
/ possibilities, but for such cases, if we are giving a brief treatment 
of the indirect method, it will probably be simplest first to pick out 
the three possibilities and then to proceed to eliminato. 

In making the above suggestions for a brief treatment of the 
indirect method, I do so merely as a compromise in case the teacher 
can afford only a limited amount of time to devote to the study of 
this topic. On the other hand, I strongly recommend the more 
thorough treatment of indirect proof, which includes a study of 
certain principles of logic, as the most desirable course to follow. 

Importance of the Study of Indirect Proof. My aim in 
urging this more elaborat^^ instruction in indirect reasoning is not 
for the sole purpose of enabling the pupil to understand the few 
indirect proofs which he usually encounters in his work in geometry. 
I have also in mind to enable him better to appreciate indirect 
proof as it is applied in life situations. After the pupil has finished 
his study of geometry, he will still have many opportunities to use 
indirect proof in life. If Mr. Jevons^ statement is correct that 
*'n'- irly half of our logical conclusions rest upon its employment," 

^Jc^vonm Th9 Prindpten of Science, p. 82. It la Important not to mUlntfrpn't 
.Mr. .h^voHH' HtutomcMit. wiys tlint iipiirly half of our luulrjil rt>nclusionM (1«'{m»ihI 
iiiMJu indlreot rtmnonin^r. hut ihix >«hni»t<| n«»t uinl»»rst«>«Hl tn nu-nn h.'ilf of all 
our thinking; we do murh iliinklnj; (hut iUu-a noc n»Hult in louu^al t^onfluHUais. 
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then the time si^ont tipon indim-t proof in the geomctiy class will be 
an investment of ptn^nument vjihie. 

I should add also tliat I am eonvinoed that instruction in indi- 
rect proof of the type I have outlined will carry over into life 
situations; in other words, I believe in the transfer of training in 
the case of a study like demonstrative geometry. Apparently the 
educational psycliologists Imve given up their severe attacks upon 
the theory of formal discipline, wliich have been so frequent during 
the past twenty years, and are now admitting that certain school 
subjects do have disciplinary value and that transfer does take 
place.^* Hence there is mure liope tlian ever that skill in indirect 
reasoning gained in the geometry class will also function in ihe 
affairs of everyday life. To make certain tliat it^^w^l function, 
however, the instruction must be of tlie right kind. 

Illustrations of Indirect Reasoning in Life. In order to 
emphasize the fact that indirect reasoning docs occur in life, a few 
illustrations of its use in everyday situations will now be presented. 
One sudi illustration, describing an attempt to tell wlietlier a steam 
valve was defective or not, was given at tlie beginning of this 
article. Tlie additional illustrations given below represent situa- 
tions that have actually occurred. 

First, let us consider the legal device by which an accused per- 
son shows tliat he is innocent by proving an alibi, this being uu 
excellent illustration of indirect reasoning. For example, suppose 
a man is accused of stealing a watch from Room 10 of the Adams 
Hotel between 7 and 8 p.m. on November 15. He proves his inno- 
cence by sliowing that he was dining at a friend's home five miles 
distant from the Adams Hotel during the entire hour when the 
theft occurred. 

The indirect nature of this proof i.s easily seen by putting it in 
stops, similar to those used above in geometric ])ro()fs: 

PropositioxV: John Doe {the accused) is innocent of the crime oj 
stealing a ivatch between 7 and S P,M, on Xovember 16 from 
Room 10 of thi Adams Ilottlr 

Given: Details of the disappou ranee of the watch from Room 10 
of the Aflarns Hotel l)el\VL'en 7 and 8 p.m. on Xovember 15. 

To prove that: The accused i.^ innocent of the <'rime. 



" Ornta, Thr Theory of Idnitirnl /;/fmi*«/v. (*haps. U iiiui 10. See also (Jate.s. 
i'HUf'halouy for tiludt-ntn, HrvisiMl Kditi**!). i liiijj'i. 11 an<i l;i. 
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Proof: 

1. One of two things is true: (1) the accused is innocent, or 
(2) the accused is guilty. 

2. Suppose the accused is guilty (this assumes the contradic- 
tory proposition to be true). Then, he must have entered 
Room 10 of the Adams Hotel between 7 and 8 p.m. on No- 
vember 15. But this is absurd since the accused was dining 
at a friend's home, five miles distant fiom the Adams Hotel 
during the entire period between 7 and 8 p.m. on Novem- 
ber 15. 

3. Hence the supposition in step (2) is false. Therefore, the 
accused is innocent. 

A second illustration is that of Henry Jones, a child about ten 
j^ears old, who had spent manj'- hours in making a pretty calendar 
which he presented to his mother as a Christmas present. His 
mother appreciated the gift and placed it upon her dresser. A few 
days after Christmas, Henry's Uncle John came to visit the family 
and the mother showed him all her Christmas presents except the 
calendar. The child noticed the omission but said nothing. A day 
later, the child went to his mother's room, took the calendar, and 
tore it into bits. He then picked up the pieces, took them to a 
room where his mother was sitting, and threw them into her lap, 
saying, under great emotional strain, ''There's your calendar, you 
didn't like it anyway I" The mother was greatly surprised and 
asked Henry why he did that. He repHed, *'\Vell, you didn't like 
it, because you didn't show it to uncle John yesterdaj*- when you 
were showing him your presents!*' This; is a good example of indi- 
rect reasoning, which readily reduces to tw« contradictory propo- 
sitions, namely, that (1) the mother likes the calendar, or (2) the 
mother does not like the calendar. The child reasoned that if the 
mother had liked the calendar she would have shown it to Uncle 
John along with her other presents, but she didn't do this, hence she 
did not like the calendar. 

A third illustration relates to an experience of Mr. Brown who 
owned three cars, a Cadillac, a Buick, and a Ford, which he kept 
in a garage at the rear of his residence. As he was leaving home 
one morning to go to his office, he t^)ld his son Tom that he wanted 
him to drive to Meadevillu, some 40 miles away, that afternoon 
to do an errand for him, to which Tom agreed. During the after- 
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noon. Mr, Brown telephoned home and asked the maid what car 
Tom had taken wlien he k'ft for Mcadeville. The maid replied 
that she did not know, ?iinoe she did not see Tom drive out, She 
said 5fhe knew that Mnry had taken the Ford ahout a half hour 
Ijrevioiisly to go to a tennis nuiteh. Mr, Brown asked the maid to 
5tep out to the garage to see what car was there; the maid reported 
that the Cadillac was the only car left in the garage. Hence, Mr» 
Brown decided tliat Tom was driving the Buick, 

A fourth illustration is that of two men taking a walk in the 
woods, within a hundred miles of New York City, on a day in 
early June. One heard an insect chirping and said, "I wonder if 
that is a cricket.'' The other replied, '*They say that frost comes 
six weeks after one hears the first crickets of the season." To 
which tlie first instantly replied. *'Then that isn^t a cricket." This 
argument is an illustration of reasoning by elimination, which is, 
of course, indirect proof. In this case, the iiossihility that the insect 
eould be a cricket was eliminated sinc(^ it was assumed as true that 
frost eonies six weeks after the first crickets of the season. This 
argument, however, did not estahlish what kind of an insect it was, 
since all the other possibilities were not available for consideration. 
In life, however, it is often quite as important to prove that a thing 
U vot true as it is to prove that something el.su lis true. 

As a final illustration, let us consider an experience of one of 
my friends who had been siifTering from attacks of pain which 
seemecl to originate in the stomach. He consulted a specialist in 
diseases of the stomach who proceeded to determine the cause of 
the pain. The physician reasoned that, according to his experi- 
ence, pain in the stomach of the particular kind from which the 
patient was suffering might be due to one of four causes: (1) gall 
stones. i2j an ulcer of the .'Atomach or the intestines, (3) adhesions 
about the stomach or the intestines, or (4) a chronically inflamed 
appendix. He njade the usual {ihysical examination, but that did 
not ijive information of a suflicicntly definite kind to point to any 
()f these factors as the probable cause of the trouble. The physician 
thf' ordered a S(n*i(»s of x-ray plates which sliowed that no ulcer 
wa- present aiul that no adhesions were present ; hence, items (2) 
an(l (3) were eliminated as po.^sible causes of the pain. Another 
special test combined with a second x-ray examination indicated 
that th(»re wcn^ no gall stones; hence, item (1) was eliminated. 
This left the chronically inflamed appendix as the only remaining 



INDIRECT METHOD OF PROOF 



possibility, and 1h» told the patit^nt tluit he holiovcd that that was 
the cause oi his trouble. This satirised the patient, because he 
said he had ne\'er cxi)erioneed any soreness or discomfort in the 
repon of the appendix, and even (huung the jihysical examination 
which had just been made there was no tenderness whatever about 
the appendix. In s{>ite of the absence of local symptoms, the phy- 
sician said that it was his firm belief that a chronically inflamed 
appendix was the cause of the pain in the stomach. He pointed 
out that during the attacks of pain the inflamed appendix was 
nuikinic repeated! efforts to rid itself of the accumulated pus, thus 
in(hicini>; sjiasms which in turn traveled upward along the intestinal 
tract, causiuij: symi)athetie spasms in the stomach, and that it was 
the sjKisms of the stomach that produced the \vd\n that was felt; 
these spasms caused no pain around the appendix because the 
appendix is so small, but in a large orj^an like the stomach such 
spasms did jirothice pain which was causeci by ti • violent muscular 
contractions which were set up in that organ. In other words, it 
Was a case of the tail wagging the dog. The {ihysician advised 
my friend to !\ive an operation for the removal of Ins appendix. 
The advice was f')llowcd and the surgeon discovered a chronically 
inflaninl apjicndix, which had probably been in that condition for 
many years. A few weeks after his recovery from the oi)eration, 
the patient s j)ain had disai)peared. 

Reasons for Teaching Demonstrative Geometry. In closing 
this discussion, I wish to state that I firmly believe that the reason 
we t(^ach demonstrative geometry in our high schools to-day is to 
give pupils certain ideas about the nature of proof. The great 
majtirity of teachers of treonietry hold tuis same j^oiat of view. 
Some teachers may at first think that our purpose in teaching 
gcoUjrrry i.< to ac(juaint pujuls with a certain body cu' geometric 
facts i\v theorems, or with the applications of thcsr tluujrcnis in 
evervilay Hie. but on second reflection they will pi*ohably agree 
that our irrcat puj'pijsc in teaching gecjiiictry is to show pu[)ils how 
facts arc provcfl. 

1 will liti -till further in clarifying oiu* aitns by s.-iviug that 0:1 
the part of the nior<? progressive tcuchcrs tcwchiy. th(* purpose* in 
teaching uoiiiiietry is not only to ac(iuaint pupils wiili the methods 
of proviuir i:»nTn{'tric facts, but also to familiari/t« them with that 
rigoiMius kiiirl i)f thinking which Profe.<sor Kevsj^r has so aptly 
called "the lf-'rii(«n kind, a type of thinking which is disiinguished 
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from all others by its characteristic fo/m: // this is so, then that 
is so."'' Our most famous model of this kind of thinking is 
Ki ?lid*s Elements, but, as Professor Keyser has so clearly pointed 
out, Euclid's great contribution was not to geometry but to 
a method of thinking which is applicable not only in mathematics, 
but also "in every other field of thought — in the physical sciences, 
in the moral oi social sciences, in all matters and situations where 
it is important for men and women to have logically organized 
bodies of doctrine to guide them and save them from floundering in 
the conduct of life."*^ 

The fact that the teaching of proof and deductive thinking are 
our main objectives in the teaching of demonstrative geometry in 
the tenth year of the high school is much more true to-day than it 
was twenty-five years ago, before the junior high school movement 
started. With the development of the junior high school came the 
introduction of work in intuitive geometry in the seventh and eighth 
yeur-s where the main concern is to familiarize pupils expenmentally 
with cL'icain important geometric facts and their applications in 
everyday life. Hence, in the senior high school, we arc primarily 
iuteri'stcd in teaching pupils something new ratlio^ than in review- 
ing those things that they have already learned in intuitive geom- 
etry. Our great aim m the tenth year is to teach the nature of 
deductive proof and to furnish pupils with a model for all their 
life thinking. Everyday reasoning will be rigorous and conclusive 
to the extent to which it approaches that ideal pattern for thought 
that Euclid has given us. 
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THE ANALYTIC METHOD IN THE TEACHING 

OF GEOMETBY 



By W. S. SCHLAUCH 

New York University, New York City 

I. The Analytic Method and the Logic op Geometry 

Why We Teach Demonstrative Geometry. Modem educa- 
tors justify the presence in the school curriculum of geometry or 
any other school subject on two grounds: first, that it gives the 
student an outlook upon a great field of human thought; second, 
that, if properly taught, it gives him \ Juable habits of thinking 
and ideals of method which have transfer value and which help 
him in orderly and systematic thinking. Geometry seems, of all 
secondary school subjects, best adapted to initiate a student into 
the meaning of mathematics as the science of necessary conclusions. 
A training in logical processes and a knowledge of what is meant 
by a complete proof of a proposition, based on given data, are as 
necessary for the average citizen as a study of economics or civics. 
How can he draw valid conclusions in these fields unless he has had 
some training in logical processes? Geometry furnishes the best 
available material for this training, varj'ing from the simplest to 
the most complex; starting with a few assumi)tions or axioms, and 
building a logical system which results in a body of established 
truths which can be used to establisli further truths. In geometry 
more than in any other school subject, the learner is led to a belief 
in reason, and is made to feel the value of a demonstration. The 
appeal is to the authority of logically established propositions, run- 
ning in a series back to the simple and accepted axioms, and not 
to arbitrary authority. 

This attitude toward the value of mathematics is taken by both 
modern educators and the world's greatest mathematicians. Smith 
and Reeve in their book say ^ that the real purpose of demonstra- 
tive geometry is suggested by the word ''demonstrative'* rather than 

» Smith, David Eugene^ ami HiM»ve, William Da via. Thv Tmchxno o/ Junior High 
School MathematicM, p. 229. .Glnn and Co.. 
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by tlic word "geometry/' In geometry we come in contact with a 
body of truths bound together and unified by logical processes into 
a perfect whole. Tlie beauty, purity, and perfection of the subject 
enable us to realize what it is to function in an ordered copmos. 
where the reign of law is absolute and where the series of situa- 
tions and problems presented vary from the simple and easy to the 
most difficult. When a student is engager! in the analysis nc^essarv 
to d iscover the demonstration of a theorem in geometry, or in 
reasoning out a construction problem, he has entered this ordered 
cosmos and is tasting the delights of pure reason. He is becommg 
acquainted with the inner nature of that vast body of human 
thought, built up through the ages. 

The Analytic Method of Attack. But to be truly initiated into 
the spirit and meaning of logical processes, he must acquire the 
mastei^ that comes only from analytic thinking. The mere com- 
mitting to memory of theorems and their demonstrations is not 
mastering geometry in this sense. The student has nov readied 
this mastery until he has learned by analytic processes to difscover 
proofs for himself and to assemble them in elegant deductive arp:- 
ment«. Only when he has received sufficient training to attack 
confidently a new proposition or problem, startinf' it the poal or 
conclusion, working backward step by step to his previously ostab- 
lished body of truth, can ho be said to have mastered the spirit of 
geometric reasoning. He must be able to say: 

"I can prove X if I can prove Y, 
And I can prove 7 if I can prove A, 
But I can prove i4 if B is true. 
I have already proved B; hence I can prove A"." 

Then he must be able to reverse the process in his synthetic 
demonstration, starting with JS and proceeding through A and 1' 
to AT, which was to be proved. 

Analysis a Method of Discovery. Analysis is the method of 
disooverj*, and the only method of organizing the subject matter 
of geometry which gwcs sufjicient command of the logical processes 
to justify its study. In many of our schools, even to-day, theorems 
are committed to nienioiy and recited by ihe pupils. A student 
does not see why each statement in the proof is made, although he 
may see that it is true, and may follow the meaning and admit the 
truth of each stat-ement, without seeing liow the author* knew what 
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statement to make next. He seems to be led step by step into a 
trap, and the trap sprung at the end with the Q.E.D.; but he him- 
self is not able to lay such a logical train, because he has not been 
taught to analyze, working his way from the unknown, or truth to 
be demonstrated by logical steps, to his previously established 
body of truth. Such training takes time, and progresses slowly at 
first. But the mastery thus acquired enables a class to make up 
for lost time in the second half of the term's work, and the conse- 
quent joy in the work that comes with the sense of mastery, the 
consciousness of the pure and austere beaucy of the subject that 
comes with this intimate mastery of the logical processes, more than 
compensate for the time and effort required. 

Value of Geometric Training. Geometric training is valuable 
if it gives: 

1. Clear guometric concepts through drawing, measurement, ex- 
periment, in the early stages. 

2. A clear concept of and practice in logical proof, cast in the 
synthetic form. 

3. Training in the analytic method of attack for the discovery 
of such synthetic demonstrations. 

4. An ability to resolve practical problems into the geometric 
elements involved, and to solve them by aruilysis. 

The analytic method is thus the heart of geometric work. A 
student thus trained should be able to originate proofs of his own, 
different from those of the text, and should be encouraged to orig- 
inate additional proofs. His discovery of proofs for originals mu>.t 
not be a blind groping for a proof, following remembered models 
and analogies, but must be a consistent, confident, systematic, 
analytic attack; otherwise he has neither mastered geometry nor 
acquired the most valuable fruit of logical training, an ability to 
analyze. 

II. Examples of the Analytic Method 

Illastrative Examples. To make the above generalizations 
clear, it may be well to take specific examples of the three principal 
types of logical exercise in geometry — a theorem to be demon- 
strated, a construction to be perfomied, and a problem (of compu- 
tation) to be solved— and trace the steps of analysis that a student 
reasonably well trained in this method might be expected to take. 
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Original Theorem. As an example of an original theorem, let 
us take the following: 

If the altitude BD of A ABC is intersected by the altittule CI in 
G, and EH and HF are perpendicular bisectors of AC and AS, re- 
spectively, prove that BO — SHE and CO — SHF. 

The first step called for is to translate the words of the theorem 
into a figure similar to this figure: 




Analysis. 

1. I can prove that CG = 2HF and BG = 2HE, if I can prove that 
iCG = HF and iBG = HE, or if I can double HF and HE and then 
prove that the doubles are equal to CG and BG, respectively. Let us 
try the first method. This suggests bisecting CG and BG at J and K. 

2. I can prove that JG = HF and KG = HE, if I can prove that they 
are corresponding parts of congruent triangles. This suggests draw- 
ing JK and EF, forming ^JGK and HEF, 

3. I can prove these triangles congruent if I can ahow that three parts 
of one are equal respectively to t\ree parts of the other in certain 
orders. 

4. Therefore I survey the figure and find: 

(a) That JK and EF are both equal to iBC and parallel to BC, as 
they join the midpoints of the side of theACGB and CAB, 
respectively. 

(b) That ZG= ^H, as they have their sides parallel, and extend- 
ing in opposite directions from their vertices. 

(c) That zif == ^E for the same leason. 

5. Therefore AJGK a? AHEF becatise «^.a. == s,a,a, 

Tlic analysis is now complete, but the student should cast the 
proof into the elegant and convincing form of the synthetic presen- 
tation, giving statements and reasons in strictly logical fashion. 
The analysis outlined above may be carried out cooperatively by 
the class and the teacher when diflBcult originals are developed, but 
the work must be done heuristically. The teacher should ask such 
questions as the following* 
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"How do we usually prove that one lino is the double of 
another?'* The siibstunce of step 1 in the analysis above should 
come from the class in response. When the lines JK and EF have 
been drawn, the question should be: 

"How do we usually prove that a line equals another line?'' and 
in response the class should announce step 2 above. True heuristir* 
teaching will develop in the class the habit of asking themselves 
the appropriate questions of the analysis, and this is greatly helped 
by developing outlines of methods of attack as the icrm progresses. 

Synthesis. The synthetic proof reverses the order of the steps 
given above in the analysis. Thus we proceed in the synthetic 
proof as follows: 

Proof 

Statements Reasons 

Hist'(?t CG and GB at / and K, re- I. A line joining the midpoints of 
spcctively. Draw JK and EF, two sides of a trianple is || to the 
Then in the triangles JGK and third side and equal to half the 

1. JK icn and is II to CB 2. Same reason. 

2. ^ hCB and is || to CB 3. Being equal to half and || to the 

3. ,\JK^EF and JK i:* II to EF same line. 

4. Also BI) in II to HE and CI is 4. Being 1 to the same straight lines. 
II to }{F 5. Because their sides are II and ex- 

5. t'.^G=Z// tend in opposite directions from 

their vertices. 

6. AUo /^K= lE 6 Same reason. 

7. /,AJGK ^ AHEF 7. s.a.a. == 5.a.o. 

8. JG = HF and GK — HE 8. Corresponding parts of s- A are =. 

9. And hence GO =* 2HF and GB 9. Doubles of equals are equal. 

I'ntil the student can go through the analytic process outlined 
above mentally, when presented with a new theorem to be proved, 
and then proceed to write the synthetic proof, he has not acquired 
a sufTicient masterj' of the logical processes involved in geometry 
TO give him that acquaintanceship with logical reasoning at whivh 
we aim in teaching him the subject. 

Construction Problems. Construction problems should never 
be Solved by the student by an uncruidod triaUand-error method. 
He should fir.st draw a diagram, rcpn^sentint, approximately the 
finished product. Kveu a free-hand drawing of the finished job 
will enable tiim to mark on his figure of analysis the given parts, 
and to discover from the diagram of the finished figure the steps 
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wcessarj' to build up that figure from the given parts* Let us ttike 
a specific example: 

Comtnict a triangle, having given an angle, an adjacent .siV/c, 
and the difference of the other two sides. 

Using the usual method of designating the parts of a trianjile, 
we havo given, 




Analysis. We draw a triangle. A^B'C\ to represent the finished 
figure, thus: 




Since the given part^s must all be represented in our figure of 
analysis, we extetid A'lr to .Y', making A'A" = A'C Then, li'X' 
represents the dilTerencc of b and c and is marked 6' ~ c' on the 
diagram of analysis. We now feason analytically thus: 

1» I can reproduce the figure, which must be like this model (using the 
given part.s), if I can find a triangle in the model containing three known 
parts. I thoreforo examine the figure of atalysia to find this basis of 
construction. 

2. I notice that AA'7i'C' contains two known sides, b' — c' and a\ rrprr- 
sentinp /> — c ami a, nspoctively. Also iX'B'C is the jupplriiinnt <if 
^B', anii is th^^n foro known. 

3. I can tht»n»fore ropnuluce yXBCy using the given parta. Thn construc- 
tion can be completed if I can reproduce the rest of the fij^ure fruin 
this ba.<irf. Therefore I examine the model. 

4. Prolongiiig XB will give a line corresponding to X'fl'A'. To UkwU) tht» 
point A. I notice that AA'X'C is isosceles. Therefore /.X'CM' — / A". 
Hence, on the figure to be constructed, I must cut the linf A7^ pro- 
duced by a line drawn at point C, making /^XCA^ Thi» con- 
struction then proceeds thus: 
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Conitructiort On any indefinite line BM, lay oflf BC«a. At B con- 
struct ^KliC equal to the given iB, giving the indefinite line liK. On KR 
from B, construct ^A" equal to 6 — c. Draw XC, At C construct Z,XCP^ 
^-Y. Extend CP to meet RK at A. Then AABC is the required triangle. 

Proof 

Re«iont 

By conrtruction. 

2. By construction. 

3. If the base angles of a ^ are equal, 
the ^ ia isosceles. 

4. Equals from equulH uivo rquiils. 

5. By substitution. 

6. By construction. 



Statementa 

3. r.AX^AC 



4. ' AX^AB^AC — AB 

5. XB^AC-^AB 

6. But XB^b — c 
And 

7. /iABC^ihe given 7. By construction. 

8. .'.AAflC is the required triangle 8. It hiw the required part«. 

Solving Problems. Too oft^n pupils solve problems by trying 
one thing after another, witliout much system. A teacher who is a 
master of the analytic method will train his pupils in regular ana- 
lytic methods of thinking out the solution of problems. Problems of 
computation in geometry should always be solved by following a 
general plan, thus: 

1. Draw a diagram, if possible, marking on the figure the given 
data. 

2. Represent the parts of the figure to be computed by the ap- 
propriate algebraic symbols. 

3. Apply theorems to the figure^ which give relations connect- 
ing the given and required parts, and derive equations from 
tliem, 

4. Solve the resulting equations. 
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Illustrative Example. The eye of an observer at sea on the 
deck of a vessel is Jfi ft above the water line. The entire hull of a 
boat has just become visible on the horizon. Assuming the di- 
ameter of the earth to be 8000 miles, how far away from the 
observer is the boat? 

Solution. 1. We first draw a diagram representing the conditions of the 
problem. 

In the diagram, AC represents the elevation of the observer above the 
water line, at C. Since the hull of the boat has become entirely visible, it 
must have advanced from the position to 
B, where the line of sight AB is tangent to .4 
the surface of the water. DC = 8000 mi., ^^^ CT"^ ^ 
AC = 40 ft. 

2. The length of AB (at sea. AB^CB 
practically) is to be found. Let us repre- 
sent it by X, 

3. (a) We can solve for x if w*e can bring 
X into an equation connecting it with the 
given quantities, AC and CD, 

(b) To do this, we must express AC and 
CD in terms of the same unit of measure. 
Therefore, we select a mile as the unit. 
AC = 40 ft. = 0.0072 mi., and CD 8,000 
mi. _ 

(c) In the diagram, AD is a secant, AC is its external segment, and AB is 
a tangent from A, Therefore, we can bring x into a proportion (equation), 
with AD and AC, both known quantities: 

AD ^ X 
X AC 
8000.0072 X 




or 



X 0.0072 



4. Since in such a proportion the product of the means is equal to th.^ 
product of the extremes, we have : 

0 0072 X 8000.0072 
and X = 57.6 mi. approximately. 

It is easy to get the student to see that in his sohition tlio 
decimal 0.0072 added to 8000 does not appreciably affect the produrf 
57.6. He sees that practically the same result is obtaine<l if wo 
write 

8000 :x = x: 0.0072. 
He is now in a position to solve the pkoblkm: 
''Derive a formula for the distance in miUs to the visible horizon, 
if the eye of the observer is h ft above the earth's surface.'' 
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He easily writes 

8000 _ X 
5280 

and finds by solving for z that 

X = VI. 54 /i approx., 

or roughly, x = V3/2 h. 

Students trained to think analytically do not waste time in 
fruitless attempts, false starts, and discouraging and worthless com- 
putation. The solution proceeds in most cases with the certainty 
and ease of a logical njachine. 

III. Conclusions for Curriculum Making in Geometry 

Emphasize the Analytic Method. The first conclusion that 
emerges from the above brief survey seems to be that if the analytic 
method is the heart of logical training in geometry, sufficient time 
must be given to the presentation of the subject to enable the 
student to master this method of organizing the subject matter. 
Six or eight weeks devoted to committing to merhory from twelve 
to eighteen theorems with their demonstrations will not give the 
student any insight into the true nature of geometric thinking. It 
would be much better to cover the first three theorems of con- 
gruence and the theorem about the base angles of an isosceles 
triangle, with numerous original exermes, developed analytically, 
than to have the student memorize any number of demonstra- 
tions. Of course, after the analysis, the synthetic demonstration 
should be given in every case, oral and written forms being em- 
phasized. 

Summary of Experience with the Analytic Method. Experi- 
ence in teaching geometry by ihe analytic method and study of 
the results of numerous tests of the students' ability to analyze, 
extending over a period of more than twenty years in tlie High 
School of Commerce, Kew York City, have convinced me of the 
following facts: 

1. A comprehension of analysis and some mastery of the system 
begin to emerge in the minds of the brighter pupils after six or 
eight weeks* instruction and practice in the method. The class as 
u whole begins to feel sure of the method ufter about ten weeks. 
Adequate mastery with accompanying pleasure and a thirst for 
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original excrcisos comes in the second semester. A school year 
should be devoted to the subject, 

2. The student needs training in analysis applied to the various 
types of geometric subject matter found in the conventional five 
books of plane geometry. This need not be given in the order con- 
ventionally followed, but all the types should be included: con- 
gruence, similarity and proportion, circles, areas, constructions, and 
loci all call for analytic thinking, and help to clarify the method. 

3. Teaching the method of analysis is difficult in the early 
stages. After it is begim, it should be continued until a clear con- 
cept of the method begins to emerge in the minds of the pupils. 
My experience, observation, and study convince mc tliat at least 
twenty weeks of consecutive work in the subject matter should be 
given without a break of serious length. If a break comes then, 
it should mean the introduction of subject matter which is closely 
allied and which permits a continuation of the analytic method 
of attack. My own conviction is that a yearns consecutive work 
proflucc^i the best results with the type of students entering our 
high schools. The continuous exercise in analysis and synthetic 
demonstration thus acquired leads to such a mastery that the 
students generally find a joy in geometric thinking. 

4. To master plane geometry, using the analytic method of 
attack, requires about a year for the majority of pupils. If an 
introduction to demonstrative geometry is given in a regular junior 
high school, in which the analytic method has been used, then the 
remainder of plane geometry as well as solid geometry can be 
covered successfully in one year in tlie senior high school. 

A One- Year Course in Plane and Solid Geometry, If, how- 
ever, the attempt is made to begin plane geometry and teach both 
p^'^ne and .solid geometry in one year, all in the senior high scl..u)l, 
the following results are almost certain to appear: 

(a) The amount of subject matter in botli )ilane and solid 
geometry will huvc to be cut to sucli an extent that the student s 
view of haih sciences becomes inadequate. He will not have a 
feeling of nia.^tery of either at the end of the year'^^ work. 

(h) Becau.sc of the eagernej?s of teachers to cover a fair portion 
of both plane and solid geometry, a represt-ntative selection of 
book propositions with their proof.'^ will probably be presented to 
the clussos. the proofs committed to iUemory, an^l the chief value 
of the logical training sacrificed. It takes tin e to develop analytic 
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thinking, and under the urge of covering ground quickly the 
analytic method stands small chance of being used. 

The diflBiculties of visualizing the figures of solid geometry are 
greater for the ordinary student than are those of plane geometry. 
Under the year plan for both, instead of acquiring confidence and 
mastery in the plane geometry field, the student is almost certain 
to meet discouragement because of the added difficulties of the 
solid geometry concepts and the rapid pace necessary to cover the 
ground. For the analytic method is not mastered except by analyz- 
ing numerous originals covering the various types of geometric 
subject matter. Sufficient variety is offered by plane geometry for 
tliis purpose, and a thorough mastery of the analytic method in this 
field takes about a year's time. 

Preserve the Analytic Method. Whatever is done in rearrang- 
ing the subject matter of geometry, we must hold fast to the 
analytic method of attack if we would preserve its value as a train- 
ing in logic and in original thinking, and inspire the confidence 
which lies back of the bravery necessary to attack its difficulties. 

Only the brave may look on Beauty's face, 
Search out her secrets^ stand before her there 
In temple va^t, of number, time, and space. 
Austere and cold, she guards her treasures fair, 
Flashing a blinding light upon the race 
Of rash, heroic creatures of an hour, 
Searching infinity, whose daszling haze 
Confounds Philosophy with Beauty's powei. 
Only the brave will wander far by choice 
In Euclid*a realm » and in that wondrous maze 
Of nev relations hear that thrilling voice 
Proclaim the reign of law, necessity; 
E*en here perfection, lost each petty choice, 
Surrendered in the law's great majesty. 
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By JOHN W. YOUNG 
Dartmouth College, Hanover, H. 

What is Symmetry? Symmetric forms abound in nature and 
in art. If we confine ourselves to bilateral symmetry, i.e., symmetry 
with respect to a line (axi^axial symmetry) or with respect to a 
plane, we find it exemplified in the external form of the human body 
and in that of most animals, in the shape of leaves and, approxi- 
mately at least, in the growth of most plants; we see it in the con- 
struction of most articles of furniture, in many buildings, in parts 
of buildings such as windows, doorways, arches; we observe it in 
the designs of wall paper, rugs, linoleum, and the shapes of orna- 
ments. The child grows up with symmetric forms all about him, 
even though he may not know the word "symmetry," and may find 
it diflficult to give a precise definition of it. He will approach his 
first study of geometry with the idea of symmetry already present 
in his mental equipment. 

It is for this reason that European schools have for some time 
made use of this idea in the introductory work in geometry. The 
fact that axial syr^metry can be used as a tool, as a method of 
proof, in plane geometry does not appear to be so well known in 
this country. This must be the justification for the few pages that 
follow. They contain nothing in the slightest degree original. 
They will, it is hoped, offer something ol interest to those teachers 
who have not as yet thought along these lines. 

Axial Symmetry. If a plane be rotated about one of its lines 
as an axis through an angle of 180^, we will say that it is turned 
over about the line. We then define axial symmetry in the follow- 
ing way: 

If a plane figure is such that, if it be turned over about a certain 
one of itF. lines, the new position of the figure coincides with the 
original, it is said to be symmetric with respect to the line. The line 
is called the axis of symmetry. 

The axis evidently divides the figure into two halves eaih of 
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which vonu> to ciniu'ide with tho other when it is turned over about 
the axis. Two points A. A' of the fiffure (Fig. 1) which arc simply 
intiTchaiiiJioil hy turning the figure over about the axis XY are said 
to be rorniipondind points of the figure, Ever>- point of the axis 
('(U'ri'sponds to it-self. 

Results from the Definition. Certain results follow unniedi- 
ately from the definition: 

1. The axU of symmetry bisects the segment joinin^g any tivo 
rem spondititj points and /V pt rpi ndicuUir to it. 

For, by turning th'» ligiux* over about the axis, it is seen tliat 
tlie two segments MA and MA' are etjual, and the two supple- 
mentary angles YMA andlU/-r ure also equal. 




Y 



Mure geniuMlly we have: 

2. Any part of a stymmvtric fi'jurr is congrucfit to its correspond^ 
iu<j jhirt. 

In paiticuhu', the ^eguient joining any two jjoints of a sym- 
inrtric figure is congruent to thi^ segmi-ut joining the ccuTesponding 
pcint>; any angh* or triangh* A'liC d« tfniiineil by ihree points is 
roni!:i-uent to the angle or triangle di-iermined by the t orrcsponding 
|if)int> Ali'f". As a s|ieeial case we note that the segment OA 
joining any j)oint i) o[ the axis to any point ,1 oi' the figure is ecpial 
lu ih»- .-egiuent joining 0 to the corresponding i)oint A\ and these 
tun M'gments ^,1. ( K\* n)ake e(|ual "nglos with the axis. 

Thi* render >hould nt)te that we dravv the above eonehisions 
\viihf»nt any previous knowledge of geometric theorems. We as- 
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sinno only a knowledge of the meaning of point, of straight line, 
of angle, of right angle, of perpendicular, of eciual or congruent 
iby superposition), and of tlie fact tliat two (Ustinet points deter- 
mine a straight line. Such considerations as the above, stripped 
perhaps of some of their fonnality, may therefore be presented to a 
class very near the outset of its study of gcometrj-. They would 
indeed seem to have their chief pedagogical value during the int/o- 
ductory parts of the subject. 

We may now note the converse of 1: 

3. The perpendicular bkcctor of a line segment u an axis of 
symmetry of the segment. 

This gives us at once: 

4. Any point on the perpendicular bisector of a line segment is 
equidistant from the extremities of the segment; and the lines join- 
ing any such point to the extremities of the segment make equal 
angles with the bisector. The reader will note further tluit certain 
fundamental theorems on isosceles triangle^ also follow at once. 

The further use of symnietrj- as a method of proof de])ends on 
the fo'^owing fundamental jn-oposition; 

5. A circle is symmetric with re^pvcl lu any straight line 
tnroi:gh its center. 

Hence, we have: 

6. The figure jormed by two circles is symmetric with respect 
to the line joining their ctiuers. If the cireles intersect, the points 
of intersection are corresponding points of the figure. (Fig. 2) 

This gives us: 

7. The common chord of two circles is perpendicular to the line 
joining their centers and is hiscctrd by it. (Fig. 2) 

Two Examples. We will close this brief sketch by noting how 
two of the important elementary consti'uctions may bo justified by 
considerations of symmetry. 

1. To draw the perpendicxdar bisector of a segynent. 

By what precedes, the problem will be solved if we can draw 
two circles intersecting in the extremities A and B of the segment. 
For then the line joining the centers of these circles will be the 
required bisector. (See Fig. 2, above) To this end, then, with 
A ao'j B as centers and with any convenient radius let us describe 
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two arcs of circles intersecting ut Af, N (Fig. 3). Circles with 
ccnt(M*s at M and A' and the same radius will then pass through 
A :ind li, llcnce MN is the required bisecton 

2. To b)\^cct a given angle. 

The u^nal construction consists in drawing a circular arc with 
cemor ui B, the vertex of the given angle ABC cutting the sides in 
D and A\ n/nectively ; then, with any convenient radius and with 
centers at D and l^, describing arcs intersecting in M (Fig. 4). The 



lino joining the v(^rt(*x B to M is tlu* rc(iniroil bisector. For we have 
u circle with center B passini^ tliroUuh D and A\ and the construc- 
tion shows that th<*rc is a second circle with center at M passing 
tlirough I) and A\ The figure is then synniietric with respect to the 
lino of centers BM, and thus BM hi>ccls the :iny;le AB(\ 

lOnotigh has hfeii said, it is lidpcfl. iutlicati* how the idea of 
synnneiry can be //v in elementary instrufiifui in geometry. Other 
possibilities will snf.ii;est theniselv(»> to llu» progres-'ive t(»acher. It 
may be expecteci that the work in intuitive geonieiry especially can 
be benefited by the tise of symmetry. 




FIGURE a 



FIGURE 4 



THE TRANSFER OF TRAINING, WITH PAR^ 
TICULAR REFERENCE TO GEO.METRY* 

Bv WILLIAM BETZ 
Specialist in Mathematics for the Public SchooU oj Rochester, N, 

Foreword, Demonstrative geometry, as everyone knows, has 
become a highly controversial subject. Once regarded as the road 
par excellence to all sciontific and philosophical thinking (Plato), 
it is uow denounced by a chorus of self-appointed critics as a 
species of Greek philosophy that should be eliminated from the 
crowded curricula of our secondary schools. Geometry shares with 
algebra and Latin the fate of being on the defensive. Its enemies 
claim that as a school subject it is kept iilivo artificially either by 
the requironionts of blind tradition or by obviously false pretenses 
that are said to have their roots in the ''exploded*' theory of mental 
discipline. The practical phases of the suhject, it is asserted, could 
be covered in a few lessons or taken vurc of incidentally in the in- 
tuitive geometry course. And as to the alleged cultural and dis- 
ciplinary values that have always heen assoriatcd with demonstra- 
tive geometry, there is no disposition on the part of the critics 
even to argue the cpiestion in the light of expert testimony or of a 
scientific exposition of the real nature of geometric training. 

This condition of atTairs has heen acc(»ntuat^»d by the revolu- 
tionary ethicational changes and the nunicrou.s transforming influ- 
ences of the past generation. The spcct^icular increase in the en- 
rollment of our high schools has jirodurcd difhcult administrative 
and pedagogic problems which thus far have been solved hut 
imperfectly or not at all. Teachers have been put to it to **justify*' 
eveiy lesson they teach. The endeavor to protect the child against 
**unessentials" is rapidly leading to curious and unsuspected con- 
sequences. Geometry, in particular, is a popular target of abuse. 
Being rated as a '*high mortality" suhject. its position in the pro- 
gram of studies is becoming increasingly delicate and precarious. 

•This monriffraph waa pr^ijarod in ct>nn(<*tion with thp eurrloulum rt*vlHion pro- 
gram of the elementary and Hecoutlary schooU of Kochebter^ N. Y. 
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How much justice is there in the wave of condemnation that 
appears to be engulfing so time-honored a subject? 

Unfortunately, the teachers of geometry, who should liave been 
its most enthusiastic and successful exponents, have only too often 
been its worst enemies by their lack of acquaintance with its his- 
tory and its distinctive characteristics, and by their apparent in- 
ability to formulate and to reahze the immediate and the ultimate 
objectives of the subject. 

To make matters worse, our textbooks, courses of study, and 
examinations convey liardly a hint of the astounding scientific 
transformation which mathematics, including geometry, ha., been 
experiencing dui'ing the past century. Thus the amval of non- 
Euclidean geometric systems, the creation of projective geometry 
and of hyper-spaces, has made it clear that it is impossible, as 
Clauss suspected, to state with finality an exclusive body of truths 
concerning '^absolute space." What we can do is merely to pro- 
ceed from certain significant spatial assumptions to logical conse- 
quences of these assumptions. We can nicrt^K- ^ay — "If thus is true, 
then that is true.'' 

It would seem at first that with the disappearance of the abso- 
luteness of Euclid s systeui of propositions, its chief claim to serious 
consideration as a basic school subject had vanished. There are, 
however, two crucial reasons why demonstrative geometry will 
remain for all time a necessary subject of instruction. 

In the first place, we do not stop teaching any one of the physi- 
ciil sciences when it is discovered that certain of its underlying 
hypotheses must be modified. Scientists have been quarreling over 
the nature of light, the mysitery of gravitation, the constitution of 
matter or of electricity, and the like, for many year<i. And yet we 
go on teaching each yfUi-rutiou of pupils ''the basic scientific facts'* 
as we understand them. There is nothing dishonest in this pro- 
cedure, provided we refrain from making dogmatic assertions in- 
stead of expounding provisional hypotheses. In like manner, since 
space is a permanent category of our thinking, wo shall always 
have to study and formulate, to the best of our ability, the spatial 
truths that seem to account best for the segment of reality with 
which we can dcil. And Euclicrs syatem thiis far has proved to 
be the simplcat and most convenient one for everyday mc. 

But there is a vcit niurh deeper reason for a continued emphasis 
on geometry in the curricula of our schools. It has been set forth 
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rorontly in almost classic fashion by Professor C. J. Koyscr.'* 
Kurlid's hhftuntsi of (irow(lnj, th()Ui2;li by no means without flaws, 
was the first instance* in human history of autonomous thinking. 
In this book the human mind jravo its first evidence of complete 
scientific awakeness, for in it wo find the earliest example of the use 
of a postulational system for purposes of careful deduction. As 
Professor Keysrr points out. this colossal achievement remained 
unicpie for many centuries*, but it lias since become the prototype of 
all valid scientific invest i.LMt ions. And thus geometry has ^iven to 
the world its one reliabh* method of thinking. Postulational think- 
intj is now sei'u to be of basic impcuiance in any field of human 
cntleavor. lOven a cursf)ry analysis shows that dcwonMrdtir'c 
gconutrii oijirs tlir simplest and mo.si convenient introduction to 
postuhifionnl thinking which has yet been devised. Hence it may 
bo chiimeil that the teaehinu; of demonstrative geometry is not only 
justifiahli'. but absolutely (essential, because of its permanent devo- 
tion, in a sinuularly pure* and significant form, to the one procedure 
that promises valid couelusit )us on the basis of clearly fornudated 
assumptions. 

The acce])tanc(; of this thesis is seen to depend, however, on 
the jisycholoirical (pie^tion whether training in pontulatiomd think- 
ing, in rnticdt thinking. :uh1 in rons( cutive thinking, when admin- 
istered in geometric form, can be made assailable in other fields 
of work. That is. hoir fiir is (jcomctric training cnpahU- of 
"trttnsfi r".^ 

Obviously, this (luestinn is of funclamental importance^. Oidy a 
reassuriuir answer will rescue geometry as a required school subject. 
Such an answer can no longer h(* based entirely on subjeetiw opin- 
ions. Instead, it presupposi^s u painstaking scientific examination. 

It is the purpose^ of this chapter to ofTer a brief account of the 
present status (if the i)roblem of transfer. A comprehensive review 
of this q]ie>tion Would naturally have to include u large nundier of 
highly ffrhniral considerations. In this report we are primarily 
(•(ineerncd. howeN'^r, with the pntrfical aspects of the problem of 
tran>ffr. i*spf(dally in so far as these atYect the teachinij of 
uetijuetry. 

The i>i)ini(Uj- of outstanding psychologist^^ anil educaMonal spe- 

J II. I* iMiUr.n (*«>.. ; 1 hv Unm^in Wnrtii nf i%*\n"r',u^ Thiuk 

i/ii/. 1 liii\»'p-iiy l'r»'.-. \\\\\\\ MnthrnuUi'-il y*A K. r. lJiHt»n; 

uiiU (.:»».. lnjj. 
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oialists will be quoted at length, in order that the reader may have 
a more objective basis for an independent appraisal of the conclu- 
pions that will be submitted. The free use of italics, even when not 
suggested by the original text of the quotations, seems desirable for 
the sake of emphasis. After a brief summary of the progress of 
the mental discipline controversy, followed by a review of certain 
assumptions and definitions which imderlie the testing movement, 
we shall examine the experimental evidence as to the extent of 
tran'ifer. It ^nll then be necessary' to analyze the principal theories 
as to the mode of transfer. From this (hial foundation we shall be 
able to derive the pedagogic consequences in which we are pri- 
marily interested. 

It will be foimd, at the end of our discussion, that there is 
excellent reason for an optimistic attitude with reference to the 
reality of ''mental discipline/' and — in particular — for a continued 
belief in the permanent cultural significance of geometric training. 

I. The Mektal Discipline CoNTRoVEasv 

Nature and Importance of the Controversy. During the past 
four decades no question has occupied a more prominent place 
in educational literature than the one which we are to study in 
this chapter. For a long time it was known as the problem of 
"mental discipline" or of "formal training.** More recently, it is 
being referred to as the "transfer" or "spread" of training, or as the 
problem of "generalized experience." 

As originally advocated, the dogma of mental discipline as- 
serted that the formal training or the mental power gained from the 
study of certain school subjects carrio.^ over to all other activities, 
"No educational theor\' has ever exerted the profound influence 
upon curriculum-making and methods of t^jaching as this doctrine 
has done."^ 

Believers in this doctrine maintained that "the chief, if not the 
sole, value of the educative process consi.sts in the formal develop- 
ment of the mind's powers, in p^^oducing a fund of mental force 
or strength, and in establishing certain generalized habits. Con- 
tent or intrinsic values are cither disregarded altogether, or are 
given a secondary position. It makes little difference what is 
studied so long as it is studied right. The benefit received comes 



« Si»e Tiimi^r. E. M. and IMtR, G. H.. Jjahttrnttyry Studies in Educotionol Pty^ 
chology, pp. 174-176. l>. Appleton and Co., 1924. 
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from the process of acquisition rather than from the content iir- 
quired. The powers and habits once dcvelo[)ed may then be applied 
in the various activities of life witli little or no loss of effect. The 
power of reasonins; developed in mathematics or loyic n.ay later be 
usC'tl in law, medicine, or business; and tho habit of concentration 
developed in solving problems in cul)o root or in translating Gre(^k 
may bo likewise extendcnl. Observation, memory, diligence, accu- 
racy, and otlier habits and i)owerH are taken to be subject to the 
same rule. . . . From this point of view the mind may be likened 
to a storage l)attery that may be charged, and the power accumu- 
lated may then be used (piite independent of its origin." ^ 

The following more recent formulation shows a tendency toward 
a cautious limitation of these sweeping claims: 

The problem may bo .^tntorl in the following words: Will the formation of 
one habit either help or hinder in the formation of another? Will the ac- 
quiring of one bit of knowledge he^p or hinder in acquiring other knowledge? 
. . . does the leaminp of ono lanpiiajre muke \ho learning of a different lan- 
guage easier? Will thf study of history make the acqni.sition of mathematics 
easier? In genoraK are the results of learning narrow and specific, or are 
there general effects also?^ 

Again, a reinterpretation of the problem in the direction of 
"generalized training** is reflected in these interesting queries: 

What would be the effect of four years* eamev^ effort to excel in classical 
languages and mathematics upon one\s ability to master the intj-icacies of 
banking, or upon one's persistence and doggedness in the face of any other 
complex problem? What is the effect of four years' work in the high school 
and^four years in the university upon the probability that one will continue 
to master new problems aften^-anls^-that is, upon the probability that life 
will be a career instead of merely the holding down of a job? What Would 
be the effect of writing a first class doctor's dissertation, say on education, 
upon one's ability to organize the advertising department of a great industry? 
To what extent will prolonged and intensive mental effort tend to inure one 
to the onerousness of monta' offort? Does extensive experimentation in 
finding solutions of difficult prohloms tend to make one more ent^^^rprising 
and persistent in casting a}>ou^ for tho 8f>h^tion.«i of other problems? • 

There can be no doubt, that ■•'the |)n)hl(^ni nMserl liere is of far- 
reaching theoretical and practical significance. It involves the very 

•Rnedigen W. rhe PHnHpli^n nf FMui^ttum, pp. 01.02. Hoii^hton Miftlin 
1010. 

♦Pylp. \V. n.. The Pnyrh^flonu •>/ Irurnituj. \\. ^l.'!. Warwick nnti Vnrk. Imo.. luiil. 
•r>»nni>8, N. J.. "A Wnf hom.ntician on (h«* Pp<*si«nt Status rvf thf* Knrmal I>is- 
cipUue Controversy." iichoiji and SoHtty, Vol. XVII» p. 09, January^ lU2:i. 
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foiindution prinriplr^ of rdutvution, iind \\v \nn>\ Uwv il at wwy 
turn in pnn'iin'/* To (\w\v Vy\v lurtlirr: 

It involves our funil.iiin'Utul cimccption of \\\v naturr of jniml. . . . Our 
tmswor to thfSf inu>iii'U< will I'olnr our \v1u)1p whiMm* of nliu'ati*«n. If thr 
ri'.Milts of ir:iininir iwr sp, rhfr, \\iru \vv shoulil I'.i-ii those tlr'uus wliu'h wi* 
t\u)Ti\ niM »l to k'lnw. wiiliDur :inv rofm»iU'^^ to tluMr KcmTal « i*ts. If tho 
ri'sulis I'f training ai-'* »;« ritl, thi'n \vi» shouKl j'ick out as thr Miulii-' fur tan* 
nirriruhnu, thosi» Unoirh* - wliirh aiv 1h\M fur tlip I'xorcisu of thr mintl." 

Development of the Controversy. T\v' i!.;; trino of forniul ilis- 
cijiliui* Ikis U'vh hrl.l. ill oni' form or auolhrr. ihrouuliout imIium- 
tional lii.-toi-y. li> ni'ulorn form may In* trari'il to ,li>lin I.oi*k(^ 
«1(>2;M7(Mi. Tlius. in his "('omlurt of iho rmliu>lanilin.i»:" \\v 
i\\u\ {)assauiv< siu-li as the I'ollowinu;; 

^Voul.l y..ii hiv.» :i in:iu nsisori wi-ll, ycai lausi u>l' him to it b»-tiMirs: 
iM-riMsi* ]\'\< tnin.l ui nN-»niiikr \hv laMnuMMiun uf iili-.js ami folluwinii thmi 
in tr.iin. N'i>'hinL' 'h>i^ tli:s In tlir llian iimln matirs. whirh thi-rrf«»ri- ^•hnulll 
hi* l.aoirht all i1p>-- whn ho.' Uh- linn^ aiul ni']..irtiuuiy. nc»i <u inurh in uiak'- 
th«ui in.ttlw n.atii-i -II- a< t.» urik'- th'-ni n-.i^i«n-ihh' rnvouri*^. . . . N'M tint 
I think it. iniM'vviry ilio :ill imn >ht)ii:il hi* diM^ii niathrauat iriMUs. hut tint, 
haviutr gut tin- wmv i»f r. :i<t»iunii, which tint stuily nrci-ss;irily brini:*^ thf 
nn'ntl to. thi\v miuhi 1"* :ihl.- ti) tnui>fir it to othir p:irts of kuowli.luf uh 
thoy shall have iu-(M>i«'n' 

Similar ith-as wwv widoly (ircvali'Ot . for a hin.i: timo. as nii^lit 
he lu'ovi'd hy an fNii-nsivi* >rvu'< of ([notations from otlurational 
litt*ratm*o.** A >in'j!r illusii-or mi nnist sntiii'o. Says Joseph I^lyn^: 

Thn stddy of thf I.Miin 1 mLMiau'i* il-«lf (l'>'*s fUiinently iliscipline tlir 
f:icultii-< Mii.l >. (MHV t- i L'e r ih^rnr tlum ih-ii nf the utiirr .-nhji iMs we 
have tli>f'ii>M .1. tli.' eani .::..n •tnl e.nAvth of timsp menial (iualilii-s whirh 

The react iiui aualo-l thrsi- exirmu* views he'ian in ( iermany 
anuieu: the liri hartiaii-. i-iH-idaliy thruuirh the writin.^s of Tuiskon 
Z:!ha\ SiimnlattMl l.y /illi^i-V rrit ii-i-Mos. Dr. KlnitT Mllsworth 
hju.wn. form»'r Tnited St:Oe> ( *ioiiiiii-^i»^*.. v 'u* 1 Miu'at itui. i -hlisheil 
thr lir<t eiiiii'al fjisfMioii.n in Aimaiea. in a papfa* entitled "llow i> 
hurmal (*nhni-e Po.-^.MMe?** in li.e Srhi^'i Janrhul lor Deemi- 

ISni). The ro>t pajH-i-. iu\\e\-rr. u : :«•!. . cre.jeii iu <lra\viie/ 

' e\ I'*, 'i/i I (/.. i>. u 1 1. 

*I-..r .1 1 < i«-li .|u. i: I r. •..». 'I' . 11' ;il -n.-.M;.!!*.. . 

K 1. . /;■/ ■• •/'. .// r^iti Kirl-.tfn. I:t /. r t •«•. ].\-. J'.n -JTU. T. :i- Ii-r- r.-H'-;:- * '.-Itim 
l.:a I'liO •r.-n,\. I'.Oa. 
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tho atti'iitit))! of AnuTit'iiii cMluratni's to this (luostion \v»is that of 
lliiisilah*. uu "The Dciuina of Formal 1 )isripliiio/* which was road 
bofuiv tho 1S94 iiHrtiiii: of tho National Ftlucation Association at 
Ashiny Park. Nrw .ha-si^v. TIk^ cloctrinc has l/inai under discussion 
WW since.*' As a i'«'<ult. a va-*'t liti^raturc on the subject has sprun^i: 
up. Ahow all. the (luesiion has heca] attacked scientifically, so that 
wo now h.avt* an iniposinir ni.ass of olijeetivc hihoratory data in- 
stead (^f an ari-ay of unsuppcu'tcil opinions. 

The arri\'al of the uu'asuieiuent niovomt^nt ^rcmtly stinuilated 
interest in the Cjuestion. Ir furnishetl important. techni(|Ues of 
investigation and showed the iuhm! of srreater moileration with 
referenta' to the allcLred reality of formal traininc;. For a time, it 
Inokecl as if all belief in *'{rcnerar* tliscipline had +o })e ab.mdoncMl. 
and as if only ^'specitlt'" training: resultt^l from any .ype of learninii:. 

To-day. ''iioith(a' tlie extreme view siipportinfr the theory of 
meiu.al diseipline in all respect?- and tmder all circumstances, nor 
the opposite view rojectinu' it completely aTid utterly, is in puul 
repute. Instead, a compromise th(H)ry — an intermediate judirment 
~ hohls sway.'' This nev;er belief still maintains that mental 
diseipliiu* and intellectual and moral powers **are the very ends for 
whicdi edticarion exists.''* but it do(»s not expect the attainment 
of this broail trainin<r to result eitlier automatically or from the 
mechanical culti\-ation of a few iiitrhly favored activities. 

II. TllKOHIhS OF THK MiND .aNI> BaSIC DEFINITIONS 

Permanent Educational Problems. Kvery human beinp is 
born \U\n a UMi\-erse of apparently infinite din:ensinns. of incMin- 
ceivably com] lex relationsh.ips ami ccuTespondinaly varied possi- 
bilities. The f'urrifadmn is tho principal means of interpretimx the 
world of natmv and of man to this frail and limited beinir. \'iewed 
in this liL'ht. the sehool faces a iirofriam of overwhelming magnitude. 
'Of necessity, tlu* currictdum cm never ofTer more than a very 
modest cross sei*tion of all pc^ssible ex()erien(^e; and jet this eross 

" F«>r a hrii-f «c<-niirif flu* lUfiiuU iiUfMiiUm* fniitroviTsy \n Anirrii^a, Uup 
(licr^r. 'jp. rit.. 1 p ;»»; int. 

I' -Nn «*\ti-ii -5:vi- Ml.lii.LTMj.Ji.v nj* tip. r n; li^T.-itiiri* on fh»* frn:»^f»*r i^f trainini: 

\^ >rlvt»n in M»'n(l. Arthur K;i.vrii««!j«I. l.ftin.iny und T(yi4*hintj, pp. ITS .7. H. 

Mppiu'-'vtt (*t^.. \\i'2:\. Sep jiNm WhiiM'l''. Ony M.. * Xhi* TrHn*;fi*r "f TruininK.*' In 
Tho Tin^nti/ fti'f'ruth. Yrtiyh'thk tjf thr Sutiuna} c^'H^irty fhr the Studi/ of l^duoatUni, 
Part U. pp. 17U lin'.i. 

" Pavl}*, C. O.. t}HV int] Iliijh isi'hool Curri'^ulum, p. Xl\2. WorM Hutik Co.. 

1U27. 
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section— however fragmentary— is the pupil's primary tool for edu- 
cational progress and potential growth. Hence the constant debate 
about educational values, about al)jcctivcs and the organization of 
materials of instruction; hence also the iierennially imporiant prob- 
lem of explaining how a limited human mind can cope with the 
inexhaustible educational resources which modern society has accu- 
mulated. 

Theories of the Mind.^- The older doctrine of mental disci- 
pline was based on an erroneous ''faculty psycholog\*.'* It assumed 
that the mintl was composed of various compartments, each of 
which functioned in its entirety and could therefore be made the 
object 01 intensive training by any pertinent activity. This simple 
but naive and unscientific view was held almost universally until 
cpiite recently. It hail to be abandoned when experimental psy- 
cholog>' showed uiunista'^ably that any one of these alleged *'facul- 
ties" in reality represents a very diversified donuiin. Thus it was 
found that a jierson tnay have a good menuu-y for words, but a poor 
memoi^j* for spatial forms. Diseovcrios of this type led to a violent 
reaction agauist the older view. Instead, the doctrine of extreme 
specialization of mental functions beeatne popular among psychol- 
ogists. It became the fashion, e.^poeially among those who were 
uncritical or merely unmformed. to s])cak eontemptuously of the 
•^•xploded myth of mental discipline/ The result was an ahnost 
hopeless confusion of ideas. For, if all learning can be shown to be 
strictly specific, the eurriculum must abandon all hope of securing 
worth-while edueaticmal results on the basis of the "spread" or 
"carry-over" of l)road cultural liehls of work. Such a conclusion 
seemed utterly at variance^ however, with eonunon sense and with 
the experience of the ages, 

"For ohvious mismis. thi^ tK»min!nl di^lmto j\m««nir psyrliolotMstH aiul phU'>«"l«h«-rs 
as to tin* luinirn tif s<iul. niincl. itit»'nii:«-in»\ conscicnisnfss. nM-rtMin«-. nmUty. valuo. 
nmJ H h'i<\ nOntiMl i)rf>UrmH, can nuly !>•• allud'^U to in th(»s«» pac<-s. It in 
I'rrtninl.v tr»)i« ihnt ••p^syrhciloir.v at i>r»*siMit is :i scmmu* «>f (•()nfiisi<)ii ai\d V'nl»'nt 
(JisnKTiH-nii'iit. Thoro is u stiMiflily nicniiitinK in:is*< cM* data. l>ut we not know wliat 
th»\v in»'an.** It has mxtm hvou Hai«l that at i>r..s>*nt -th.^n* Is im such thin« ns 
psyrlitdojjy. Th»Tc- nri' nuly i)>yc*hi)h>iri>'s *' (Jf-nrrally s|»*akinjr. wi* now havp as 
many psyrhnlo^'M^s nf li-arninj: as th»'r(* an- <lilT»«n-tit th>M«ri»>s of thn inlnd. It is a 
ni.MttfT of i:vv:\\ }nipnrt.iti«-»* whic-h nt th''s«* fh»H.ri»»s tlii^ t»»ii(*h(*r a«li»iU8. Karli ut 
th»MU I<M\<is ti> a clistini't ronf»'ption (vf th«* l»»artiiiiir pnn«i«S'C ami of thi» prohlt-in (»f 
transfer whifh wj* arr crmsiclivr^njr In thin f»haptrr. linnce any *'<:• .cluslona" whi«*b 
may hf HUt>inittnl in a sOnly lik»* this \\\\\ ni)iHvaI (%iily to thos«^ who a<V(vpt tin* 
anrh«»r*s finnlani.-i»t{tl nssnniptions. Ni.viTth»-l»-<. tin* pri'vailint: (UvtTpncii-H of 
opiniDii ii»hm1 not pr»*viMit iis fn»in a«r»«<'lnf tliat tin* (pifsn»«M i»f niiiul i.-* ot (I'litral 
Importattc-i.. ht>ih for t.Mi«*hink* nu^thinl arttl t'.T mir wh«»l«- pn-crnni •>f >*auration." 
(StH> B<xi»\ B. H., ConfiivtiHU rayrh'/lugicH '// lA'nrniny. I). O. Ili-ath and V<j.. 192U.) 
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The two theories of the niind referred to above may be pictured 
by diagrams such as the followiiig: 

Theory of the Faculty Psychology 



Perception 


Thought 


Will 


Memory 


Emotion 




Theor>' of Specialized Mental Functions 


. , . ^ — . — — - — - - ■ ■ ' ■ - -n 

Memory 


Words 


Number 


Color 


Sound 


Forms 


1 



It is now known that neither theory i^tatos tho ease coni])letcly. 
A eomproniise theory is seen lo be necessary, if we wouhl account 
adequately for observed facts of transfer. As C^olvin put it: 

The faculty ps>cholog>' assumed a number of fabulous onMtir:^ which 
woJ;ed out the destinies of tho individual, while the doctrine of absolute 
locidixation of ncr\-ous function has made the brain a machine of rrlativrly 
unrelated part^i and has croatf'd a doctrine of psychic atomism which is as 
untrue as it is impossible of practical application. ... In short, if we try to 
overthrow th(^ doctrino of transfer on the ^rountl of absolute* localization of 
norvous fimctions, wo art* doinp so on dubious theoretical grounds, and 
holding to a thcor\' which runs coimtfr to what we kr.tiw of mtnital rlMmi^nts 
And mental organization. If, on the other hand, wo accept the doctrine of 
rehtive rather than nb.^oluff* localization, of colligation t,f remote functional 
areas, and of vicarious fimctioninp Cas d(ios Wundt). we find that, such an 
hypothesis, instead (jf m.aking against the possibility of transfrT, gives a clenr 
b^ia and reason for s\ich transfer. Imlecci. a rational hypothesis of cerebral 
localization suggests cooperation and transfer of the widest possible sort." 

The Mechanism of Thinking and Learning. Any adequate 
discussion of *Muental truininir/' ''transfer/' and the like, ju'esup- 
poses a tentative aiiirecinent as to tlu* tneaninir of certain ])syeli()- 
logical tei'ins such as 'Mearnini!:/* "ini*n^al functions/* ••eflicueney/' 
'improvement " ancl so on. For iletaih»'i and eoinpieliensivo defini- 
tions of these terms the readiT must be referred to authoritative 
scientiiie treatises on the psyeliohvuy of li'arnini:. Certain funda- 
mental explanations are. ho\vevi»r, I'-si'Mtial at this point. 

The brain, universally regarded as the organ of thinking, is now 
known to be an instrument of .<tuni*ndous complexity. This fact 

" ColvlOi S., Tho Li'arnini; Prorcss, pp. 211:, 2;i7. Macuiillan (*t>., UU7. 
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has recently boon stressed by Profe!?.<or (\ II. JiuUl in the following 
manner: 

^''horo is nothiim iiinn? (Mini|«lrx or more highly int(Kr!itod than human 
thinkiim. Tlmro is ntilhing num' orijrinnl in the world than human C(nuhin:i- 
tions of ichvis. ... In the ca.«o of man there lias apiuvirod as the ossi'ntial fact 
in his bodily {'(|uii»nuMt a larjrtT and morf hijrhly organized corebniin than 
that pos8essrd by any othiT {mimiil. In thi.s corcbnma sonsorv and motor 
imrnilsos unite in as^tuMativo eombinations. In vwry vornial human being 
t/trCrc U an Intirr wnrl'l nj itf^-n.'i nutt nf n'cnfjmlitim of t'nlnc,^, for which imwr 
icorld of raiinyml tlmu'/ht Uu rc U no caindt rjxirt in the toorld atiutivd by the 
physiriJit or in life hflaw the hnmnn h vf L . . . lie uses a eorebnnu in which 
the asisoeiativo prorr.^srs, wliich (Munhiru^ and roromhino nervous iniinUse.s are 
the typical and jiignificant farts in his lifr*. . . . \Vr concvii^e of the irrwr 
jyrorrsscfi of rt manning a.-i rrtab'd to rMmrntr {iystvm,^ of organized tmrt.^ in 
the Cf'-rchrum dwilar to tho.^v involved in speech. It is throufrh tlio fimction- 
iuR of f^uch cerebral tracts that man has been able to achieve through mechan- 
ical invent i(^n and scij-ntitie thouuht the supreme place which he occupie:^ in 
thr> world. It is in the cerebrimi. ratlit*r than in th(» lower reflox and automatic 
centers, that the new combinations of sens<ir>' and motor impuls(»s have been 
worked out which ^ivr to man the degree of mastery of his environment which 
ho has thus far achieved." 

It is with the aid of this elabcirate cerebral equipment that all 
higher forms of kvxrninfr take place. But what is ^^learnin(f'} 
Without coinmittinj; ourselves in every detail to a "5>tinudus~re- 
sponsr'* psyehcjlD.iry of li'arnin.ii;. we may yet accept for our present 
purpose — in a innely provisional way — Professor Tborndike*^ well- 
kn(nvn definition: 

Lt timing i.< cnynn cting. and man is the great leunier primarily because he 
ftTOis so many mnnvrtinn-^. The j^rnces.ses described in the last two chapters. 
opi-ra^'ML' U) a ni.in oi avi*i-ii:e cai^icMty to li-arn. and uiid< r th'* ennditi()n> 
of moili-m eiNili/ed lifi*. xjnn chan^Tf tlu" man into a wundrifully ( labnratc 
and inirieati' .^ysitm nf aninrc/ ifiny. There are millions ni thi*m. Tlwy 
inchid'- cnnn>fti(»ns with swIjU' ilwiraet elements or a-]"'i'ts nr const it uenis 
ni* tIkuus and ev» ni>. as well ms with \\v: r.^nerete ihim:> and event*s tln-m- 
St Ivrs. . . . 

Any f)ne ihww: or eh uk »ii li;t> m my iliiYerent hm.tl, . . Of tlie eonu'-e- 
M'»n.-' to br >ti;.li. d in nian'> Ii arniuu au ent>rinons majosity iietriu and end with 
sMUii- state (»f affairs widiin tin- ni.in's <»\\u brain — an* bond.^ bfiwirn mu 

S'M' Thv S'lnn'r tln^ ir*/W./ 'tud 'if Mat'. U. II. Newman. Ivlttnr. iMuiirh r 
XVII. ♦•Mliul in lOvnUiUnii,- 027 fT. VnlviTsity f»f ChicuK'o I^rss. IICO. 

•'The tw*st ili-i'TrainiMj rtef'ut uttetnjit to il»--^'Tili«- th»' pr'HM»s<i'H iif tliinkitju in 
Ui" liulit iii»»il»rn n»Mtr«t|.tu'i''al r«'^»-!ir«-h is rri>r>*>'-nti*«l t'.v tin' foUnwlair thp«»e 
vi>h;nuw written by Prot'essitr (\ J. H'Tri«-k : An Intrmlnrti'^n tn SrnrnbiU}', W. H. 
Sa;jii«liT>i (;t»mi>;uiy. lic^ : HrninH nf Rnt^ nn'l Mm, Taiversity oi' I'ljii-Jik'u l*ri*ss, 
l'.C»>; The l^hinkiny Mach'nv, irtu^-»-rsiiy of Cliieajjo I^ross lO::'.). 
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//n /i/.// Jfir! fuhl auuiltr. Tin* lauv wlu n-hy tli( .<»- ('{Jinii»cti(ms arc made am 
.-itrnjiirajit for i-.hu'niioii ;iinl all utti< r brani*lir< of human onkriurcrinp. Lrarii- 
chij M* ruitu* ri'if/: aii'i r.- u-ljiuir is nrrani:i in« nt tn siiuati«iu.< which will loud 
lo d»*siral/lr bni; l> aiul luakr tlu-ia sal isfyinu.*'* 

Mental Functions and Related Terms. In the lisht of the 
hroail tirliiiii inn uf **lc'arniiii;'* siiLr.irostcd ahovi- we may now turn 
to irlate'l psychologicii! tenns which aro of importance in a scien- 
tilic sMi.Iy of th(.^ problom of transfer i)f trainiii.u. 

Mnifiil Funrfion.s. "Let us use the term nuntal function for 
atiy i::it)Up of couneft ic)ni>, or for any feature (jf any ^I'^ui) of con- 
ned ii>ns. or for iiy soirnicnt or feature of behavior, which any 
eonipett-ni siuii* ,t has chusi*!! or may in thi» future ehonse to .stuily, 
a< a part of • .e total which we call a man s intellect, character, 
skill, ami ti .ii)i'rament. By so catholic a drlinition wc r^hall have 
a c()nv(»ni» .it ti'rm lo mean (uiy IrarndliU' tliimj in mafi^ the i^sychol- 
ogy (U* whose loaruinj: anybody lias investii^ated. . . . Mental func- 
tions may be *wiilc' or 'narrow'. ... A mental function may in- 
volve siii<i;le set, or a series of sets, of bonds --may be *sliort' or 
'lonii**. ... A mental function may r(datt» primarily to the form 
tu* what is done, or to the ctjnteni in comu-ction with which S(jnie- 
thin.i!: is <ione. ... A mental function may consist primarily in an 
aitiiudi' or primarily in an ability.'*^' 

IntiUiijiUCf, "The term '(jtntml inttUiijencc' should be })ro- 
vlsionally accepted as connoting; the most important function of 
mind, —namely the ability to control behavior in the light of ex- 
perience." 

Kfficif f'.ry, A\e may say that ''Ihc cfHcitrtnj of a mcntdl fane- 
(li)h is the sttitus of that function at any i!;iven time with rt-f^ard 
to its (piantity tin<l (lUality. For example, a pupil can get sums 
of four four-place numlu'i-s to-day at thf rate of 2 per minute and 
Oo pcrci-nt of his sums are accurate. 'Two per minute' is the qwin- 
tify; *()5 percent accurate' is the 'iKulffy,'^ 

htiprovtmcnt or DcicrioratiDtu ''hhprufK-mrnt of a mental 
function is an increase in its ciuantity. its (piality, or iiicrcase in 
both. For example, the pupil refcrreil to al.»ove, aft<*r a week s 
practice, had the following efliciency: :\ por minute and 75 percent 
accurate. The change was '1 per minute' and '10 percent accu- 

/•../. iV. 

Im'Im'1i\v. W. ('., Dt'tmnininiii in L'-lm^'ili'in , \t. l.*>7. W.h um I, a:iil Yurk, liC*.**. 
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nito\ Both coiiHtitutc iinprovoment. Likewise, deterioration is a 
tlrcrcusc in ciuuntity. (luiility, or both. Suppose that the pupil's 
dlicieiicy ufter ))riictice iitid been '1.8 per minute* and 40 percent 
accurate'. Then the h)s.< wouhl liave been '0.2 per minute' and '25 
percent accurate*. Thes^c two losj»es would constitute) detcriora- 

Definition of '•Transfer/* Let AB, in the diagram, represent a 
pupils e(iuipnient. say in niathenuitics, ut the bo<;iniiing of a certain 
period, while BC is his improveifient in that subject after a period 
of nmch drill. Also, let XY represent a collection of other mental 

A ?_ ^ 

X i i 

functions, while YZ is the supposed imiu-ovenient in AT dur to the 
impnv't mrnt BC in AB. This improvement YZ is the real or al- 
leged ^'general mental training" resultinji; from the activities whidi 
caused the improvement in ABr^ 

Transfer of training may therefore be defined as '*thr injluoicc 
which nn improirmrnt or cfiange in one mental function fuis xipon 
otlur mt ntnl functions,'' 

The relation of BC and YZ in the diagram above, formerly a 
matter of tloi!:uiatic assertion, is now seen to be a problem re((uiring 
careful invi^stigation. We must therefore turn to the evi(U»nce for or 
against •MranshT" which exjierinu'Utal psycludogy has accuunduted 
by the application of "scientilic" nu^tliotls. 

in. Tin-: l"i\iM;ui.MKNT.\h I N'VK.<Ti(;.vnuN ok Th.\n'sfkh 

Possible "Transfer'* Relations of Mental Functions. Supi)()se 
that .1 and B are two mental functions which are to be investigated 
with regiird to transfer, .1 being the function improved by training, 
-th( injhunrinij function,'' while B is the untrained function, the 
-'function, to In. Injl lu net fL'* We may then have the following pos- 
sible cases: 

(;ase I. Ini{)rovt'ment in A imiiroves B. 

Case 11. Deterioration in .1 weakens ii. 

- M.;iil. "p. l it., p. *M. 
" Ibid , l>p. lili-ua. 
Thi>rtia:ke. op. cit,, p. 259. 
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Case III. Im])roveniont in .1 weakens B. 
Case IV. Deterioration in A imjiroves ii. 
Case V. Either improvement or deterioration in A is of no 
influence on B.^^ 

These relations may be vsummarized by a diagram such as the 
following: 





I 


II 


III 


IV 


V 


A 


+ 




+ 




■±_ 


B 








+ 


0 



The literature of experimental psycholoptj- abounds in illustra- 
tions of these various cases.^* We are mainly interested, however, 
in the question of the relation of improvement in one mental junc- 
tion to an increased efficiency of other function.^, Tliat is. Case 
I is the primary object of our discussion. We shall therefore pro- 
ceed to examine the technique by means of which an imjirovement 
in a certain function ^4 and its resulting relation to a second func- 
tion B may be investigated. 

Method of Investigation. The typical procedure now followed 
in the e.xperiniental detennination of transfer involves the existence 
of two groups of **subjects/' say high scliool l)Ui)ils, which must 
be as nearly as jK)ssible of e(}ual ability. The selection of tliese 
groups is based on careful preliminary intelligence tests. (Irouj) I 
is called the **practice'' group, while (h*(jup II is the ''contror* 
group. Both groups ;ut then given an initial test in the abilities to 
be invest i<j:atejl, say in A ami li, thus determining their respective 
"base lines" in these abilities. Then Group I is given special prac- 
tice in ability A, while (iroup II is not given such i)ractice. At. the 
en<l of tlic training period both groups are again tested in tlic same 
abilities. The scores of each group in these final ti»sts are noted. 
If Grouj) I scores a greater relative gain in B tlian Group II, all 
oilier things being ecjual, this superiority may be attributed to tlie 
special training enjoyed by Group I. 

The necessity ui a ''control" group was not realized in the earli- 
est experiment's. It is now seen to be of crucial importance, as the 
following statement sugge.st^s: 

Sim' Mi'ilii. i)f), rit., IHJ. UT ff. 
*• Thu.s, for .'i UisiMis'Hiou nt twyntirr trunsfrr, siv Jmhi, i.\ U.. PauchoUfify of 
Srt'ontiary Hdut-ntmnt p. 4iiO. (ilnii ami Oa., lUliT. 
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fiJupj)0?<e iIuTu WW U'ti ujipccts ul iiicniory, Mtul \\r wi.sli m harn wlu iluT 
tramiujf in ii^^apcL't NuiuIht 5 will inipnjvr all tin.' oiln-r niiu* :i<pt ts. \Vi! take 
a proup of }H»o|«h» a^ti nioasure all 10 a^tju'cts t»f niMimrv; \vc iln n traiii ih(» 
group ill aspect. Niuiibor 5 until iht vv is ^ivat. im^rovi nH-nt aJul th» ii nu asum 
again iu th»' oihi r nino a.^pectiJ. Sui«pu.<i' wc tlml tint thm- inipr«»\ Pint-nt 
ill all thi- utlu r iiinu aspocU; \vc caunnt sjy thnt it i.-N dm; to tlii» pr.irticc in 
Nuuibrr o, 1)1 (MUSI', fur all we knnw to tlu» cunirary, tin- irroup nii>;lit havi! 
madt* this iniprovi'UaMit irltlmnt tlu* i»rac'tiiM«. It may Im* thai if wi? \i\\'v. tho 
\i n ti'>ts and th»'n wait a l» \v wi i ks Mud ^'ivi ti-n similar tt'Sts ji^ain, tlji-n- \vill 
bu cMiisidiTaljlr inii'nnaiiMiit . In f.ict. mhIi is usually tlif lw^v, \Vi- must, 
tlnavforr, in an cxfJi'iiui' nt nf tlii< kiial, lakr Iwo >rrnups anil uivi- t»ni- gn)U)> 
tli»» udtial and llual tists and uivi flu- utln-r unaip ih" sann- initial and llnal 
U stH iUul tlu* t^ih ruil prurt't'f hi si'fi v. Tli'-n. \shati vi-r din't n iin s in tin* linal 
tests an* nut ollu I'wiM- accuuntt-d fur. niav !«• i*i)ii>id» i'» d to bi* due to xim 
practii'i' * 

DeHatable Assumptions Underlying the Technique of Mental 
Tests. TIk' invt'Stigutiou id' iransfi-r by lueuns of nu-ntal tests of 
the usual typi' is: subject to I't'naiM iiiherent weaknesses. It is only 
too trui\ as In.iilis reuiindecl us. tbai "the seicnee of e\i)erinionial 
psyrholii.uy. in spitu oi its r.apid and prouusini: development within 
leca'iil years. i< still in its infauey, Houch' liie icuils whiidi cxperi- 
nieiilal peonL-n-y uiu-t i'lnpioy are as yet- of the <au>lest." In 
partii'ular, oni* may have si'rious niisj^ivinus a> to a puiely (jiufhti- 
fafirf evaluation of uauital plieiiomeua. With evid»'ni disre^ani 
of a«!;e-old philusophie speeulations and tliirnailt ies, jn'oniincmt ex- 
ponents of the lueasurenient uioveuK'nt iu caiueatum do not iK'sitate 
to projiose ''thfses'* sm*b as the following: 

L "W'liatcvur exists at all, exists in some amount/' {Thoni- 
dike) 

2. "Anythiuj: that exists in auioiuit ean bo measured.'* 

3. "Mcasuri'Uieut in eclucation is iu i^eiu'ral the same as Uii'as- 
urement in the physieal seiences. ' 

Ret'ently Thorndik'' and his ia)lle;mues of the Institute of Ivlu- 
eatinnal Ui^eareh of Tiaidau's Colh'^e. Columbia TniNersity. is>ue(l 
au exten>ive repoit ou *J'l>i M> n-^'iri nit h( of I n(( i' [j' nrt , iu which 
t his (pi.antitat i\'e iloetriue is reas>ei'ti'd with *;reat coniiiiema'. Thus. 
Chapter W* (ajm.ain.- th»* inlluwimr >iii*uilii-aiii p:i.--aL:i's: 

••Mt:u'lM. A. /'/wiM/i'- ■•/ >• •••"I'/'U'.v /'.'lif'if i*-n, \k t'>'N. U" f^li'«'fi Mailia 
•s.*' Mi i'iiiJ. ^V. A.. //•• / l/i in /.•/ /•••i/i''>i, i*liai«' r 1. 'rii.« .M;i' iinH.iii 
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TliP >i.inil.inl i.iiImmIi'X i.f tht* >'//V»/it wiluri of iultlltct has bt on that 
it is iliviiloil rathir .-har|ly n / Itulf, m, rnnni cluiu-jnnn'Wj ar the 
ii ytf-',{('im (ij ///•«.< >..< iiiitthntititni nud .-ijit ,1 hnbtt.^ of 

tkinki'mj: nud n AA/A, /• It.dj rl iini* u ri:' d /)■/ fih<trart'tf}i. nt }n ral'cutuin. the 
jh^rt'i ptitni fiH'! n.^- tij r^hilnn i ,ind tin' :^r\i riHui nud mulnd of hnhli>! in 
injirmrc or r* n.^uuiinj, dhd nhd-? i to mantuji- utn^ii or orlijimil Thi" 
orthodox virw oi its <lt i-|'.T n itiir.*. so i.-u* Jis this has h cmmvi <! :U!rntinn. h*is 
bf'm that thr nu n* miui' t-liun <m' M^sneiaf iun of idi-is tlt j M inis wymx tho 
I»hysiohj^icai nu-rhanisni \\h» r. hv a in r\ j* siiiniilus is coiuIucIimI to ami cxi'itrs 
action in nrurunts A. H. (\ r:ith»r than any others, huf that, thr hiuhrr pi'oo- 
essi'8 drpond upon si.ni'Mhin>r quiti' ditTon-nf. Thrn- wtaild littl.' aurcfmont 
a.s to what, this siuni-thinu w.is. in.lt rd little t-durt to tliink i»r iniaKine what it 
couM ho, but thcro woul.l hv imu'h ewnlitlt-iKH- that, it was hut the nuThanisni 
of habit fomiation. 

The hypathc.m wlu'rli uy //r. m?,/ mid .<h<dl drfi nd titlmits thr d/.-^tlttrtitDi 
in respect nj .s^urfm^r })t harmr. Jmt ti.-sf rt.< thnt in tin ir di , pt r ufituri thr hiijhrr 
/orw.N^ of intcltf ctu/il op' rni}>ni art idt niir'd with nu rt fi.^.<(in4itl(iH nr ca^n^ 
fifclitm fornnn,y, d'-jivutUnij upm, thr .<fnnr ,<,irt nj phyxinhurirnl rt^nut ''tion.< 
UkI rrfpuring many rnttrr of ih^ni. Hy the .sun.' aixnnirnt the person whnso 
inteUeot. is uroater or hiirlier k)V b'*rt, r th.ii^, that of anuther person di;Ter< frnni 
him in the last analysis in h ivinu'. n«^t a I '-w sun uf phy-^i(iii)>jieal ] rni*r>s. bnt 
.v/m///v a hir^j, r vimoi • uf m*! in r' ■'t}ty ,'Ar ttrdomfj i^url, , , , 

The ( sM-ntial elrnn nt tif our hy;'«'ih'>i< i< that it oilers a punh/ 'junntita- 
tm f'irf, thi* nunibi-r n\ c\ f conn- et inn* ]. as tlin c iiim* of rpjaliiat ive dilTer- 
enej-s I iih'-r in thr kind <»! «ipjrit!un a.*-« uaatinn v^rsns r'-i.-ininiri nr in 
the tpiahty of thf re^ih nbi un- d tnitli vi'r>Uft error. wi>.luin versus fully), 
.<t) f:ir as tliest' qualitative rliff-T' m'.-s are caused by oritrinal naiin'r. . . . We 
.-hall not dix'uss p neral atvini' n's pro and onn in ihis n port. but w ill .-imply 
notr that both tlio pliyln-r' ny ai;d tlu- tintMt:-*iiy ni infrlK-et <ri m in us tt) 
show .^t trriiitn, fiKJihf.y.^, nh^trti'^'int:^ N» ri/'»*j//''*./?/. ariii rtn.<nn!ntj ctiyniftfj i;.^ 
a il'rt f'f ritft't, (f,i4 iin nf it.'^r^n.-, //» /.';. m/nthrr nj rnuh* ctlnrt.< ; and th it what 
litth' is knf)wn >>f ih' >! ii-i- Mm ur >ne.> in \\-r\' dull individu ds is in 
h:u*in«ti,y widi lie- tpiiiii iNi :\ :l..i.;y* 

W'ilijdilt CDtaUii'MMJiu M:*::.»r tl-i- pnit:! un tin.* basie pidio- 
stipbie t{Ue>ii(}us rai>ed bv >u«-i: a piirely nu-(di:uu>tii' nrient.ai icui.-"' 

^*ia..»p;,.i:kp. V,. I... Tf ' U. ■• ■/■./. »./ ,.f l,.i. 'ti,j, ,.,'r, CluU'OT XV. a- 
« *il iitiliiii I'lj i \ I r ?.\ . '*«!:■. 

••'Si..-, f-.r ■•\:itii)'(". .Nf-I •■• J J 1 1; ■■ I ■ ■ !i ;fi.il\ i< il;*' i|a.'n*r»l l-'twiiu il.i- 'imn 
tnlUts" ntul th»« *an«n'hariist <.* ia J.i- I'l ii*k riiiv.-r-i:;,- 1<m t:jpi s i-m ■■.M.-ii f-r H-ilnity,** 
|i-il'l;-h-«i in .J /..///. y /•. ■ j.p. L'T.: .ai.*! i l.n :. I siu/ r-tiy. P.CJ. I'lu. 

••p.M'n U" Mm- V.iitli It:-- i:.- • 1 1 :ni i - ' v . P- \\ ■ 1 1 jr-..n"P-'l ali'l JUnI :••.•»!. f-Vi-il il* W 
\::\\\ >i«iM" i in|«-«->iljli'. ^I'lijj -'ij" t'M.n .r.il. ;i -".imii-.- ili:>. il sijU In- iimri* 

|ir..-»Ml.l«- tii.w ■A\^^\ I'l.r a l-n.^' (•■ f.-ii."» III u: ' ■] \\,*' II, i • 1 i f .1 1 . ■■ t . Til-- irnlv 

piiri-«<i vi\ iiiiiTprMtntiiH) iT IhIi.m \ i..r . /'/)■ nrr ■"•'/. v-nj fiir froffi i//iy ii-h'juntr 
i,.,;f,i{ I. ii'ill f"/' >;,/'«/>!/ (•/// . .jfjil Ui Impi' I., .invvi* r lnin mi--- ■ r.ii'nll^ U\ 

'•••ri' ir. ".i ■• f» ;m»l i.« »J;ipr-.\' ir iii-n{.(l.>- :ii:»'ri»i« «.i i . i«' t- rin:I.i''- l.iws 
• J»i'ha\«.«r in •,n-ui:i]i^\ ii pni . }♦■■-• i-'"irij iln- i rn n • i.i • ..i tli* in nit<' t>iiii^ fT 
!n»'"l.;Ui.-in aiitil t; i.i- Ij j II I 'Titr'-tiO inn iii.iN" 1m- a ini.sMliiiii y ami awl 
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let us turn to a brief survey of the literature deiiliug with the ex- 
perimental ch^t-i^nuination of transfer. 

Experimental Studies of Transfer. P^ven a brief sketch of the 
principal experimental studies of transfer would completely trans- 
cend the scojie of this monograph. Besides, such sununaries are 
now readily available. Thus the Report of the Xational Commit" 
tee on Mathematical licqiaremerits includes, in the form of supple- 
mentary ))laies {)rei)ured by Dr. Harold Rugj? and Miss Vevia Blair, 
a synoptic review of the '^exjierimental literature of mental disei- 
pline." to aeeompany Chapter IX of the Reiiort, on **The Present 
Status of Disciplinary Values in Kdueation." Plate I presents an 
outline of him i>twli(\^ (Iraliny with mcwonj, bej^inning with the 
classical exi)eriment of William James (1891)), and ending with 
Sleights well-known investigation ll911). Plate U eiiitoniizes 
ten studies dealing irith sensory and perceptiud data, all issued 
between 1901 and 1914. Plate III refers to fourteen ^^tiidies dealing 
mth associative-motor fuibita and >^peciaL school activitie^^ re- 
jidrted betweeii 1897 and 1920. Plate 1\' .^ununarizes ten invest i- 
gationJi into the relations of various fields of intcllecfiial activities, 
as reported between 1901 and 1920. With the aid of the references 
given in the Report the reader may ])ersonally acquaint him.<elf 
with the exact details of each of these investigations, lirief ac- 
counts of numy of these stutlies may also he found in the recent 
treatises on experimental psychology.^" 

Since the publication of these studies some very extensive inves- 
tigations of special intertfst to hitrh si^lmol tc^achers have been car- 
ried on. The monumental Classical ln\*estigation. sjionsoretl by 
the American Classical League, teste<l the valiility of certain aims 

iu«*r»*ly a iiiislriirHtii^ [ipi-h*!i^»». ns nt ]»ri -«'mI it is. . . . U iiny rluit Mn' \m\\\ ft 
tht' rniM'liaiiist Is Hlt<»iri»UiiT ill lui^i'il unrl Ulus')P.v. To all Jiviwiirjuii n tin* IttV 
ppiK'ossi's rif living tliliiK'H UP'' i'>uiclaiii»'Mtally clifTc-piMii fpoiii iiiop^ratiii* priM-rssfs : 
ninl \V(» havr tu* «ii:tPaMU''\ no atl'^^iuatf^ Krniiiiil t*«ir hi'lii»vinLr. Miat tlii:< ai'p''iiraiH«* 
is lllusupy. Aiul. if wi* uinTitiraUy aclt»j)i tliis miM»haiiNfi<* falMi. ami iiiifhT irs In 
IliuMir't* »'lal>i)Pnl»' a pii-tun* of flu* wciPltl in ruiM-liaiiist ii- tiTiiis, wi' iiirvitaMy appivi* 
at ail aliHUPil iiositli>ii. ax tin* histury ol Llnmclit abiiiidatilly sh«»W'< : \vr ihul \vi* 
Ijavi* rpivitiMl a pictiip** (il* th»^ worM which loavi-s out of tin* j»i'»tapi* futiPi'Iy Mint 
luviital jiptH'pss, that ptjpjioslvi^ stPlvin^j. that i*p<»ativi» ai»tivlty. which ha.< pro<liifiMl 
llii» pii'tiipo; <.iir coMsci.ius Htpivinjr to (*onstPUt;t thi» pictiiPM. iwir (.•«>ii»'i-ioMs apprcia 
th>!i atitl iincl''rst:i!nli!i>: of It whc»fi c»onst Piicr««il. pcnjai!! c)iitsiih* U souirthinu 
whnsc polatioii to tUo pitMure Is ciitipoly uuintl•Ili^ril'h^ And so \v«« hav»» lo siupt 
nil i)V*»r ajraiii. ami stpive to *n»inouhl it lu-anT to tin* hrari's <h*si**.-.* Iht* ilv.^irv i'> 
undrratnnd man'a place in the univerHe.'* (Op. rif.. p. Ji03.) 

S«H». ft^r i«xample» St.iPc»h. D.. Kdnentional Ptyt^holoou* PP I'.iJi -H. >tH<-!iilIla!i 
Co.. VyU\ op. cit., pp. Iil7 1i2!); fiatcs, .\. L, P:<ycfii>i'itjy for iitHdentA nf 

Hdueatinn. pp. 255-264, Macmlllan Co,» 1925. 
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or objectives in the toadiins of Latin, witli particuhir reference to 
transfer elTects in the field of Knjiilish. Thousands i)f pupils were 
tested and noteworthy eonchisions wore obtained.^^ At about the 
same time an extensive study of **Mental Discipline in Hi^h School 
Subjects'* was conducted by l^N)tVssor I^. L. Tliorndike. His rei)ort 
was pubHsliOfl in tlie Jourtud of Educational Psychology, Vol. XV 
(1924). Over (M^^ht thc)usan<l pupils were involved in the tests. 
Significant findinjis irsulted.-^-^ More recently, a sinnlar study was 
undertaken by tlie Institute of Kducational Heseandi of Teachers 
('oll(»}i;e. Cohunbia Tnivi^rsity. with the participation of Professor 
Thorndike, which took into jiccount the earlier inve.sti^^atious and 
fstablished important relationshijis het.ween individual hi^^h s<'hool 
subjects, or groups of subjects. 

A review of these in\'esti<^ations impresses one with the {gradual 
extension of the nuu'hinery which ai)i)cars to be necessary to arrive 
at worth-while conidusions. Tlu» later siudics involv^Ml thousands 
of children, required an expensive research ortj;anization, and de- 
j)ended on the application of hiirhly tiu'luncal statistical devices. 
Only tlie future can determine whether a further extension of such 
intricite methods is feasible or si^niticant. 

Evaluation of the Experimental Investigations, A sumnuiry 
of significant inferences wlii(di may he drawn from the results of 
all but the most receni of these studies is gi\-en in Chai)ter IX of 
the Report of thr \ational Committee on Mathematical Ih'(iuir€- 
mvnts/^* These Inferences inv baseil on the replies of twenty-four 
psyelu)logists to whiuu a sjxMual (luestionnaire suggestecl by all the 
available experimental (hita h:id been submitted. We must limit 
ourselves to a list of the outstanding conclusions: 

1. The tn'i> rxtn'mv i^nr-v for and no'iiimt di.'iciplimry mlues jyrnclicaUi/ 
nu loiujrr f xis t . A s t he q .s* t lo jl no ic .-^ta n ds, rut t ra«w/r r of trt lining, thr 
psycholo^i^^tH qiLaicd hire rJyyxo t iinnnimfni^'ily n^/ree that trnu.^'frr doe.^ exi^t. 

2. A hirgo majority agree that there is a poss*ibiliiy of ne?gative transfer, 
and of zoro trunsftT, caiLSod by intt- rffn-nct- otTects. 

3. Vor>' few if any exporiinrnt.s h:ive shi)\vn the full amount of trttn.sfrr 
l>etwoen the fields chosen for investigation. 

Sfv GiMjoral Koport, Part I» of Tht ClaA.^irai I nrvstiaution, pp. 38 54. I'rirn^'tnri 
TriiMTsity rr»»MH. l'.>21. 

.\ suriirniiry cvf tins ri*i>npt in:iy iilsn In* fouiiil in h**''iilintjM in rilui'nf i'nntl 
Chtfloi/y, by Skiniii»r. (Just :\nil Skutui-r. »*i"''> '-."j*^. i> Appli'i.ni iiml Ti. . lirji;. 

"The* ri»siilts of this stml.v w i r«- *<iilitnif rnl in ih«» .f^mrnnl nt K'turnt inntii 
ch'>tnpu, Vni. x\"in. pp. :<77 tMt. .s».pii'iijiM-r. r.C7. 

K«vr All uhstract nf thix i-ha;.ii-r Skiiun'r. (iA^x an»l Skiarwr. o; . t^it.. pji. ri.">s 
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4. The amount of transfer in any ca^tc tclwrc traw'ifcr is admitted at all, 
is very largely dependent upon mcthod.< of tLachhtfj, This i^ jyrubably the 
stroyigeftt 7iote struck by the psych(d't}(;iii(s in tht Ir corn men ts, 

5. A majority of the p^ychologisls iyoi^in \o bi'lirvi! that, with c<-rtnin 
rrstrictions, transfer of training is a valid aim in teaching, 

6. Transfer w most evident with rcspf^ct to general eh rnenls-^ideiu^', atti-- 
tudes, and ideals. These act in many instances as the curriers in transfer. 
Often they form the comvion element so getuiraUy held to be the sine qm 
nwi of transfer.** 

The Keport then su}>mits in detail the personal replies of these 
twenty-four psyehologi^ts, in alphahetic order, thus giving an inter- 
esting symposium on the present status of the nv*ntul diseii)line 
controversy. After u perusal of these opinions, it is no longer pos- 
sible to justify the careless assertion that "mental discipline is a 
myth." This inii)ression could be greatly strengthened by other 
significant (juotations from current edueational literature. We 
must limit ourselves to a few striking passages which may servo 
to dispel any latent doubts that may have remained in the minds 
of critical readers. 

The fact of transfer cannot be doubted* The factors involved in such 
transfer, the. extent to which transfer can take place unclcr any given set of 
conditions, and the best nn*thod.< uf st 'curing such transfer will long doubtless 
remain questions for invest ij<:it ion and discussion. 

The *'discii)Iir.Hr>''* function of systematic educ^ition is probably fur more 
significant than is usually ^rranleil by the curn-nt interprctation.s uf the experi- 
ments in "transfer of tminini?." While it would be most unfortunate to go 
back to the naive conception of formal di.-cipline that prevaih il in the p:ust, 
it would be the part of wisdom to go fonvard to a new conceptiuu which 
would aim to correct the unquestionable we:»knessr.N, not to say, llabbints^ 
of the position taken on this important issue by cunttiuporary educational 
thoor>- " 

Xo one can doubt that all of thn ordinarv* forms of home or school training 
have some influence upon mental trait^J in addition to thi* sprcific chan^t-s 
which they make in tlie particular function the imprcjvrniMit tjf which is tht:ir 
ilirect object. . . . The real question is not. "Dms iniprovnu. nl of one function 
alter others?" but **Tu what cxti-nt, and how, dot s it?"** 

ripeeiul emphasis may be laid on the fact that thi.rc w no out leho dtnits 
tluxt some hiytd uf transfer takes pUiee. TIk* n*;d questions at i.-vsue are what is 
tho degree of transfer and what is itvs method?* 

" A'r/jorr the Sntiontit fmnmittee t/n Mnthrtnttt iral h'r'iuirements, pp. iiTi 'jti. 
*«(N>lvln. S. S.. The Lrarning />rorrrf.v. p. MutUiiiUan Co.. HUT. 

op. rif., p. l«0. 

TliorntHko, K. L.. The l^nyt^hnUigy uf Le'irnint), i>. .'{.'iS. T»mt*ln*rs 
C'uliunlilA trnlvrrslt.v. UU4. 

••Judil. (.\ Hm PaychoitMjy of lliyh Srh'^nl Suhjrrts, p. tot. (iinn anJ (U. 1H15. 
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The Extent of Transfer. The oarliost tnmsfcr experiments, be- 
en use of ol)vi(nis imperfections in the teehnique adopted, often 
yielded ronf radictcu'v and ncm-conchisive results. Generally s]-)eak- 
inix. evidence in favor of a liberal amount, of positi\o transfer 
wjis not uniformly reasj^urinp;. The Classical Investigation made 
out a nuieh mcu^e favorable ea?e, thoua;!! only in two very closely 
related llvhU of work. En{i;liph and Latin. Thorndike's most recent 
studirs. whJch are mentioned above, again ^^tress the relativvly 
meai;(»r amrunt of measurable transfer resulting from a study of thr 
(Mistnnia!'yyhi<j:h school subjects. Thus Tliorndike finds that "one 
years study in either alpebra or geometry a.'? 7ww orgaiii^rd does 
inerease one's ability to think, by a .wiall degree.'* He attributes 
the apinirent superiority of Latin and mathematics to the fact that 
evidently the f^ood students elect these subjects. '*\V}ien the good 
thinkers studi^^l Greek and Latin, these studies seemed to make 
pood thinking." Hence, Thorndike believes that ''after positive 
correlation of gain with initial ability is allowed for. the balance 
in favor of any study is certainly not large. Disciplinary values 
may be real and doser\'(^ weight in the curriculum, but the weights 
should be reasf)nable." "^'^ 

We shall see below that there are excellent reasons why school 
subjects "(iM }n)ir organized" should leatl to such a *^small rlegree** 
of transfrr. \\ v do not secure transfer U7}lfss train for tr(insf(r. 
In the metintimi\ the conclusions rc;iclied by ?^tarch as to the <'X- 
tent of transfer, though datinsr back to 1919. are still sufiiciently 
typical to warrant a restatement: 

1. Pnctic'illy every invcstijratiun shows thnt improvcmont in one mental 
or neural function is ;iccompaniod by n ^rnat^r or less amount of modification 
in nthor functions. 

2. This inodificaticm is in most instance.*' .i jwitive transfer, that i.^, an 
/nj/iror* w/. Xrf/afn'r transfer, th it i^. lns*» of efFiciency in other func- 
tion?^, or interference, h/is hern rrporhd ]Yrinr^paUy atK</ng scnsrm^vioi or 

3. Th*^ amount of imi^rovement in the e^ipacity trained is probably nev»»r 
accompanii'ti by an erju.-jl anmimt improvement in other cai^acities. Nvith 
the pf>s<ible exception of a few isolatiMi invtanecs who^e actuality nuiy be 
qu»*^Unn« tl. 

A< a i:'n' r;il t stiniate. on the ln>iis of cxperim«-ntal wnrk iIouj' thus far» 
th»- :tni'iuMt of ir iiisffTi nco b< twc^ n th'» lAtremes of lOOCf ami OCr <jf transfer 
lioj^ n» an r t') thf z^to end and is jrrahnhly in the n4:ighht)rhtuid t^f 2f'^/c to Hn^c 

Th.ir: .Ilk.', i: I/.. '•.\f»»TirMl T)I<'M[Oin»^ In Uich S«'h«»-) St J'.urtnil t,f 
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of tratuifi'T to cloavly allied fund ions and from that pciint on down to 0% 
K)i tnvnsfiTonce to nioro unlike functiona. 

4. In tho fourth place, the improw'^ment Apfcnd to other functwM dtmtn- 
uh*'!i xu-ry Ta}ndly in amoMnt as ihe^c other /unr^unw become more and more 
xpilike the furirtion spedficiMy trained* This diminution occurs at a aur* 
prisinKly rapid rate.** 

Xcnv, e\pn if the actual, ynenmrahlc transfer effect arisiu}! from 
the tniinint!! of any ment^il function should consistently turn out 
to 1)0 sniiill. it would still be noccssaiy to guard ajiainst the error 
of un(hMvstiniatin^ the of that snuiU anioinit. This iinjiortant 
fact is granti'il without hesitation l)y Professor Thcnuuhke. To 
(juotc: 

It x\\\\<[. he renuinbrrfd th.it ;i vrry .<ui:ill spread of traininK may be of 
ver>* >:n-at tMiucatir^'.^-il vahn- if it iWtt ntN uvrr a wide enouRh field. If a 
hundred hours of tniinint in hriia: seiriitific ubout. ehemi.str>' produced only 
(>ne-hunc|redrh as uuieh iniprovfnu'Ut in heinj? scientific about all aorta of 
fact.s it would yet l>c a ver>- reniuntTative tMlucational force. If a gain of 
tifty percent in ju.'^lice toward cla.^isniates in .school affairs increaised the general 
cquitabh^nesH of a hoy'd behavior only oin'-tcnth of ono percent, this di-scipli* 
nary effect would still pcrhap.s be wt;rth more than the specific habits.*" 

We nuiy symbolize this view in a very simjjle manner. Suppose 
(hat t denotes the hypothetical extent of tninsfrr of a UK^ntal func- 
tion. Let Ui, Oo, a^, an. denote the nuni})er of potential o])i)orttmities 
of applying t in various fields. Then the total transfer cfTeet of t 
nuiy be indicated by the formula 

T:=:t {ax+(h+a,-r -f 

Thus it appcarr that unless t is nei:ati\*(» or zt-ni. the value of T 
may })e very eonsidor.al^le. ThcvSO preliminary eousiderations will 
as<ume i^rt-ater sij^nilit^anee in the lij^ht ot .our subsequent dis- 
eu>si(Mi. 

Critical Evaluation of Current Experimental Procedures, 

Whatever oneV attitude niay l)e with referenct* to tlie jirc^sent find- 
ini:"s of I'Xperimental psycholotry on tlu* existence or the extent of 
transfer, it is impos.^^ihlc to deny or to overlook the obvious flaws 
in the pre\*;ulin^ experimenial teehnifjues and in the interpretation 
of alleged re^sults. 

But viT>* fi'W expi-rinn nts have Ih-.-ii di.n** with sut!iei?-nt thurouKhnejw and 
ru»» nti():i to ^cii-nfirH* dftiul to nuTit tip- nspiTt of an impartial investigator, 
one reud< tin* i'X]»erin)fntal litiratiiiv, t^m? .seldom feelrf, with reference 
•■ stan-h. Of, fit . p. 212. 

" Tli'^rtiiUK*'. H'iu^tioncl Vnyrhfd'wy, }iri4\frr f'tursr. p. 
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to any oxpi rinjont, that it is fn a* \hi\i it 4;f*tllt\s that aspect of the question 
with whirh it doals. Tew t xperimenters have rej^oatcd thoir experiments 
Again and a^sain. to see if even- rosiilt confinnod ov(>rs* other. Too often 
the artiele reporting? the exj erinient><? is only a "]ireliminar>* report" One 
usually Kearehes the literature in vain to find a "full report" of the *'main 
Htudy." In more than one case, an ex]wimenter has leported his results and 
given his inferfucrs, while another psychologist would claim that different 
inferences were wan'anted from the residts Thorndike's inferences have been 
so questioii'Ml by Judd; Winch's, by Sleicht. If educational psychologit^ta 
are to ct»nnnanil the res]^rct oi :i scientific wnrld. tht\v must do their work 
with such th-»r(imrhnf<*< thu it will stand thf tests of repetition and criticism. 
Too often a class exr-.Tinn-nt that i>* scarcely wi>rth anything as a mere dmuon- 
stration is published as having scientific, value.*" 

The whnlf (juestiou i^f ttM'lini(iue is aldy summed up by Pro- 
fessor J. ^^^ a. ^*^.Mmr. in thr ftWlowint: interesting statements: 

The jwchi^loirir.al rrsraivhi's th:it have bf^en made ar valuable, but ;hey 
are aii yet iwrrr craJ- 1j» s on tln' -.urf.icr uf a field that needs to be mined deep. 
Ment^il act^'* at thi ir simph'st arc ci.n.phx. G(U)d psychologists would be the 
first to tell u< h'uv h'th* Ins yit \u-ru d'uie in the direction of reaching 
an ultimat • •maly-i.'^ nf tii»-.<i^ Ci.mph'xrs. or in *he direction of detemuning 
to what exi« nt thf {•.<ychie j nw. is .a wmk in ditTerent mental act,*? are the 
Siime. . . . Th'* r. sults rcaelnd by ps\(*holegj>t.>i working in the scientific spirit, 
when re<'ei\td .nid mti-vitreted in tlie .smn* spirit, can do only good. Rnt 
danger lies in thf^ accretions anil disti»t*tio is it the descriptions of thes<* 
rcsult.s undtruo whi'U handed dcnvn the line fn science to rh.etiiric, from 
first to truth h u.il. . . . The v.ar;i>us analyses ••i'^ si c'^ializeil and narrowly 
limited experiments that hnve been made with the statements just 

(pioti-d; in thr n\ath«*ni itiril or laboratory . i of the wo.d **]»rovt'd" 
n'Uhinir has biM^i proved me \\ay or tlie other on genenil quest i u^s likr that 
cited. Ff>r .<^.'e/{ r/?<e.s7/f:r*N* .^t'U mnM hv g^iidrd hy thr r*'>*ulf.< '\f tin* 
rrpt -'Vrif^ s- /?// titvni thr rrtifun* in thr CTtirtiyig lahnrato^y ni jyr»trt''ral lifr : 
hy r>t',^'ih{< nf jrracticnl e.r/v*n»vj<*e.«J like the f(dlowing by nn,-» of the ]»sy~ 
clu.ltim^ts of the h.-^t titi thi^ Report i.i the National Conimitt*** '^ i'Xi»fM*i«Mices 
that an- it h-a.-^t. is •^i^^nificant (to put it mihlly) as co\mtink: dot*- o- cp-^ssing 
njT /IS. \V. C Hai^liv *"is convinced that ?tudent,s who c. .ik^ ii*'o his cl-i.'^s 
in p^yehnlogy after completing thorough courst'^s in tlu' higher nuthcmatics 
do t.ir bett'T w.irk than t>i'\<*' who have not had this 'training.' S(mvthing 
h been carri'-d fu-er frcnn ono study to th'^ oth»\. It i^ c» rrainly not th»' 
h'-J'^'f <if .«tudy nor are the pnint,'< that mathematics and pj<ychology have in 
c«»mn;on suflicient to account for the difference.*'** 

We <h:ill t!oi tind it sMi'prisiUir. thrreUn-r. ti.at tbcM*e is :i iimrKed 
lit-lniLi* niimnii; eotiinetriit entice that tbo • i.'ire piii!n<ij]diy n\ nien- 

«M.».:fii: .1 NV. A. Thr i'liirhinif M'lttti >nri>'^, 'Mtt (t. I.MJ>;ni:ius, (Jrtt-ti 
ami Cx>.. UeJ4. 
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I'lKTII yi:ahu<u)k 



\:\\ \v<un[i is ill iircil Hi iniicli 'trrati'i cImi ilicatioir^ • :\\u\ (hat l!u^ 
\\'<{< tlirin>rl\i'S Iravr lu'U'h lu In- ui-siiTil. '['o ([iiolc; 

Uur u^:< :ft :il j-n >Mi» to? illy itnili niKit r for luakiiiir ih»' iuin>Mn*nu*ni < 
SMUirht I'l-i'. Furtlu niuifi . 1 'itn :\lwtihtt» ly sun* tint wwy mu-I ti >t is tnlally 

Tlf n liiili- IT' !ii r:tl ;iirn • tii I'U ilii< wiu-h- topii*. >till li'<>\ if otu* 
ij.t iii-^ l>y n'!h*«f«v tlif I •!':'• ri nf rl i-M''»(ini Wwi-k ia nay s\il\i» »'r ni'nn ml 
:il»:hty «•!* i fa rtiv.-m <s in :i!iy i-tlu-r n liTioii. All :\\ivro tluit Irihiis may 
l>i' riiii-'l .lail lint ii.jhy IkiIm-'s nii l>»- u.^mI in ihiTiTi»ni ronn- cMon- ; 
wli. tlj. u i'1'il-I v tMiM r» t<cn I'l-Mi r in i'ttlitii*s hrcaiisf hr h td \\:u\ ii tliijrnu>ih 
iri:iiini' in iiMth- f-T rvdiijli'. is n.«t ;.nu..l by nny a^'tud work nr 
iijra^ii;-. !;:• ii* ' t.if :is 1 ni.' f.iiuiliar with t1,«- lin r.itun**' 

Oiw I'l-t .. h< s -iri- i:i nl' itr not nnly in li ^iini: c^-ilu* h.il>il,< whifli 
nn-^ h \v\v i\, I'la al-.i ili' y •li> ii'-t in -my w iy -it : r« s.-nt {i <\ u'-iuT-il attituil***? 
tuwinU »•!.•'< \v..rk ur L:in-:*i! im thu-U »>f hiMtilaiL: inatprinl aiiil ff tliinkiiijx. 
It i>' i:i>' f»; iiiion ilnt ih- hinln r th.- iur.-l!i»jri »u*« i«t thr inili\-ii!«a il tin* nmn* 
i(^-<ih'lii\' it\ ir:n>:*"r. -ih-l Oi-- uu'Vr \\\\< irm-f-r will i ikr \ \\rr in \]\r n-ilm 
» -fi-.'/fl .i»M'5;.l, - ::..!li-«N. S: I'l .1 in H;. *li' i' Wiy. '/.i 

Til- « \' • T'l' - >1 :!' r!:in:' -1 ir« r-li'ivilx' im 5 il wlu-n ^'oni- 

* iVf-l \v!'li -l!'- f'-t' v\li'-'li I-:;;**: 1" 'l-N ;'i'.in» ■! 1»- f.«n- w. cjii «*wrr iu«m<- 
nr. iM- ■ :' 'l:-' T.!:--'-!* ■ '■' !*■ I'l i>f iin; r->\i 'i t ::'.i'i'in'\' lu ui** nt M-h.»nl 
-^''i.lit s «>r 'h- •■t*i*n; ;:;'•:;> i>!' h'.'.- . . . Tin' r- -iilt< nf j'x;-* riini n^al invrstiL'i- 
•:i : .-r- •■•iifi;^» I ■■ ■! : :'n**Mii: nian\' !*• niu in «iir»H-T <*.«nfli<*t. Takui 

t..^, I'. / r. ' ' • '..t, .;r-/*7// »'t //i, tjrfk'flf 

,,t /.*.. . 'T. ,•/ • /-r.-'t *» ./ 1./. //. ttr-tl nU'l't J. In aiMiM'in. faulty mrthc^tl.^ 

(•ni:l >' I ia i:;.niy f!-*. - i(«r*t' inv.iliilit. ih.- vi ^uhs »>bt.nn'-«l aa»l \\w con- 
riu- - : > 'IrrArs. . . . 1 'a; » v.iC' lr-\f il thit r\.ii wIp n- lran?=aT 

or v- p1 of in.; ri»\'''I • J'ii-ii iu*y \< foniiil. --^ • ^'j* r.;« /x nuiDin.it'.t* 

\\\\' i-aialii! ri a.lu'of ihr lit"rat^;:'r n:i ilio rxprriuu-atal invi'stj- 
•j::it:Mi. [if traii^fi-i* i< fniTi-'l to aijaiit tliat V>//'7'/* n:t t!it^'h\^' fl.t/s 

A.'^/ CnPt' '}:(''jn:hl .^iffli,! //.I f/ih -if't'}) «•)/ ///r (\vff)ff of 

vt, \or tl)i*y thfi^wn viM'v ihUrli liiilit. if any. ihr 

f. Ill oti.;* -A. \\r an* Stil! ill tisr pVi*' lifa llU'llt tii::t was felt 
*.N t''^* hr.:'i- iiM>rt* tiiaU tra yi\i{'- au'd. a< naiy lu->t lu- statr*! 

• . **. •'. . \ • -.t I'riti.;':.' I'l' M' iit.U i-":rt -i.-iif-' t<y TIm-mi «- .1. 
\i. I ; - ' • ' >. • V.»l \V. la' ''-aJ. .I 'm*. la:*'J 

• .1 : •. 1: V. • j;. i},.. /,*,;..?•.' 0/ t ' S'.tinH.ll / »/i i;. 7 N'/' ^. >' U'///.f*- 

•• . ...... p-:: 

• \\ \\ I* ■ ' ' . ' *- ii'l K. Sii'-tii:. p. 
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Wr luav ctniflijili' tli;it. ('\;'frinM'nt;(l i\ iilfn('i', whWr Miu'K»'sti\i' niitl 

n'l:ttivi-l\' liuli ta ilf!.'nuiiu» i iih<T incMl- or cxtrr .tf thr tran.'^tVr or 
spr.^nl (if iii^jroM-.I I {ri(»iuu\v. \Vr uw t hi n fore forrrd nack v»n ^hr fu'hl (jf 
p'lu r.il i ilui' in«»n il rl.tury tn :i con.-^i'IrraUlf rxtrni, HoNVi-vir unsitisf,n'tor\' 
tint II. -ly hi-, f.-r Mi" r nM ut \vi» mntint do ntlnnvi^o thm cnn^i'It r its ini]>Ii- 
oations. with thr Ih.im^ :iu.l I'aith th:tf 'tnprov \\u)'U oi I'Xju riiufutal 

l»syrholoj:y in iv >onu atTonl uuw sati^fai'to-y rviii» lu'r."* 

IV, PsVriiOl.OiUCAL TlIKOKIKS AS TO THK MuDK i>V TkaNSKKK 

The Range of Mental Functions. Much of tho iiiu'ortuinty 
and confusion of tliinkiiiir which is so apparent in tho htcrutun* 
on the trcuisftT o\ traiiiiiii: is unfioul)tedly causod hy our iirnoranco 
of the iHMinil uu'rhanisms which may W ^cL^'^^do(l as tho physical 
fouiuiatiou of mental phcnomeiui. In spite of some pro'jross in tlu^ 
ficlci of nouroloii-y. c\'on the most conimon of tliesc phen(Mn(»na. such 
as the operations of the memory, are largely shrouded in u'ystery. 
"We iln not know exactly tl'iC way in which this process of retaininii 
traces of past extiorii'uce goes on. S(Mne chanire in the niiiniti- 
moh'cular arranirement of ni;i've ('clls iindouhtedly occurs." *^ The 
extreme conij^lixity of even the "simplest" percepiuai responses 
sh(. dd l)e suliii'ii-nt warnimr airainst too narrow an interpretation 
vi any ftn-m of "sprcitic" traininir. A l)etter inni(»rstandinii' of the 
n;ental r(v<n:iw n;ay ii.iiced chariLie radically our entire conception 
of "spccilic" and "iri-ni'rar' trainiinr. These ca^nsiderations are of 
fundamental sii^nilic.ance when \ve f.ace the (piestion of (^xplaininu 
ho^r tran>:*er t.akes place. The hiei'archy of mental functions is 
so intricate that no thi-ory oi traii-frr will carry conviction which 
fails to ^ivc due atd-i-.tion \n its niany rannfications.^- At the risk 
of S(»nie rt-prtition. wo sha!! thrr*-:o!'e ii d it prolitrd^le to reh»\-ir>e 
this fact mure doiiniii-ly i»y fuSlowin-^ M^l )i;Mj:airs sjdendid i*x- 
p(^>:t ii- : : 

Th' r«' i< r,\ di«' >M'Mctcav ff any mind >■•:•.•.' thiMir tint tr»d'n-«s a-' tin* 
l ').- |'«-iiM i!:ty «.f tl.aikniv: of l a-h s; . h;- wlii. h r.oi h. 

r!i' t.w:h* .-f hy ihit mind. . . . PitIi o*^ thr h' <» t.rai \ y whifli t.i d* .-JMih.* 
i; i< i' i^'i^if'-'U : fnr it \< the which d:>i - ^r -Jlts d •■ lumd ti) 

flank ''r to » \.rci-r it.< f.i«'nl{it>. c«»v:iu: iv". a:V« fiv. . lad ftat\\i*. u*,-* n a 
(•■•:T' - ada^v: "hi-cr. . . All n:inds whirh wt l.tv-- aay k; • -'a !• dirt ^:.»v.-^. 
.-•a.' d:>| t'<ie. ii>. and the niind el i eery nuna d hwiaiii adnh ; ••^•-■•■n'-cs a \.i-t 
/' f . t. 

' «• n . ii. //.»• S'lfurr f/.t* Worhi wid U.|'». I'lmp'.r WW 

'■ K.-r« T.ai.'.- ii'.A^ a/a:!! l"- nuulo tv> tla» \v.«rk 1*in.;*«->mt i'. .1. ll -rr;. '.- S. 
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n\imbcr. Tl* * mind of a man is. in fact» a microcosm in which the world, 
in so far as tio can be sai<l to kntnv it. i:5 n^prescnted in detail, a disposition 
for over>' kind of objtvt and vwry kintl of relation of which he can think. 
If, for example, he can think of a hor.«e, or a cube, or heat, or joy, or the 
causal relation, it is in virtue of the existence in his mind of a dispoaition 
ctirreKponding to each of these objects. 

The many disToaititms of any mind do not merely exist side by side; 
rather they must be conceived as functionally connected to form a vast and 
elaborately organized s>-stt'm; and this s>'stem is the structure of the mind. 
The more perfectly organized the mind, the more fully are the object.s 
which comix>se the world and the relations between them represented in the 
mind by the di.'^t^ositions and their functional relations. The total sj'stem 
formed b> all the cognitive di.<i»o.<itions of the mind constitutes what is 
commonly ailled the knywlecige possessed by that mind. . . . Wc have to 
conceive the cognitive dispositions as linked together in minor s>-atems and 
these minor s>' stems as linked in larger mental syst-ems, and these again 
*n still larger sy.«tonis; and so on, by many stei>s of superordination, until 
the whole multitude are linked in the one vast, system.*" 

The irn[)ort:int thing in the .^iniple.^t proct'ss of peroeivinji:. xiys 
McDougall. is not nioroly the fact that *'thore is evoked in my con- 
sciousness li certain field of sensations of jiarticnlar qualities and 
spatial arrant^enients." It is, rather, the ^'mcumng'' we attach to 
such a stMisation. 

This "mrrtninj/" is the evpri'.^sion in consciousness of the conu'ng into 
activity of a va.'^t systj^m of di.'^positions. built up in my mind through my 
thinking since th^* time I w:is a ycnmg child. . . . No disposition is an alto- 
gether new cremation; everv' one arises rather as a specialization within some 
pre-existing cii>']»t)sition ; and in this way. by the spr'cializations within it of 
a number of minor di.'^H^sinons. a f//^7vjv/^*ort bt' cornea a syMt'rn of di^poM" 
tiOTUt. And. when the cun^ituent di.^pusitions of .<uch a .system in turn 
become systems fhnMigh the dilT^T'-iitiation of n«-w di.spo.^itions within them, 
the parent, system becomes as ii wvw a grandparent, and later by further 
similar stej-s :i givat-gnmdpan nt The nnuital .^y.'^trm may. then, be likeneil 
to a family the .<iucce.<sivr >:i-n* ratinns (»f which ccmtinue to live and work 
contemporaneously. . . . This is an i»vrr-.<inu*liried account of the growth 
and relation of mental s>-stfMns." 

Anothor fa(t(u\ wlu-.-li psvi'l.dlduical nundianists have so often 
ipnoretl. i« the intri(»ute relation oi intelleetnal reactions to the 
iniotional and rolitiorml lif(* of the individual. 

Ilithorto we have C(ni<i(ii-n-tl tlu^ structure of the mind only in so far 
as it condititnis coguititni; but we have sem that all thinking is affective and 
conative as well as ct^gnitive. And hunwiui; but (he siri\i)it of feeling and 

" Mt'l>nii>:aU. W.. l*iiyrhnhnjii, pji ^J^t. in-;iry \\^^\{ and llUU. 
Ibid,, pp. SU ft. 
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acting; it i> tho prncoss by which iho will works towanls its end and the 
satisfaction which comes with the uttainnienl of the emi; and all the complex 
development of the conditions ()i thr cotmiiive life ... is achieved through 
the efJorU of the trill to attain {t.< rwh.^^ 

These oonsichM-ations have tronuMulously important educational 
implications. Is it not true that we have viewed the currieuhun 
in too narrow ancl therefore niiproduetive a sense? In the lijrht of 
the "new'* psyrludotiy. niuM we not rei^ard a ^iven school suhject 
as a field of aliiKJsi unliinit(Ml coniplexity. of counties.^ interrela- 
tions, and tluM'ffore of enflless "transfer" possibilities? Such an 
analysis leads us to the thcorffind conclusion that trafu^fer w pri- 
marily a quccition of method Abser.(»e of transfer, after a period 
of ^'specific" or "general" training:, is almost certain, then, to be 
a consequence of aimless or otherwise inefficient (das.srooni pro- 
cedures. 

The Doctrine of Identical Elements. The view whi(di explains 
the pos-^ihiliTy of transfer solely on the basis of similar mental re- 
actions or like neural reflexes has met with wide acceptance becau.^^e 
it appears to ol^vr a very j^lausil)l(» explanation of the moile of 
transfer. 

Let us comp.are the potential rifduiess of a .school subject to the 
complete sjiectruni of ordinary sunliu;ht. The "speetrum*' of a 
subject is mad(^ up of innuuirr.abii' eh'Uients. just as the spectrum 
of light contains innumerable "lini-s." In this analot^y. the "pri- 
mary colors" woulcl coire-piMid to such aspiH'ts as knowledge, skills, 
attitudes, appreciations* iih-als. types of thinking, and the like. 



I I I t I 

:/, \l, \l, \h 

Knowledge Skills Attitmles Ide.iLs Thinking 

Any particulnr skill, snt-li as / .. wouM sij.^'nify a u.arrow strip of the 
speiMruu] (that is. a partic'.d.ar r^'adion nua-hanism of the bi*ain). 
Now. let and .\. represent tlu* ''spectra** of two d.lYerent .school 
subj(M-t> or types of activity. iSee pa^re 174.1 In v'lvw of the close 
interrelation^ of the hi'zhi-r nrrvtun meehanisnjs it is not only {Pos- 
sible, but hiiitiiy pn)bab:e. O.at at xiuie pjiints in th.* domains of 
knowledice. or of skills, or of attitudes, ami so on • the two sjieetra 

pp. 104 UJo. 
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lii)<>f>> rdiiinioii lines such as / (lliut ifj, nion lUMiral bonds). In 
iliai case tho stiinulatioii of {lie ('(niinion bond in < It/nr field cif work 
wouM necessarily aiTeet the other. 





1 

1 


1 















This theory h:is hwn endorsed especially by Thorndike. It is 
clearly described in the fnllowini: statements: 

Hy i(h»ntio;il oli'iiifurs :irn ino:int mental procosst'S which have thc» .snine 
crll action in the brain as tluir physical correlate. It is of courso often not 
po.^sihlo to toll just what tV:ituros of two mnital abilities are thus idt^ntical. 
Hut. as \vf shall hm\ thfrc is rarely niui'h trfiublr in rtMchint; an approxiiuatr 
(lrr:<inn in those casrs when* training: is of i«ra('f icil iiiip(nnance. 

Thrso itlt ntieal flnuents may bo in tho tin* dufa ^vnncemrd in th(* 

tninini:. or m ili.- n'f'fU'l. ^ the vaihi^d t.ikt n with if. The fonncr 
kni'! may be i,h yjift', uj .oihMtihn . :in«i the latter, iih ntiih.s^ of irra- 

'I'.rr. 

Tho an<\vfr T shall \ry tn dpf^ncl is that a chiv^qc m o«r fnvriion 

nUrr.^ m)y other nnlt/ in v/j far thr tvn fw^rtimu^ Jmvr ns fnctnr^ idrvtiml 
vbm>r,f.'i. The rhnn^e in the .s*er(>n(l fum'fiim is in aincnmt that due to tht^ 
chanv:'^ in th»» rlrnu.nfs romnion tn it and the* first. The change is simply 
th»» nrei»ss:jry result tipnn th.» see.»nil funefinn of the alteration of thnse of its 
factors whieh were rh nwnts of tju. tirst function, and so were altere<I by its 
train inc.** 

^^rareli maintains th.at exiuManiental data aj^pear to be in har- 
mony with this (hu'trint . He savs. 

Th»^ evidenee on spread training in .<ehool material lends to support 
for tle> most part th»* thet^ry cu' iihuMoal »-li'numts. The effeets are the 
lariT'-^^t whi re there is similarity or identify c*f material, jis for example, in 
th»' case of th»* e!T»»ef i^f 'h'* >tiidy of L urn up«»n tht» .<tu(iy of S^ani-^-'h. or 
upiMi th»- W:n.\vl.-di:e «>f I'.tiirli^b enmn.ir. Tl.f fai't of identity m niatirial 
or .-i:«iil iriiv of j nier dun» m.ikox* po«ibl.- a irp-atia e^nM'ol (^f the spn-ad of 
impro\em«-n^ thro-mh nu tlu».is t)f lehim: uhffihy thf id' Htity or the use 
i»f idiaitical matirial luay be ompha.<ized ui ; s many d» arable relations 
po.^-ible." 

TliMneUlc ». 7*^'- /' nf I.inrni /, i>. afiS. 
^ STurt'h, '>/!. ei7., p. l!.*t;t. 
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A (•ritiri>!n of this thi'ory must la* luvtpnmMl muil \vi> havo ox- 
;uiiim'«l in jiin-itiT (k-fuil the rolo which iiU'Utical t^K^im iils s(M»ni to 
phiv a> aufUrii's ni transfor. 

The Relation of Dissociatijn to Transfer of Training. Siijj- 
juiM- tliat a j)Kj)il is ronfrDUttM] with a iiuiubLT nl* siniaiions that 
iiivolvr a CDiiimon I'onstaut uhaneiit .1 Ovuuwltnlgt'. skilK altitude, 
aiMt thi' liki'). hui arc uthcrwist: luiulv u\) oi varyiiiii ilriui-nts. a.s 

a) A B c 1) (3) A R s r 

(2) .1 L M X (4) A X y Z 

The |uv.sciu*0 of thi' i'hailii-al ch-liu-nt .1 in ail ihrsi* siiuatioMs trnds 
t(i impress itself upon the iuin»l of the h-cirnt-r. The vi-ry fad. thai 
tlie utlier ek*nie?its ari- all flillVreni ( mphasiz* s the eleiiieiil .1. 'I'hat 
is. the •'.n7///./////,n .1" [<> eventually fflt as a distiuel and separate 
siiiuulus. Ili^niH* it fif'^sorldti s itsi-lf from the otlier "eoaenniiiant" 
slinn:li. W hrn that hapju-ns. the elenn-nt .1 has \)vrn uivrii a sepa- 
rate I'XisU'Ui'r in the udiicj; it has hi-ru [hfunii'Z'fL It is ihrn 
I'apaMe (U* in-K^pi ini.-jit a^so{*iatiun with any suitahle m-i of aeeoui- 
panyin-j; t-'aan'-Ms. That- is, it I'an now he "transft'rr< d" to other 
>iTnation<. Ti.i.s 'I'iioiuiiike says. "Any eienient of mental life 
wiiitdi is fr!t as a p:iri (>f many total menial stairs, difu'rini^ in all 
elsi' >ave its presi'ina', eonies thereby to lir frit as an idea hy itself, 
and any movement which has been made as a j)art of nniny 
eump-tx uiovianents dilTering in ail el>e savr its j>resriu'o eoiurs 
ih't. :i by \o l)e nja'le as a movement by itself." 

**It is up(Ui this process of di-soriaf ioii/* ^ays lUir'.is. "that ti:e 
ab-Maetitui of any ireneral law, itlea. luaneiiile, metho.l. nv the like 
n;:;si ri-st. mui li.e* process of (U'Velnpinu* al'>iiaft (»!* u' l.i-iai ideas 
i> a prnee-< ol di--Mi-iat inn. S;nee ti.e ;a\v it -elf i> b it a! ixpiession 
of a n.n.-r di mei;tal hie wi.ieii is innate ;t merely e.Kpie-res iho 
'7 'J', hi I'lU'Ziil t'n' w iaeli i> imiiOe in the haa.:;!i nni:t! and 
iMi-i be tuasiiUTed an t>riuii!al datum \\it:.u*n \v;;:e;- ihv ^aowth 

of ioehlai !We WjUiM be impossible. d'i.e iia.-> (M ti.e llall^fer nv 

>pr» ;ei of injpi'uN i d rliieieix y is found in thi> ia.u t»:' >ii-->u'iaf ion 
HI* 'jii'Wvi ali/;(i loll." " 

l-iuMi the >t;;e 'poini iran-lrr. tieii. t:.. eu'ue >- a- aj'pears 
lu !.n.i:i' uj>»>n il - ih* aeiual prr-rUti- m; .m*- . " . hi m a 

I ». J a . r 1 / ... • • ' .. • ■ , ! J j ; i . ... i i . i.. . i .-: ., 

It. 'fiu n/., |«. o'JS, 
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variety of situations; i2i the ({L^soruition uf this oloiiieat by the 
learner. We shall s<'e. hnwvvi-r. That Thormlike's ideas require an 
important extension or jirceaution whieh has been most clearly 
fornuilateti by Jmid ia his iloetrine of g(»nerali^ation as the real 
basis of transfer/''' 

The Doctrine of Generalization, The history of seienee is full 
of instanees showing that the cDiunion umlerlyiuir i*ause of a))jnir- 
e»uly unrehiteii pheninuena was nut uhserveil until (juite recently. 
Tiie law of gravitation is a i-asc in jioint. Similarly, a pupil may 
he confronted with situations fxhihitini:; id^-ntieal elements, with- 
out evur ohsL'rving thuui. Hrm-e Judd is led to formulate a theory 
of transfer whieh stri'sses the imiuirtanee of a cvri,^riou*s rei'ognition 
01 the idetitieal element, and the dehborate ^^iarrh lor iileutical ele- 
ments, as the basis of generalization. He says, 

Wlu'n stiulii»s ihe j'sychok'^y of gi-niTaliziitiun he* bocoinrs uwun^ of 
the u^elrssUL-.-^s of mmul* of tlu* lonmil.is which havi^ btM-n }*ro}>usi-d by those 
who hold th:it Tmnsii-r of iraininjr takr-.< j lace in c:i.srs whrre thi-re :iro iden- 
tical flciaent*! prtsi iu. 77tf* itlt yiticnl t/twu ?W fx u*-unlly ci'ulrihuit d by thi' 
gt'ru:ralizing yfiiud. Uu tht* otiit-r h;vnih xh*vv may ho i(li»ntic:il oh'nu*nts 
potentinlli/ pivsi nt m vanuus situatitms. but wholly imobstTvetl by tho un- 
trained or lethargic mind, hi fact, the di-vovtry of iht: id<nli<.\d clcnuut in 
a situation j"w hi xr/r/u cu-'* s Ihu^ whck probU m of tuiijung,^ 

In the same fashion we may show that the i^rinciplos^ of intellectual 
economy whieh Thonidike frequently includes in his st:itement. of identical 
modos of procedure, namely, the prineii'lcs tliat one can leani to avoid dis- 
tractions of all S(irt.s. or that he can n^fuse to give up a piece of work ^wen 
when It is unc(Unfortable. represent general iz»*d idi»ntitir*? of proeeilure which 
are not always realized. In all thcst"* casi^s we must distinguish sharjily 
between the }»ossibility of identical modes of proccfhiro and the actual achiove- 

* \ v.«r\ imti'I'm! ilKMn»"tii»ii ^h«»Mltl hi* rtiaili* t»i'T\\i-<Mi ihi* r«M»» «>f thr lil'-nti^-al 
I'lt'ini'iit .1 iti any .«t;.(*r»!,/i(* lt'tirt:iiitj 'iwv ainl Thi» ;"un«'tn»ri of .1 jis an >** 
.•»'»/n'''»*r. 'PI, 11^. it" .1 N i •■••nf»-i»r :;al < as " tivt*.'" ihi» tiii*r»ly Tni'»-liaui.:il 

ri»Iw»tiM.«!i oi A iJmi»s ji"t i:'iaratitiH' an a»!titrna* it* niaAifry i>f its "na'anin*:." IUmiI 
r. imi«n-h»'T><;tin i»r undy'r^t'intiini^ i»f \ i> i^mU** a 'UfT'TiMit p>\ I'htilnU'ifal pr«>M»*m. iw 
l>.»\v.'v p«iij;Iih1 ..m: iti his a'-::ii' frii:i*i-ai ff th" il--'tri;n» fi id'-ntiiMU i*li'nn*tU>. 
Th'* il»'\fP-].!ni'aT i-f ■lUi-aiiiTi;:" is /i i'iin»|i!if:n imI |.rtii-.-< wl.it-h invi»Ui's n*al "tliinJ. 
Intf." ■ *rhi»riiink»» x< o\\ S'^lid jrr'ntrul iu arvMiai: fi»r •itii»ntltii*s* i.f Hinne «(»rt. but 
li»a\»'S lis wUli iIm- t;i<k 111* latt'rprt'titiu' iili-ii lit p-h * iH(h1i». n. H. M'"t*vn 

i:'l*t'**iii'mnl Tht't.ruH. p Ma'-niiUaii «'•». I'-'-T > Thf tn^^k '^f i:ivln>: rii-hfn***^ 

ttf "neMti.MC" .1 may a«-!:i:iny uiM'ht. i:i:0:y n-lan-.l nj»-ntal fiontintjs nn«! thu»* 
i*ri*aN» a l^n-ail !'»»r ir:i»isfi*r Tliis f it-t ^iH-t:,^ i.t inast j^iif a siiiH»'i»'iit ri-futa 

fii'fi I*!* Tilt' i'X?ri»Tni- 'l*'*" '*;* ^p-fifi** ^r:iMi".'. «*r "thi* law uf spiM'UifiJ y." a< 
r»*it»^rate<l rtMHMitly hy f.- .*rs nf l\'ivlnv. i Sj»»» P. M. Syni»>Titi^. *"nie I.awH (if 
I.ivirnlntr."" in Th** .h>nr*ui] H'i'i''*tti"*MU .,' Vi»l XVlll. p. 4i»iJ. Si'eti-ia- 

her. 1927.) Il^n'*** the pn^hh'tn of trati<fi*r is im'xrrit'aMy "h<otail up with the proh- 
1. »a nf trainintr in tliltikinir." (Hixl»*. *^if . p 'J i 

•*Jiui(i. Pity»*h'fU>i;y of High S(*h*f*tl suh)t*t't)t, p U t. 
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ment of thin identity. Such ;m achieve iient depends upon the exercise of 
trained intelUtfi-nee The exi:^tonoe of pc>c<iblo mode:* of procedure does not 
invariably lead to their rcaluation in fact.** 

A Composite Theory. Fortunately, the two theories presented 
above are not necessarily "diametrieally opposite." Their supple- 
mentary nature is charaeterizeil by Inglis as follows: 

No two rtituatious in Ufe calling for aetiun on the part of any individuul 
are ever exactly alike in all respect^s. lleucu training for au alwlutdv fixed 
and specific reaction to any given situation is an iuii>ossibli' aad Vahu'le?^ 
tirocess. :>tricily t^ptaking tlwre is no suca thing (3.^ specific discipline. For- 
tunately for the economy of mental lifi and efficiency in behavior it is 
possible fi>r the mind to select certain par;s of any total situation and react 
to those parts with a minimum of attrntioa to other partes of the total situa- 
tion. Since such part« of total situations may be essentially the same it is 
possible to establish what in all important respects are si>ecific situation- 
resi>onse connections, and hence it is i)o<sible to assign values to specific 
discipline. However, through this s;ime :haracteristic of the human mind 
comes also the possibility of abstracting frc-m a number of total sjiecific sittia- 
tions, differing with resjiect to most of thtir constituent .-elements, any given 
element which may be common to all tht total situatiois ^r a majority of 
them. Thus we get the law oi dis»Oviation expressed by Thor:idike.* 

In any given situation, '^whether or not dissociation or general- 
ization takes place dcpencls on two factors — the niental attitude 
or *niind-set' which the indi\'ijlual brings to the situation, and tiie 
character of the situation experienced. Subjective cUmcnts arc no 
less important than objective elrwent^^. It is perfectly possible tor 
generalization to be potential in any set of situations without that 
generalization taking place becau^^e of the mind's attention to other 
elements than those involved in the dissociative element. On the 
other hand, it is perfectly possible for the mental attitude to project 
into objective situations a generalizing Victor that is not hig;hly 
fostered by the situation itself apart from subjective elements, 
though always there must be something in the objective situation 
to which the mind-set may be attached.*"*** 

Hence, following Inglis, we may forniulate a composite theory 
of transfer that combines the views of Thorndike and of Judd, The 
essential factors which foster and facilitate transfer are now ro.-uiily 
stTU to be the following: 

" //)ki.. p. 410. 

« It as*, op, (Sr, pp. 307-398. 
- Ibid,, p. 391). 
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1. A numbtT of tr)ial situation?* idusi ho oxpcrirncod in wliirh (a) the 
clomont TO he dissDCMalod and >:i*norali2i«d is i^nwnt in prnmincniM.. and 
0)) tho oUirr rlrnicnUs of tin* sinmtiun vniy; 

2. The- Hiiut nt tu !).■ di^nciaioil and gmondizod mu>\ hr hnmjiht into the 
ii»lcl nf i*(H'al attention; 

0. ;iV v\cnu u\ to hi- (h'ssoriatrd and m'nrrahzMl nn;<t hi* of surh a i-liaf- 
actiT that it may h- hold in th.* mind as a srpar.t.. iu.mu. This 
omnnanly facihiaTfd wh- n a di^^inM:ui^•hin^' nan.r .,r oih.-r svmhul may 
hr allarhrd. or \\\u n a u.Mah/i d dr:iiiii:tm or hiw i< i. .rnmhit.Ml ; 

1. Praedcu naist bu Riven in applying thr di.-odatoi and ^. m ralizcil 
Umcnt in ne^v situations.'* 

The theory uutliiinj 'dhow may bo suiniuuriziMl by the ]on()\vin<r 
key \\\)Y{b: iD i*hntical diffhut.^: [2) ronsrlou.>i (lissociution; 
[H fundi :at ion; i4) iridc (ij>plic(i({0)(, 

A Transfer Formula. The curricuhim of a school olYors nuuiy 
opporttmities which may bo to io.ster tninsfor. Followiii}^ 

loirlis. wo may own symbolizo ^'tho jiossibh^ vsivnx and importanco 
of the transh-r or spread ot imprnwd olHoiom-y" by a simpK> 
I'urmuhi/^'' If wo aureo that the transu-r vahu' of the improved 
rtlicioney of any mental fimetion i< to be mcasiiroil by **the siun 

total of its appiicatiims." we may Iot n,^ a, Un ropresont 

the amount'^ of tin transftr in riin'^u^ urtir.^fits, while ^, ^, t-u 
. . . . reprcM-nt the fi^ndn r of occ(h<'(Ws iu nirh case. Thvn 
the total transirr value in the ease of any ability ov habit may be 
measured by the formula 

I his foruiula is il;uminatillL^ I'nr n si.nu< that in proportion as 

thr number of or the nun. bi t* ni /V riMjunMl. tia* vahu> of T 

also deereasrs. 'lliis fart is oi ti.t- i-.i-a-.j: iniial siunilii'atiee, 

sinee it serw-s to irive the n-a.-tMi \<k t ■ c :5.ra::rMu>s of traiis- 

fer as reporttal by nmst uf :hi- -'u.iics tmamunrd 

abnve. Ach<id transfer ami ji-^*- aii- luu \ rry dinrrrnt 

tilings. 'I'his l.)rini:'s iis to a tui.-:.ii iai.«ui i.f t:.r prt;:;-j.n-ic a>pri*is 
of thr problem iif t raU-h*!'.'*' 

" Ai-.-Oi.-r iiiJ.-V.--rr.^' ii'.tr.^'.t i..riit ;l.i 1...- I • ■ •: - ..r^. -..! i.;. Onvis. Thi- l.-r 

/ I / /» /\. 

• vvJi'-li /* t'..- :in...iiM .iM.I \..lM. .1 I I; I fl..' itntiM. aLtliiy d' f'l.- 

"I'-r; /.* th»* l.'Hliln p e.f \.tri.-.{ . . x r I. if..:*; // | },,. nninlH i* ..!* 

■ji ■ ■ .i:j.«ns i-« iniM-;i l♦^•^lM•^l^ n. i i» ;r..-;. *}.■■. . \|.. t .« t:.-. ^ nrj.l ih.-ii ,i 
."♦|..j.:s i.r riili/at , ... i:... ;i,a.. r MuiIh of v\;t\H in 
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V. Kducational Aspkc:ts op the Phoblem of Tr.\xsfeh 

Transfer Not Automatic. Tlie majority of i)sycliologists at 
I)rc»sent- are of the opinion that transfer i$ not atitoinatic/^* That is, 
there must be consciou;^ attention in the clas?iruoni to the factors 
which favor transfer. Professor Judd has stated the case with 
admirable clearness: 

I do nut tiiink that any subject transfers autom*itif*ally and in ever>' case. 
The renl problem of transfer is a problem uf jjo organizing training that it 
will euro' over in the minds of students into other llelds. There is a method 
of teachmg a subject so that it will transfer and there are other methods of 
teaching the subject so that the tniasfer will be very small. Mathematics 
as a subject cannot be dej^cribed in niy judgment :is j^ure to transfer. All 
depends ui>on the way in which the subject is hantlle<i. . . . Transfer is a 
form of generalization, and training can be given so tvs to encourage general- 
ization, or training can be of such a type as to hinder generalization.* 

If this be correct, we nnist regard the teacher anii the organiza- 
tion of the curriculum as crucial factors in the trausfer problem. 

Since dis5>ociation is the basis of the transfer or spread of improved 
efiiciency and since the extt^nsive operation of dissociation is fostered by these 
factors, it is clear that any subject of study which does not permit the 
organization of materials in t<.»achiiig so as to meet the conditions su^gt^sted 
Cannot be expected to offer the niosu favorable opportunities lor transfer. 
Further, it is clear that, as far as indirect values are coiieemed, subjects of 
study may to some extent be mejisured according to the degree in wliich 
those conditions can be met. Moreover, since the method by which material 
is presented is also involved in meeting those conditions, it follows that 
transfer cannot be expected to operate most etTectively, unle:s3 both subject- 
matter and the method of teaching are adapted to the conditions favoring 
the process of dissociation and generalization " 

The Teacher and the Curriculum as Factors of Transfer. The 
following five factors, according to Davis, arc essentials of any 

uhli'h th»' ii»»\v K*« n»'r;iU/.aiiiin N iij»i>liiMl to !<pisMtif sitiiatiims tir i»ri»l»Ii-iu«i in lifi*. 
iSff basis. •/;/ rit.^ pp. 1;<T i:\S ) 

lli»ri*. ak'aiii. Hir vnlne t»f /' is dirin'tly pniiHin i«»rial ti> tin* t*Mft«»rs .1 /.*. i). A*, 
thn- «'iMP-liisii»iis similar r.* \\u^r .si]^*K'i«s!r»l iU«i>vtv 

VV.f (Itu^Mit-al I fivciit itjiUinn nn»i»rts (Part 1. pp. n'ilT.) that nf nn* uUy, iiini* 
pH,vchi>l»>>;i'-tH wht> I'Xprn^M'd an npiniun as to th»* uiilottiatif natan* i«t* traa-ffr, 
thirty tlir.v siattMi that rin auti>matio tratinfiT ix^airs at all. nr tliat it is slij;lit i>r 
n»»>;liKil'l»*- t>iily iiini' lit'l;«'visi tlint tniiistiT Is i^v a coa.vu/m/'i/i* t'xit^nt «vr aluiu-t 
i^ntir«l.v autornatii'. 'rin* riMJ»ainin>: si'Vi'Mh'i»n ri'pi:i»s in.iininiii»'(l an irit»>rnii*ili;tti» 
posiiinu i^r a»Uaite»4l a i-ar»'tiill.v iju.Uitiiil aiuninil «»f auttinuwi'* transfi-r. 

•r. II. .Indil. as «iu»iiiil ill ilu» J\^'^n^rt of tKr \titit/uitl ('i/mmit (r^* i,n Matin- 
mntiral A'tv/uinvm*" M, pp. \Ki U>«>. 
IhkHh, fM» t•^f.» p. 4iH). 
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ethicational process designed to yield worth-while returns of a 
formal disciplinaiy sort: 

(1) Sys!un:uizoil knowlcd^t^ (2) likeness of the knowleilpe olemonts and 
the ihouuln proc'<'<s entorin^: into the content niaterial of the ^cvenil fields of 
study involv. d; ilU the native ubility of the learner— particuhirly in respect 
to the ahihiy to dissociate eKnu uk< — to nnte likenesses and dilTrn'nciri^ and 
to m'Urraliz.- trniu thi* data iiivi-ii; tin* ilrrtness and re50urvefuhl^•s;^ of the 
tv-ai-ht-r m su'ii:' Mini: n'lHtiuiishi['> .md ihr pos.-ibiliiirs ut nan^ier; and (5) 
continued practicL* iu the art of n-latuig thought and action to dilTervnt fiokU 
of interest^j/^ 

Duujrlas is eunviuml thai ''any tt'ucher will he bentdited by 
exaininiiiu: h'l^ eoursrs oi r^iudy and methods in the li^hi oi thv 
theory of transfer of traitnni: . . , vach suhjecl should hv so ta^mht 
as U) insure the greatest amount of transfer . . . upon the (rarhcr 
(ht chiif nspon.^Hiiiity for tin indinct valuer rcriirnl irom 

If ihu ch;inni'ls of tnuu<fer are idt-niical i lrui« iiic:; of suhstaner. nn thod. and 
ideal, pncuitiuns UiU.-^t be t:iki-n lu si-i* iliai ill.- eoursi* nu'luiirs i-lcim-ni.< 
which will bi- found in oul-oi-5:('h.)ul siiu.ttini;<. Th-* facts leurnvd and the 
principles dt.velo]vd nuiM be -idrnt ie..l" with Mu' f:u-t< and prineiplus un- 
counuri'd in dail> wurk. \n Un- duii.s uf \\n hun.r. ur in smud int. rcinn>e. 
Scrutiny ot the cours^e from this pi 'it of vi* w will n-snlt in tlu* elimination 
of material uf little or no n o'>:ii!Z'd .-^.M-.d \'a\\u\ the n..uTani:einrnt of 
certain topics, and the addiii'ui of oilitr>. Likiwise. a d.-.zive of certainty 
and decision hert-tufore lacking with rrsprct lo ihe n.eiital habits and ideals 
to be devi;lopt'd if denmndni if Uu'so an- lo be inthionii:d in shaping instruc- 
tion. Such an attitude will be of tlio gnati'st assiMauce in detinitizinn and 
vitalizing the instiiictorV tlaily work, for ih-a-.- can l)o no eoniradiction 
between the orRaiiijtation of a sulijoi-* from the Maudj-oiul of uimtieal elo- 
nionts and us arr;tnR**mrnt on the bas;> of j^oeial values. 

In order to in>ure maxinniui transfer, th.' te;u"her must not only h.ive 
his Humerliato and ultiniato aims of instruction rl.«arly fnrinnlattd. iuit h.^ 
nuist see to it that his pupils >hare his views on the objrctiv.-s to ^^ained. 
Many toacht rs never disi'us,< with thiur pupils the reasons for which assijjned 
uork i< ^e -n. nor say anythln^: «.t the purpo^e:> or riids ..f then- coiirs.'.<. The 
u:-iiibrrs t)i their classes are thus K-ft to ^irope bhndly for tli.« mroiin>: of it 
all thrir fi-L-liiigs being but slightly relieved by the ^eupral statenu iits which 
ihey hear to the eiYect that they are "training their min(is/' or that they 
.-\ln)iiKi **lake advantage of thi'ir wonderful opportunities to prepare for hfe."^' 



p..':kMM<. A. A. Nr.'"M./'P7/ K-hicni-'ni. e H.^Ujjhtoii MUUln 0.>.. lU^i. 

I>..iit;las. iit., pp. inio ae»L 
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Insufficiency of Specific Training. The mlvot-atus oi the doc- 
trine ot s^jnu-iiic- trninin:^: ai)p(Mr to liavi* uvt'rltjokcd the startling 
eduentiiinui iiisuliii*iri:i'y ui* tjifir pu.'siiion. 

Fortunatoly— i^r iuii\.nim;ttcly~~ni) two situations or e\|»eriiiu-i-s in life 
are ever e\:u-:ly :ihkf. Hnu-f lo attiuipt tu iniin an individual to nuoi liie'u 
}jrubleins Milcly by nuans of tiwd ami uuvarymj; responsozi wwuhi be an izu- 
}>ussiblo ami fruiiUic-" \:i<ti. Tho niuubiT of lu i'di-d re^i)on:ios wuiild be infi- 
nite, llore. thcreforo. the educational thiery which seeks to rest it<5 case 
on a basis of aliM»hiuiy luiiijue aiul tipi'eiiic tlisciphnen i:^ ndured to abs^ur- 
dity. ^ Tinu- and l U. ruy n.-\er wtuild i-rrinit a mortal bein>; lo pn-pare himself 
^spirineally t n\[ c iu*. ivaljlr Miuatiuns in life, lli.s only hupe and 

salv.iliou lo u'Mii'iiiij/r i u'lU't by making use of general di.-?ciplines. 

Happily, ton. as h-i.-^ .iNu i»' • n indicated above, must situaiiuiis in life are 
nIu.i Jhrouvdi ainl ihruunli \\;-h i'v)!un.(ni eUnients. It is 'possiliK' lu al)Siract 
si»nu- of »h'.M- aj;«l h> niaki- rlmu \hr i-h :iu-nts for buihiin>? u;. l.iivvT con- 
ct»pt.s anil cm.-rali/.:!!. US Nshich m luni em ho employed in m w sita:itions. 
In partii'ular. ih'<» lift lApi-n.in'. s furni>h >peei!ic eoinmon eKnnnts out of 
\vhu»h ir. iy bi- f--r;n. il l:* n* r.d n.'iiui;< of m iny euninu'U everyday .M-.-uvrmres. 
statidard< of t id- .!^. ji:ii!.>i>. aiijMi.l.s. lurihuds of pro.'idur.-, hal>ii3 
uf work .ir ;•!:;. . ,hd i'»:i-!y i.:h. r d- mi it)l.. achn v. ui. ni.<. To dr\. ']..;. these 
in thf :inn :,;;.l ,.1;:;..-. i-.n:i:tl di-ciphno; 10 unli/.r \\w >:iIm rahz.'tl abilities 
in nnnierc.iis ji. i.ix ih.tuirhr and leiion is ilu- lud s^m^ht in th»- transfer of 
thesse powiTs/* 

Method as a Vital Factor in Transfer. \Vr si. .all mow ::uree 
that. nin';:t;..i ;.i.;..y. "tl.r riii-i i iv^'Im ^s nf hirU::il d;>eip*:nf i>. do- 
piMnh-iit ?;:nui pi:;*::, lia- ti-.-m-Iu t. .and l!a' sui)jee» u\ n.-' : j;. t .oU. 
Sile.M* ul.v.(r:-y 'm-.' .a.r ;il\\.i\< \';a!alde f.irfe<. li.r i*\lri:i apil 
value iM* ;;r:.ri.al i:--:;::!!.:; :i:v i-vn-.'in-ly v;iri;ihlo tuitriJi.irs. It 
eannoi, tii»\veVo). hi- pj-pt-.-iti-d tuii nfhii t:.:it the jM>t ilu*ai icin for 
loruin! thsripJinr ri«x:> j.tu in il.i* m /// uf aldllty t rnn^forretl but 
in tlie nih uf .'Miiviiii-s lu wlr.rw \\ \^ :-pp!ii-d \\\,ru ii.aii-itTir.l. 

KlirMirr. wia-tla-!- ul* i;oJ 1 1 el 1 . «• lU .:!:y i". e: ;r::. 1 .1,. N.abi,. 

t.ako* piM r i< I'lpi-ljiirl-.i l].,- *. n : ■ x\\ ■: pj »rn.:i"!. f.;! ai^. 

opria-i ; i :.r f r.t !.>::i!--^.n:i (»f t :: i-< |-,:; 1 . ■ : la v. Vi I ^. I :i\\r< 

I >>:ti»:>: I'd i.v t ..»:; .-1 l*:.! \* r\;>J. ;; a? ^ ' | 

bii-.:a-i-u! aMi XN-viia: sMai^dw- tiai i-ii-.j id li.i n- r-r::!>i and 

*•> K'.'- Mt ( i::af tl.i v .an- per>:si« iM !y i !ijpln\ rd." * 

Ti.t -e eui-.-iiiri jluuis ale in a^rrriia-ut With limhs* iMniel.liDn 

that **a;:y aUrinpt In t:;<^iH'!aio niau ri:: :Voiu Mir'im.is df i \pi*ri- 

t-neu.^ lla lii i:!*ui.iu;:> a!;«i u>i-ir>-. I- iulu a pi d.a>:iii:ii al point 

■« i' M ■ . ... . ' . J. 1.:.-, 
ihoi . i> i.:T 
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of view the character of objective material is inextricably associ- 
ated with the way in which it is expiu-ioiu'cd. Things, objects, 
ideals, and so on. have no moaninp for the indiviihial other than 
as he experiences thcni. To say that jrcncmhzation and transfer 
have no iuii>ortance with respect to tht^ vahios of e(hicative mate- 
rials but are import 'int with respect to nuthud ignores the fact that 
the character of materials in part determine method of training 
and that methods of training in part detennine the cluiracter of the 
materials as far as their effect on the individual is concerned. An 
antithesis of materials and methods is psychologically and peda- 
gogieally false." 

Habit and Thinking in Their Relation to Transfer. One of 

the great-est sources of confusion in the whoU^ ♦>^«*>t.^i discii)line con- 
troversy may be traced to vagueness as to the meaning and the 
function of ''habit/' A narrow or meehanistlc iim'rpretation of 
habit formation inevitably leads to a virtual denial of transfer. 
Ami classroom procedures which are liased on such a psychology 
of learning will almost incvital)ly result in a corresponding meager- 
ness of a measurable "spread" of training. A brief examination of 
this psychological qiicstion is therefore unavoidable at this i)oint. 

The "spectrum" of a school subjeci involves certain tangible ele- 
ments such as information (knoiclalncK and i^l ills, ami certain far 
more subtle elements such as (ittitudi\^\ idails, and types of think- 
ing. Let the diagram suggest these five aspects of the classroom 
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work in any subjcct-inatU'r fu'Kl. Suiiposo that wi" picture in this 
niaimcr the !?]ieftra of thi- various school sul)jects. They all have 
their K's, their .S'r?, --rs, /".<, 'i'V. ami so on. li the teacher stresses 
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merely the K or the S elements of any subject, there is likely to 
be "transfer" only in that narrow range of the spectrum. A 
"mechanical" teacher gets only "niechanicar" result."*. x\bove all, 

« IngllB, op. cit., p. 410. 
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habiU which rrx'olve uround the S elemenU alone will not IqrcI to 
an fxtcnuivo ''uprtad'* of traininK. 

It (9 not an exagfceratlon to say that wronx notions on tho rela- 
tion of hnbit formation to tho hlghor atpccti of learning constitute 
the iMost outstanding single cauno of the prevalent disease of edu- 
cational barrenness. Twenty years ago Dewey pointed a warning 
finger to tho danger of overdoing tho niechanicnl and automatic 
pImKos of Kclmol work. He said^ 

In MMw cducntional dosross nnd prseliees thf very idm of trsinins 
mind wniM to be hopelrsnly conr\(prd with thst of a drill which hsrdly 
touehM min4 at nW-^t touchtf it for the worss sines it ii wholly tiiken up 
with tminins pkill in externrd execution. Thin method reducru the "trsin* 
inn*' of humnn beinsa to the level of animid trsinini. Pt.vcticnl iikill, moden 
of elTeetive technique, esn be intelligentlyi noa-meehMioslly wd, only when 
intelligence hu plsyed a part in their oegKiliitiim.^ 

Dcwoy never ceases to emphasise the importance of concrptji, 
"mrnning/* and understanding. In sharp contrast with Thnrndiko 
he reject.^ in toto tho procedure which would base mcamDtjs on the 
technique of identical elements. To quote; 

Concrptionn are not derived from a multitude of different definite objects 
by leaving out the qualitiea in which they differ and retaining those in which 
they I free. . . . Cone$pi%0n* are gentral becntwe 0/ their u»€ and applicatim, 
not 6fraiM<» their ingredUntn, The viow of the origin of conception in 
an impomible tort of analymit haa aa it« counterpart the idea thtit the con- 
ception in mnde up out of all the like elemental thnt remain after direction 
of a number of individuals. Not so; the moment a meaning in gained, it in 
a working tool of further apprehensions, an instrument of understanding other 
things. Therehy the meaning is rxttnded to cover them. GfurraUty rrmdr$ 
in appl\cntio,% to the comprth$7%8i(m of nete ecwfi. not in conjtiiiwnt parL^* 
A collection of traita left aa the common residuum, the cnp\U mortuumt of a 
million objects, would be merely a collection, an inventory or aggregate, 
not a grneral idf^a: a striking trait emphasised in sny one experience which 
then aerved to help understand some one other egperitnc^, would become, 
in virtue of that senice of application, in so far general. Synthesis is not a 
matter of mechanical addition, but of application of something discovered 
in one case to bring other cases into line.** 

In hitt troatiso on //uwan Nature and Conduct (1922). Dewoy 
examines the function of habit in its relation to int<»llipoiH'o and to 
ronduot. lie shows that habii ia "an essential elomont in thinkiuR 
and not simply the ability to do things in the ubscnco of thinkinR." 

" Iiowey. John. How W$ Think, p. BU. D. C. Utath and Co.. 10 JO. 
" ibid., pp. 127 ff. 
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i'lirj*o irloait huvr rrrontly liron rlnl>Oi»ftto<l with tfirat Uuvq nml 
cloiiriii !*?* I»y Hi>i|o, wIiomi* j«onirlii))ir aiuilvitijt nf \\\\^ subject 
(loMM'Vp«* III III' ?*hhlir«l man fully hy rvn\v prntfivsj*i\T ii ni liiT. Ilm 
rN|»n-itiiin is a rontinuoui cominchtar>» on the ilahurr of upplyinR 
hliinlly a ihiln m?* |nyrhuli)tf>' of lr:vrhinii.^* 

Hoilc puihtH out llmt ln\rhiM« In not innvly "cni(i'|/Nr," nji 
Tliormliko siTMis to hrliovo, bill aUn '\sj/Mf/»i hV.** Hi;* v'lows <in 
the rrlalion of habit and thinking to tran»iVr may bo ih^'rrcd from 
the following quotations: 

Our tn^k in tr:tcliinK iji nnt iho rinphiifiisinK Ui\\\ isolalitiK of ronn«clionA 
wlnrb nn* nlffntlu ;>r<'^i but thr r<MM(nicMnH n/ vm»ii7^im<7 (tutt w hrM», 
II i«< ncit A H)!iHi r nf ttU:Oyf<i<, but of wyulhrKij* wril. . . . Habil fornww 
tii^n in TI)orntlikr*n M^nne is rolrttivcly uniaiportnnt. wIhtivk tho cultivntinti 
of thinkintf r\H i\ rnvitivr proccM or a< the roconjil'-urlinn of oM hixhWs in of 
furi»lHnuM)lal importnnco. A piiycholony which n^lun'H nil thinkinK to hnbit 
I'ncMirng*!! irai'hcr* to put all the rniphnnu on thi* kiml of rrjulinriM which 
«prinff« froM) rote learning. In trm)>t of curriculum innkinir it rmphaaiios 
the nrloclioh nml orgimiiation of matcrljil for the pniposi^ of nirrhunicftl hubit 
fornuoion. to ihi^ nogl»^et of in lroiion and oriMui^uiiMi drsi-^ntMl to promote 
thinkiuB. Such a |vi>*cholony in not nu ally of drnu»cr.\cy, but iin rncaiv. . . . 
Thormlikc shiirm with bchaviori*m the di«po»iiU)U to rriluco nil chnnffei in 
bohivior to mtchnnical habit. 

Th«* adiipiution of u habit to a ijiocific nitu:iti<in rrrjuiron aoa>o aort of 
'•/tiling up" of tho MhiJition. ... In proj^ovtidu ;is rondurt in ilincii'il by the 
mrrtMJMf/.i nf thinffj* we aay thai it \% intelligent. An tuir siorr of moaninKn 
inrnvij^oy. our habitual rcacliohJi aro chanjiod. . , . Whrn tho di.<covpry of 
nnvmiiu!'* r ill.M for a etprcial i^romKiro of roflrction nn»l inquii>\ it iji called 
thhikltifj. \Vr think brenujtc our fonnor liabifjt n?»pon5«' arc inailrqualo, 
and the ro.suli.H of thinking show thfiiisolvty in ihr int»i|inraiion «)f our hal)iia. 
Thinkhio may b(J dt'fit\rd a pvorctm nf findmtj and tvstino mrnning^t, . , . 
ifahit fomathn and thinking arc not cnntrustino jtrocvH^cs, na tra<litional 
pjiycholo»ry taught m to briiovo. . . . Thinking is a /worm of rcmakint^ old 
hnhif. ntul ftitmin^f new onct. 

A roMN ;>/ rrpvi'M^nt?; a wiik rniure nf j-os^ibli' Ivhavinr in C()ndonj*<*i| and 
C''noiM.!niit 'I frjrm. . . . Ai \h'\< ]Miii\f our j|isri».<,«4ion <if ihinkiuR trmch'*** ou 
I'mlOfin of ihi« fmusfir fif frrtiniiiir. l'V«uu nor i-rf-scut si:indpoinl tiiis 
PIm1j1.-iu o ni« i"j< t.|i ilu* tlr\ • !•»;. II.' M "f i'..niM|.u M' ( h;inif:\l li:dut'<. i.o.. 
rf.-tj onsi-.< ouliivalf'tl in i.»<ol:iiinn. |o niu *-i*i-ui In f\t'iliiM»i' Iran^fi'r. but may 
o\c'n jirovido nlwtacl«\s to lran-fj*r. . . . lint wlini (Uir li ibit.s inierprnrMrat • 
und fi-nn swumos of n»s|'>in^«*. whirh nn hiulp i* l( vi-ls un-w iuio conci*)'l<. 
wi« Uft till' flrNiiiiiity and ad ii'talnhiy ?lni wr liav. in iiiiiid wlw'U w spi ik 
(»f !r:in>fi r j^f tramimc. This issioM'ly t.i viy ihal tmnsftr takr.^ ;i/rirr thrautjh 
fumninij^^, ur that t}nn\f'r o) tmininf; ju.^f nnt^thtf nnmv for intvlligrncr. 

'* Si-v i«v|„,..iiy. ih,. ri'll-.wii.tf IhriM- iri:t!hi''^ l«y n. It tiiiilf : Mmirvn t:*htrft 
tiantif VVjMiM'N. MaiMnlIhiii . liUT : rini./rnufu/'i/y nf /-.'i/ui 'if i-iM, MacmlUuii (*»» . 
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Thf mom* of nil thii ii thut if wt dfvolt our«rlvf»i to tht ptoptt drv<plo|u 
mtni of conco|'t<>. tmh«frr of tmininf will ttraie tmm Iroublioi UV hf\i*$ 
knd a proHrm of (Mrw/rr 6rMia# Mft ha\t fmlrH (n df\*thfi iN»ru?r/>f« (i« 
lo giiHf thtm proper M»rfuln09i outmtU 0/ tht cf<M.<fnom. The fnct thHl tht 
problnm of tmn^frr it, in tht flirt inMniict, n "•chnni pMliIrm" f\\\prn thi 
■itipieion thni wt» hivt thii probKni .m our hundu bcc!UiJ<o uf the clmvuno 
bctwrrn thit fchnol jind tht life out#ulc of th« fchool. In the wurhl of rvrry- 
day nffaiw ^0 d) not prrm to be troublnl $0 much by the pr<»blrm of 
tran^for. Hut n Khool iubjrct which in Judd'i InnKUugo in 'Vo ornAnitcd th?it 
it rotAtri nround i\n own center" dofii not enrfy over, nnd thiji rail* fur 
tJtpliiMation. Thi* rrmrdy liei obviously in the reorgnniialioh of the cur- 
riculum find trtichins method $0 ai to rrmove the clenvavr. The problem of 
tnm^fi r in KyniploiniUic of a riefect ia our educntinnul nim.^ und iilcnU. If 
wr can brinir the Krhool into ritht relntionn wiih tlie life outride of llm 
school, the prnblrm of transfer will take cnro of itself. 

// tmnsftr u MynonymouM M^iK inttUigenct, it w fuUlt to iuquirr whvthrr 
thtfp M jrwe^ n thing o# tr<in$ftr r>/ tmning. It is mt>rr to tho pniut to 
consider fkhy or how tht application of old moaninss to now j«it\iatinns is so 
limited. . . . The problem is hov to sfcure a wider rnnsr of spplieatinu fnr 
Intellignnco. . . . This problem iw not disposed of by repudiiitinn the whole 
idea of transfpr and multiplyinf the subjects in the curriculum so as to 
minimise tho need of transfor. No education, however oxtenNive. is very 
prnfitiibln if it dor* hot bestow the power to divtl with now xif nuiiiiuj*. Iti 
order to fneilitutc transfer, our first concern must be to improve the qu.^^lity 
of the concepts thst nre developed. ... In a word, the problem 0' transfer 
is bound up with the problem of trnining in thinking.* 

Subject Matter as Related to Transfer. Only too ofton the 
work of tho classroom is limitod to i\ recital of fartunl matorial 
and to tlio cultivation of mechanical skills. Wo forpot that this is 
but half the 8tor>'. There will bo little or ^0 transfer, if wo per- 
sistently ipnoro tho basic considerations outlined above. 

AooordinR to Judd. "the rviost pi'otnisinR subjoet in the (nirri(Mi- 
Inm ean bo turned into a fornml and intelleetually stactiatit dnll 
if it is prrs(Miti'il l)y i\ u^mAwv who ha^s no breadth of outlook muiI 
no desire to t(\u*li pupiU luuv to fiMUMvilizo experifMire. On tlir otluM* 
liand, A tearher who has the ability to train pupils to look beyond 
partieular facts atid to soe tlu^ir re^ttioiis twvl \\\v\v hroadrr mean- 
ings enn stiniulate thinkitiR Ailh any n\af(M'ial (^f instrucMion that 
comns to his hand.***^ 

ill like inantHM'. *'wh(M\ wo enneorti ourselves with tli(^ (Miliivati(»n 
of attitudes and ideals, we aiT confronted (^nee more with tlu^ 00(^1 
of a Ruidinp; principle or social ideal. How should any pven suh- 

It«"|n, ,\fntlrrn /-Mu^fioMn/ Thrtfyiv*, p|). IS.' ff. 

Ptychniogy of Si^rmiUnvy /-Mwivifion. p. 422. 
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jort ho tu'iBlit? Wo cnn prcicnt the nubjcrt in either of two vayi. 
Wc cfth treat it an though it were t^ tepariite and distinct thing. 
crtrefiiHy fenced in from ever>'thlng elie. Our film then will be to 
inipnrt n certain nxpertnew In bundling the fncti and Inwji or for- 
nnilne i^ithin tluit fleld. Thii it the $ovi of training tluit producei 
the expert or the technician; and $uch tmining, when rifiirtly nd- 
himi to, raiarrs vduciition to a glorified hag of (nVA\t. Or, in con- 
tnj«t, we can reeoirniie the fact that evei>» nuliject in the curriculum 
\H intorwovrn with life, and wc can make it our aim to nliow itii 
broader meaninK for 'luman experience. On thia haniii teaching 
take* (in a vcr>' dideicnt character and aim. When mathematica 
is tai cht. not only a!< to iihow the abMract reUtlons of numbers, 
but nljto to reveal it,** bearinn.on practical affai.Tj and on the great 
discoveries that have revolutionised our conccptiiha of the uni- 
ver«\ it will lo!«e itfi formal and technical character and become 
invented with vital intorcM.*'" 

It cannot be repeated too often, therefore, that ''no subject of 
instruction guamfttrrs mental training. Anyone who awerts that 
niatliomaties or Latin or science i» a mind-trainer makes a super- 
ficial Mateniont which i.s not in keeping with experience nor defen- 
sible in theory. The^e subjects may, if properly treated, be very 
useful Ml training the highest intellectual powers, but they cannot 
puaranteo that fortunate result. . . . There is no guaranty in its 
content that any suhjort will give gcwral training to the mind, 
'riie type of trainioK which pupils receive is determined by the 
ni(»tho(| of prosontatinn and by the doixrec to which self-activity is 
intbircd rather thati by content. It is not far from the truth to 
assert that any suhjcrt taupht with a view to training pupils in 
!iH'tlu)(ls of ^^onerali>ation is highly useful as a source of mental 
trainin'^ and that any suhjrrt which emphasieos particular items of 
knowlodKo and doo8 not stimulate geh'Talizatloa is educationally 
barren/'" 

Wo may ronrhulo those coniment^i by submitting tht following 
corrohnratinn ([uoTations: 

WhrthtT and to what v\\vn\ habits, knowlodni;, idoivls, and attitudes fane- 

turn in H lu w i-xporinu'i* ili-pc^nds to u huv* txtont upon thuir ornanimtion. 
. . . For us to pvofii fnjin mr oxporicnro with a ]ihonomDnon, w muM k \ow 
it.^ rvtntion.H. Truly knowing? tiio phonoini*non moans knowing these rolat ons. 
. . . The important fhinjr ahout a fact is it.s moaning, it« relatian to the world 
n.Hii'. f'l' fit., pii. iM J 'Ji.'^. 

» Juilil. r^ij. rit., pp. ff. 
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of uiher fnciii. . . . Uriifly, we hte kIwa.vii Id mIc in \hv fuct of t ntw fuel. 
u^i </ur< <l mtnnf Whut liiht cli»ri» it ihrow on my worlil? Whut 
m iU eonirqiivncrx? WImt fuci« Kro rvUt^'d to it? I.i whut it^ncrnlitntioD 
du« it flmt a |)Uc«^t \Vh»t »rc thr iwi to ho miuio of 

Application i». ^owrvor, n nuvtt difflculi nirninl promM ami nroiln to bt 
Icamrd Junt ii« th» oriiKinril principle it^rlf haa to t>o Inmirii. . . . ThoM^ who 
oppojH^i tho Horifinr of formal clinciplinr by wyini Ihttt the i^rhnol anhjrcta 
at thr pro«rnt tiini' Ho not privr a irnrruliini tminina »ro unJnuhinlly criti- 
e*ainR nnt thi* humun minH. hut our mrthniin of inntruciinn. . . . The cultiva- 
tion of thin power of «i hmli«:iiion in tho mont important arhii vmu nt in the 
atiicient'a education It will not como without Mprcial endrjMor on the part 
of the atudent. nnd on the part of the tmicher.*' 

Thinkinn ia not like a ftaUHate machine which reducea nil nisU^tiiiln indif- 
fwnlly to one markrlnble commodity, hut it in a iwwer of fnUnH^nfi up nnd 
linking togfthtr the a|>fcific auMc«tiona that ajwific thinna artJUJ^r." 

To maka ideala and attitudes operative in all flclda the toivlx^r munt ftive 
thtm exerciae in at leaat naveral ftrldfiT 

Th« Relative Educational Values ot School Subjects. Afirr 
nil, the prohlrni of transfer 15 epitomised ir tlio followinu pnu^tiral 
question: "How does the cclucation which the pupil nsoivef* in 
school ftflfect his sulwipient thinkinpt and conduct?**" Henre tlie 
quarrel as to the relative superiority of this subject or thnt is 
largely beside the point. 

A harmonioua com ^iiion of aubjecta ia a higher achievement than ia a 
mere study of eaoh wjihout reforenoc to the others. Correlation c»ui l)e 
achieved only when instrurtion ri.<«PK to the level of (cac^in^ px^nU hnw to 
gt .tT<xl\9t. It ia to he expnrieil. therefure^ that wherever subjects* t\rn timght 
at the lowtT levels of menial arhirvrinrnt. there will be competition hriwieu 
the various aubjeet.* antl 11 rorrr^iionding wnate of mental energy nvihrr ihun 
training in generalixation.'^ 

Neverthohw. in view of the fart thi\t trunafor ia not automatic, 
it behooves each tea('hrr to have clear notions on the direc^t and 
indirect educational p()>sil)ilitioH of each important tjpo of school 
activity.*'^ He will then realize that "it is not a matter of indif- 

•♦IVvlo. up. iHt.. pp. u.jnff. 

••Juiid. i^nyvhotnify of idgh Schwl .S'lib/iv/jt, pp. 422 flf. 
»• ht»wi*.v. up. nf., p. 'Mi. 

Tln»riiillki«. K. Thr i^rinrtfjh^n af TriU'hiutf. \\. LMrt. 
••JUilil. /Nyc/MW'it/j/ ')/ Svr'thtiuru A.»/in'ii/i»^»i. p. 41i7. 
*^nUL, p. ^125. 

Kur n vaJui\l Ji» iliki'iissinu of i|ir»M't i\ni1 liuHr»M*t vnlurM, sim* o/j h/., 

(*hApt(»r XI. A forinulii I'nr iniMiMurhiK On* lUriH't iMlucuUiUial vulih^ >if a Hiilijrot 
li fiv«u b> Do via. op. eir., p. 130. 
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ffroncf from the Mnndpolnt of nientAl disriplino wlu tlicr tho j»tu- 
dfnt clcctj*. ftir oxainplo. Latin, nmtlioinatir^. pluliwjpliy, and rhcm- 
iitr>^ on the one Imml. or »hort storir?*. ck'nicntnry ufrilrulturo. 
wuodnliiip, and bird ntudy tui thr othn." In oflior word?*, there \n 
dnntrrr in the U9i«uniption that ''any ono ihuly \$ a« good as any 
olhor for uienlal discipline/**^ 

Hanley and Cubin have rnipliasijicd the probable miperiority 
of pure mathenmticft over applied mathematics, and of pure science 
over applied science. In a practical age« this is likely to bo an 
unpopular view. 

In |C(*ni*ral, the ftvut iltftcovcrirs of 9cicncc hnvo bnu inudo by those who 
wrro pnniurily n-irnliMa; who were dominntrd in thrir sctionn by tho vcien- 
li^ir i(h*al. Appln'ci xrimce n$ a rule come.i lutcr than pure •cirncc. ... On 
till' iii|i>r Inml. ih>* >u)'|u)rti r:< of purp M'irnco »noncr or Inter must feel the 
need of spplyinn theory to practice. A scirnce thnt hm no humnn iisi^ifl* 
Cft&cei thftt has nn ultimnte ukc. cannot exist in a world of human vnlues.** 

Pure seioneo, says Colvin, is of greater disciplinary value, be- 
cause 

1) through tho facta which it presents, ideals of proceduro and of truth 
may bo developed which function in a wider human experipncei greatly to 
tho uplift of the race; 2) tho content and method of pure science is such 
thi\t it hns n broiidor field of application than has applied science, and can 
function as an identical or similar element in more situations than can 
applied science; 3) the emotion which the pure seeking after truth arouses 
is higher and Wm likely to be deadened by other emotions than are the 
ideaLH of ironomic improvement and social betterment, which are tho aims 
of an applind ?ioienco. These latter are apt to conflict with each other and 
to obscure the groat i*r insue.** 

Kclucat(M*s must be ever watchful lest the ctirrictiluin become 
n conKlcuncnito f)f unrolatcil ami tinpmductivc morsels. 

There are so many sproial interests th.it just now .seem to be clamoring 
for rocognition, practical, humanitarian. ucsihiMic, that, our school programs 
are in ilanjfer of InMnn ovrrrrowdrd with a variety of sub; otfl which cannot 
woll fake the phiee in point of nmutal training t)f those which have for years 
been fiunly e«tnhlish((l in thu curriculum. The vi^ry multiplicity of the sub- 
jectij that have rnriohfd our programs olTt'rs a ttistraction. and furnishes a 
training in dispersed ratlior than r(»n(:fntrati(i nitrntion, a training which is 
n»)t net'ded and should not dcsiaMl. Tlu* trrnd of popular opinion is such 
that tho new moat come in, and it i.s not maititaiued that this opinion is 

•> (\)lvin, op. (Ht., p. 247. 
pp. ^t.-^.J^O. 
pp. 24U.ii50. 
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Bot cm tht whoU sound; but l<*t ui m to it thAt this now tUmtAt ia Mri|Md 
ita proptr plict nnd livvn iti jutt vtlut. In thii Um« of npid ehtDgt wa 
ii«td MDity in educKtiouAl doctrine And pniotieo u MArct ly AVtr btfort 

In ostimntinK tho putcntinl richncM of a school RUbJecti and Ita 
relative rank in the curricuhim, the teacher should take Into ac- 
count the entire spectrum of the subject, its K, S, A, /, T element*; 
the range and tho fit^qucncy of its possible applications within the 
classroom and in later life; ita actual cr potential appeal the 
learner; its available resources as a typo of learning or as an activ- 
ity; and the like, When these factors are consciously realised and 
constantly kept in mind, it will appear that In the hierarchy of 
learning there are mountain peaks and valleys, giants and dwarfs, 
and that nil things will contribute to the consummation of creating 
in the learner a broadly cultivated mind that is a source of happi- 
ness to himself and of benefit to others. 

VI. GBOMEmiY AS A FiELD or Transfer 

A Challenging Situation. M'c slinll undoubtedly agree v \t\\ 
IijRlis that *'it is futile and criminal to establish the study of sec- 
ondary-school mathematics on the basis of extensive transfer values 
and then to fail to meet the conditions necessary if any extensive 
amount of transfer is to be accomplished."** 

The first cotulition fi)r the succi's^ful transfer of improved efilcicncy is that 
tho trait which it is dcMruil to tn^niifiT be developed in connection with the 
contrnt of the training study. In tho general discujwion of transfer values 
it was sugKDstod that subjects of study differ in the degree in which favorable 
conditions are i\lTi)rdpd foi* the exercise of the desired trait and that the 
transfer of improved otHoiency is prininrily conditioned by the character of 
the original training material. Srcondary-Hchool studies differ in the extent 
to which desirable nient^il truitM may be rxercised, in the fitness of the 
materials for purposes of manipulation in teaching, and in the character of 
the materials as already organixrd for teaching. In these three re8pt?ts 
tnathvviaticA pom^ssva ndvantngcs over mnnu axihjvci^ oj stxidu. The ma- 
terials of mathonuitics, ranging all the way from the simplest to the most 
complex, may be manipulated ahnont at will, thus permitting the arrange-* 
ment of conditions most favorable to dissociation. The organization of 
mat'^rials in thn field of mathomaticd has been determined fro*n the start for 
pun^oscs of teaching. With regard to the ready manipulation of materials 
for the purpose of fostering transfer values mathematics shares prominence 
with the language studies. With regard to the certainty and accuracy oj iti 

t'olvln, op, rit , p. 260. 
iLgUii, op. at,, p. 400. 
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rffll* it iut$rmd€i M oth0r lubi^cin. With rtgftrd to tht opportunity which 
it ftffordi for the titrrciw of vKluKble mental tmite moAt deirirmble to tmntfer, 
if poieible, it ii tffunUd by /t and furpomd by non$ of th§ oihMf ttt6;tc(a 
in tK$ program of (A« Ncofidkirv iehcol!^ 

Thii finnk ndmisiion of the luperior trnnefer valuo of inutlic- 
mntics, when contrA(it<^d with the open hostility of many educators 
to all fonns of matheinnticiil trAining beyond the unnvoiiinblc rudi- 
menis, rcpresenta a stirring challenge that should no longer he met 
with A helpless silence. Since w*o are limiting our discussion to the 
case of geometry, we Are therefore forced to consider carefully at 
least three major questions: 

1. Precisely wlmt Are the "disciplinAry'* And ^Vultural" ahns of 
mAthemAtics, And— in particulAr — of geometry? 

2. CAn the mAteriAls of instruction which are characteristic of 
geometrj' be so organised as to give r^^eat^jr prominence to these 
disciplinary and cultural element*? 

3. What are the principal difficulties which appear to have pre- 
vented a more general realisation of the potential transfer value 
of geometric training, and how may tlicsc difficulties be over- 
come? 

The DisciplinAty and Cultural Aims of Mathematics. Tho 

National Committee on Mathematical Requirements gave consid- 
erable attention to a significant formulation of the disciplinary and 
cultural aims of secondary mathematics. Wo shall find it helpful 
to use the following passages of its Report as a basis for our subse- 
qurnt discussion: 

Dh^riplimry Aimn, \Vn should include here tho?.' alma which rolatc to 
mrntal trtiiiiinK. m diutinguinhcd from the acqiiusition of crrtain aprcific ^killn 
dwrujwd in the preceding section. Such training involvca the development 
of certain more or leas general characterirtics and the formulation of certam 
mental habits which, besides being directly applicable in the setting in which 
they are developed or formed, are expected to operate also in more or leas 
closely related fieltis— that is, to "tran»fer'* to other situations. . . . 

In formulating the disciplinary aims of the study of mathematioa the 
following should be mentioned: 

1. Th$ acqxii'intion, in prcct>« jorm, of those ideas or concepU in terms 
of lohich the quantitative fAmWrnr of the world m done. Among these ideas 
and concoptji may be mentioned ratio and measurement (lengths, areas 
volumes, wo^'ghta, velocities, and rates in general, etc.), proportionality and 
similarity, positive and negative numbers, and the dependence of one quantity 
upon another. 

iDglls, op, cit., pp. 496497. 
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2. TS4 d$vhpm$M o/ •Mtty to thimk «lMrlv in temu 0/ §mh id$m mi 

cono$pU. Thii ability involvw trd&iBg in: 

a. An^yiii of a oompltx ntuation into •imphr pMi«, Thia indudM tht 
reeofniiioD of eMentia* faeton and iht rojeotion of tht irrtltvaQt. 

6. The rtcogniiioh of logical retaiiom be wetn inttrdtptndent factort and 
tht undomtAndini and, if povaiblr, the exprtaiion of lueh relatioua in prtoiat 
form. 

c. GtmralUalioni that ia, the diioovery and formulation of a general law 
and an undentanding of iii propertiee and applicationa. 

3. Th$ Qcqmition 0/ m$nkU KabiU and attitud$B yfhieK witt mak^ th$ 
abottt tmning $gtciiv in th§ Ul$ 0/ iK% md^vid1M^ Among auoh habitual 
ruaotiona are the following; a aeeking for relaiiona and their preciae expree- 
aiun; an attitude of inquiry; a deeire to undervtand, to get to the bottom 
of a lituation; concentration and poniiitence; a love for preeiaion, aecuraeyi 
thoroughnoM, and cIcumcMi and a diataate for vaguencae and incompleteneaa; 
a deairo (or orderly and logical organiaation aa an aid to undentanding and 
memory. 

4. Many of theae diaciplinary ainia aro included in the broad aenaa of 
ih$ idea of rtlaiiomhip or cfepifmjence— in what the mathematician in hia 
vechnioal vocabulary refers to aa a ''function" of one or more variablea. 
Training in ''functional thinking," that ia thinking in terma of and about 
relationahipe, ia one of the moat fundamental diaci: tinary ainia of the teach- 
ing of matlematice. 

Cultural Aim, By cultural aima we mean thoee eomewhat leaa tangible 
but none the Iom reai aud ircportant intellectual, ethical, actthetic or 
spiritual aima that aro involved in the d$v$lopm9fU of apprtciaiion and 
insight and th$ formation of ideaU of p$rfeciion. Am will bo at once apparent 
the realisation of aome of theee aima muat await the later aUgee of inatruc- 
tion, but aome of thorn may and should operate at the very beginning. 

More specifically we may mention the development or acquisition of: 

1. Appreciation of b$auty in th$ geometrical forme of nature, art, and 
industry. 

2. Ideois of perfection aa to logical etructure, precision of atatemont aud 
of thought, logical reasoning (aa exemplified in the geomotrio demonstration), 
discrimination between the true and the falae, etc. 

3. Appreciation of the power of maihematice^t what Byron expreaaively 
called "the power of thought, the magic of the mind"— and the role that 
mathematics and abstract thinkingi in general, havo played in the develop- 
ment of civilisation; in particular in science, in industry and in philoaophy. 
In )h\a connection mention should be made of the religious effect, in the 
broad sense, which the study of the infinite and of the permanence of laws 
in mat*'en)atics terds to establish.** 

It is at once apparent that geometry has a prominent share 
in the '-^"lization of each of those aims which harmonize at every 
point with the educational theories presented previously. Together 

The Heport of the Nationai CQmmUtee Mathemattoal Requiremet^U, pp. 8 lO. 
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with the direct or practicnl values of geometry thoy constitute the 
cducAtional pln'fomi on which geometry must rcat itii case m a 
(ichool iubjeet. 

The Reorfaniiation of tha Courie of Study in Oeomttry^ 

White a mei*e enumeration of the t>08tible values of any school sub- 
ject does not guarantee their realisation in the clasnroom, a clear 
statement of the general and specific objectives of every phaixc 
of school work is tho *lrst sti*p towurd the uehievemont of worth- 
while results. Once those objectives are fonnulated, adequate pro- 
vision must be nnule for then) in tenns of classroom procedures and 
of time allotments. The course of study in geometry thus far has 
centered almost entirely on content and logical sequence. Only 
crude beginnings have been made in the direction of genuine moti- 
vation and appreciation from a standpoint of generalised experi- 
ence. Too often geometric training has amounted to little more 
than a *'bag of tricks." We have not kept in mind that ''reasoning*' 
must become a much more vital performance if it is to contribute 
to a ''liberar' education, 

Lo|ioA) method ii more ihau the mere knowledge of valid types of 
reMo&iui and practice id the coDcoDtrstion of mind necessary to follow 
them. . . . More thau this it wanted to make a sood reasuncr, or even to 
enlightcD ordinary people with knowledge of what constitutes the ejticuco of 
the art. The art of reasoning consists in getting hold of tho subject at tho 
right end, of miifii; on the jew gefwrai ideas which illuminate the whole, and 
of perMitntly marshalling all subsidiary fads nmnd ihrm Nobody can be 
a good reasonor unless by constant practice he has roaliicd the importance 
of getting hold of the big idvas and of hanging on to them like grim dvath*^ 

If geometry is tc) iTtain u rcspuiited place in tlie (nirricuhim, its 
basic fiiCts, concepts, skills, habits, utUtutirs, and tho like must be 
consciously explored and dcvclupcd in vlie direction of Kenerul 
training, This can bo done, but it will take much time und eftort 
on the part of progressive teachers. 

Who can deny that the world in which we live is a niusouni of 
form? The concepts of equality, of congruence, giinilarity, and 
symmetry are implanted in the vei7 nati./o of things. The *'nia,ss 
production'* so characteristic of our machine age is ba?»ed on thc:e 
same ideas. Measurement has truly been called the '^master art." 
Indirect measurement underlies the art of surveying and of navigu- 

M WhltPbi^iid. A. N., The Mmn of liiiuci^t\m and Other Unnays, pp. 127*128. Muc- 
mlUau Cu., 11120. 
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tion. Without it tlic depths of fathomless space would forever rt« 
main a closed domain, and astronomy would Again become an im« 
potent chronicle of displaconicnts. Kxact geometric construction 
is the very foundation ol many practical activities. Our imposing 
skyscrapers, our bridges, tunnels, locomotives, autontobiies, our 
floating ocean palaces, our airplanes, and many other miracles of 
modern science and engineering — all ow*e their eNistenco in largo 
measure to the i<leas, skills, and modes of reasoning which are char- 
acteristic of geometry. The blueprint is the language of the trades, 
and the map is the universal passport of the traveler. Geometry is 
the joint creation of many races and climes, the common heritage 
of all mankind. Philosophers, artists, scitMitists, craftsmen,— all 
iiavc contributed to its present structure, As a model of perfect 
thinking it has no equal As the science of space it will endure 
forever. 

In short, at every turn geometry opens large horisoris, invites 
generalizatiun, and beckons the mind to new ccnquests. Have we 
not allowed the mere logician, the systematic "tliinker/* and the 
conventional recitation, to clouti the issue, to rob school gconietry 
of ite many runulications, its inherent beauty and pot42ntial rich* 
ness? Who can doubt that as soon as court<cN of study and class- 
room methods can be readju*stcd in harmony with the true role of 
geometry in the uiodcrn world, its legitimate p. arc in the curricuhnu 
will any longiT U* qm»stioned? 

Geometry as & Unique Laboratory of Thinking. It has been 
asserted previously that geometry is a training (ii»ld par vxccUcncc 
n\ the moj^t basic types of thinki ig. These nniy be characttMiEed 
as post ulat tonal thinking, critkal thinking, and constcutivc or 
cumulative thinking. The const^int necessity, in gi'ometry, of di> 
riving the ultinuitc validity of an argument froni its fundaniental 
iissnnijitions, the challenging opjHirtunity of testing the correctness 
of every stei), and the cumulative j>erforniance of building up an 
urjranically interwoven system of trutli8,~thesc and the related 
aspects of geometric **reasoning** constitute the distinctive "glory 
o: a subject whieh has fascinated a legion of enthusiastic admirei^ 
throughout the ages. 

And yet, there arises the natural query whether all this trairiing 
—granting its reality and importance for the average pupil — could 
not be obtained from a less forbidding background. Above all, 
would not these types of thinking be developed anyway, without 
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ipeeiflo tfforti by iny intelligent pervoni in tlie irett ^^Khool of 
life"? 

The theiii tint wo n^ny tMid^ntnlly acquire nil the ntenUl 
trftining we need by *'nindom movcmonte/' until we finally hAve 
leArned bow to make the neccmry *'iiduptAticni/' leeini contrary 
to the verdict of common lenie and of everyday experience. Ac- 
cording to Dewey I 

Up to a certain pointi the ordinary couditioDt of iifei nati'ml and tocUli 
providt the conditioni rcquiaitt for rcguU<in| the operatiooi of infercacc. 
The aecewitin of life euforce a fundamental and p«rii«t«Qt ditcipline for 
which the moat ounninily dcviMd artiflcca would bo ineffcotivc aubatitutca. 
Th« burnt child drcada tht fire; the painful conacqucnc^i cmphaaiace the need 
of correct irferenoe much more than would Irtirned diacouiie on the pro|> 
art ice of heat. Sooial conditiona alao put a premium on oo^^^ infeiring 
in mattere where action baaed on valid thought ia aonially imporlMt. Theee 
aanctiona of proper thinkini may affect life iUolf, or at leaat a life reasonably 
free from pen>ctual diacomfort. The aigna of enemieai of ahcltor, of foodi 
of the main aocial conditiona, have to bo correctly apprehended. But thla 
diaciplinary training, effioacioua aa it ia within certain limit«i doea not carry 
ui beyond a reatricted boundaiy * 

Tlio world s important worlc, for the moat parti in done by men 
and women who have disciplined minds, who succeed in attacking 
and solving now problems by a peraevcring application of tested 
metliods. Ucometr>' docs not guarantee* any more than any other 
subject, an automatic transmission of superior mental ability. 
There is no magic by wliich we may acquire such an equipment. 
But geometry is a unique laboratory of thinking, and as such it 
fosters the persistent and systematic cultivation of the mental 
habita which arc so essential to all those who would claim mental 
independer^'e and genuine initiative as their birthright. 

A shallow appraisal of geometr>* is likely to emanate from an 
equally uninformed conception of the rOle of ''thinking'* in the 
economy of our daily routine. Such critics may be referred for 
corrective treatment to a careful perusal of Dewey's classic mono- 
graph on How We Think, We shall therefore close these frag- 
mentary references to geometric types of thinking by a final quota- 
tion from that masterpiece of America s most noted educational 
philosopher; 

While it ia not the budinrns of education to prove every atatement made, 
any moie than to t^aob every poiktible item of inforuiationi it ia its buaineaa 
» Dewey, How Wa Think, p. 80. 
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to eullivai$ defp-seQitd arui effteiive KnbU$ of diicriminatinQ t0$t$d bdii/i 
/rom nun ai$$rii(mM, gutim, and opinions i to develop a lively » linoerG, and 
open-minded preference Tor concluiioni that are properly (roundedp and to 
ingrain into the inHividuare working habita methodi of inquiry and reatoning 
appropriate to the varioua problemi that preeent themMlvei. No matter 
how much an individual knowa aa a matter of heamay and information, if he 
hai not attitudei and habita of thi9 tort, he ia not intelleotually educated. 
He lacks the rudimenta of mental discipline. And lince thirst habii$ ore noi 
a gift of nature (no matter how strong the aptitude for acquiring them); 
aincei moreover, ih^ casml oiTcumstance% of ih% miural and social tnviro^ 
ment are not tnougK io compel their aequiiitianf the main office of education 
ifl to supply conditions that make for their cultivation. The fonnation of 
theee habits ii the Training of Mind**** 

The Crucial Question : How can Geometric Training be Gen- 
eralized? To make available for general usu the distinctive modes 
of thinking employed in geometry is now setMi to be the most crucial 
problem of geometric instruction. As ii rule, tliese types of think- 
ing remain imbedded in a purely geometric background. They 
rarely emerge in the pupils consciousness an tools available for use 
outside the fichl of geometry. This ditficulty luis been described 
with great cleurnoss by Inglis. He says: 

Aflsume that it ia desired through the study of g( ometry to dovelop a 
generalized method to be employed in the reflective thinking (reasoning) 
involved in problem solving— un clement which is certainly involved in the 
processes uf geometry and in every other field of mental activity. Cull that 
element A. If we wi^h to fncilitato tlie process of it« dissociation it tnuat 
be kept constant in the teachiug of goometr>\ But also other elements in 
the total situations must be made to var>\ It in here that diftkulty arises, 
since it ia extremely difficult to prevent certain other el«:mcnt« from remaining 
constants Thus there ia always present an clement which makes it poasibl^ 
fur us to recokcnize that we are dealing with goometr>' — cert^ain concepts of 
space and number rolationfl, and ci?rtain rlemcnti* peculiar to the mathematics^ 
''class," claaaroom, or teacher. Some of those elements remain constant in 
spite of attempt* to vary elements of specific contmt, exercises, problems, etc. 
Hence the normal situations in teaching geonu^try may be represented by 
such combinations of elements as 

(I) A B C D E F 
{2) A B C O Ii I 
{3) A B C J K L 
d) A B C M N 0 
{-) etc., etc. 

and h A r<*8ult conditions favor not the disstUMatiun of I hi* d(»Hired olrinent ^4. 
but the con*sUuit association of AliC, Thus in the gri*at majority of cases 
Dewey, op. oil., pp. 27.28. 
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the teaohiDf of geometry in our eecoodary tchooti tendi to fiivor» &ol the 
iaoUtioD H&d nouoraliitiiion of Roneral methodn of nflective thinking reUted 
to problem »olviugi but the cloio Mooiatiou of euch method* to elements of 
geometiiul ooDtent-H^ situation to tome extent interfering with the prooeee 
of tmuifer.'^ 

We must not inferi howeveri that such diiiooiation and aubee* 
quent transfer is impossible. 

Any such conclusion would imply that all the individusrs experiences in 
refloctive thinking and prublem-solving ouUiido the geometry classroom are 
isolated from his expericnoce in that claMroum, and would leave out of 
account or minimiso the innato capacity of the mind to generalise on the 
basis of such other exporii*nci*s— a capacity differing among individuals 
apparently according to original endowment. It would also leave out of 
account the possibility that the desired method, principle, or the like, may 
bo isolated by the teacher or otiter iadividual and raised into consciousness 
in torukt of a geDeral law, rule, maxim, etc., expressed in terms which do not 
specific^\lly associate content elements. Hence the bearing of Bagley*s state- 
ment: 

*'Unli\ss the ideal has bei^u developed comoionslyf there can be no certainty 
that the power will be iucrt*iisi*il, uu matter how intrinsically well the subject 
may have been mastered."^** 

In view of the difficulties pointed out above, it is not surprising 
that in the average classroom ver>' little has been done thus far 
by way of generalizing the geonietric types of thinking. But the 
issue can not longer bo evaded if geometry is to remain a prescribed 
school subject. It is certainly an inviting tield of work which, like 
any other virgin soil, needs to be cultivated for years before conclu- 
sive procedures can be recommended. In the meantime, a reassur- 
ing message from the able pen of Professor J. W, A, Young will 
serve to allay the fears of t^jachers who may shrink from a task 
which at fir^t might appear to transcend their insight or their 
ability. 

If the teacher himself has clear concepts of method and ideals of pro- 
cedure, and if with a thorough mastery of the subject matcer he exemplifies 
these concepts and ideals concretely in his work, though without any explicit 
discussion of them, has he then done all that he can or should do to secure 
the maximum measure of assimilation of these concepts and ideals according 
to the native capacity of each pupil? If he aima coa.>ciously at oxhibiting 
the mathematical thought processes clearly and effectively to the pupil, 

lUKlirt' op. c<r.; p. 402. 

BaKlpy. W. C, The JiUucQtivo PrQce$», p. 2X6. MacmiUau Co., 1005. 
^•^ lotfUB, op. oitu p. 40a* 
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kxTfiQ&ini with the timplett itept such u art uned iD peycholofictl tnU, 
•nd prooeediAg gnduilly to the more complei u the pupil'i mMtery of th« 
•impler onei wam&U, hm he doDe hie full duty? If in hii teachiug he trie« 
vo make the pupil attain a^ large a meniure of maitery at po«ible of the 
nubjeot'e prcceeNfi, reeulu, and apirit» may he rett coDtent in the belief that 
the method! of iiutructioD which are most roDdudve to maftery of the 
•ubjeet iteelf are alio the moat favorable to the ipread of its ideali and 
method! to other eituationiT PeDdiDg evidcDce to the oontraryi I ehould 
be diapoeed to aaeume an agimaiive anawer to these questions as a workiDg 
basis.*^ 

Summary and Conclusiok 

It has been suggested again and again, in the preceding pages, 
that the problem of trnmfer of training is fundamentally one of 
good teaching. In teaching, as in every other field of human en- 
deavor, ''u>c can expect to reap no more than we sow^ for the law 
of compensation operat-es in the realm of mind no less than else- 
where. Results in mental training follow surely only upon the 
expenditure of definite and intelligent effort, but with this they 
seem everywhere conmiensurate." 

But whereas the *'born'* teacher may obtain excellent results 
by an instinctive ajiplication of the principles on which transfer 
depends, there is no doubt that in the average classroom the ef- 
ficiency of the work could be greatly increased by a conscious culti- 
vation of these cardinal principles. The following findings which 
have at last emerged from the mental discipline controversy might 
well be incorpot'atcd in the creed and the daily practice of ever^' 
progressive teacher: 

1. Training for transfer is a worth-while aim of instructi4)n; 
from the standpoint of life it is the most important aim. 

2. Transfer is not automatic. ''We reap no more than we sow." 

3. Every type of ^'specific** training, if it is to rise above a piirely 
mechanical level, should be used as a vehicle for generalized ex- 
perience. 

4. ''The cidtivation of thinking is the central concern of educa- 
tion/' 

Someone has dofmed ''education** as that which remains after 
everything that we have learned in school is forgotten. There is 
much wisdom in that whimsical statement. Unless we keep in mind 

»o« Young, op. Oit., pp. :i77-;i78. 
^••Hnodlger, op. cit., p. Hfl. 

"•Dewey, J., Democracy and fiducation, p. 17U. Macmillan Co, 
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that the daily routine activities of the classroom can be justified 
only if they lead, however slowly, to a permanent enrichment of the 
lives entrusted to our care^ we shall have failed in our educational 
stewardship. 

And so, the essence of our discussion is a more precise definition, 
and a glorification, of real te«.ching. Hence we may conclude our 
report by endorsing the stimulating and hopeful outlook which has 
recently been pictured so ably by Professor Whitehead: 

The study of the elements of msthemstios, coDceived in this spirit, would 
constitute a training in logical method, together with an acquisition of the 
preoise ideas which lie at the base of the scientific and philosophical inve** 
tigations of the uaiverse. Would it be easy to continue the excellent refonns 
in mathematical inBtruction which this generation has already achieved, so 
u to mclude in the curriculum this wider and more philosophic spirit? 
Frankly, I think that this result would be very hard to achieve as the result 
of single individual efforta. For reasons which I have already briefly indi- 
cated, all reforms in education are very diflScult to eflfect. But the continued 
pressure of combined effort, provided that the ideal is really present in the 
minds of the mass of teachers, can do much, and effect in the end surprising 
modification. Oraduallj\ the requisite books get written, still more gradually 
the eiaminations are reformed so as to give weight to the less technical 
aspects of the subject, and then all recent experience hca shown that the 
majorily of teachetB are only too ready to wlcome any pracOcahU meane 
of rescuing the subhct Jrom the reproach oj being a mechanical discipline}^ 

Whitehead, op. oi^« p. 180. 



SOME DESIRABLE CHARACTERISTICS IN A 
MODERN PLANE GEOMETRY TEXT ^ 



By L. E. MENSENKAMP 
Senior High School, FT€$port, IlUnotM 

Origin of Geometry Texts. The difficulties which beset the 
writer of a satisfactory text in plane geometry can best be appreci- 
ated if we approach the problem from the historical point of view. 
Let us briefly review, then, some of the facts concerning the origins 
of our geometry texts. 

Almost all the important theorems and constructions of our 
elementary plane geometry are found in the Elements of Euclid. 
Euclid lived about 300 b,c., and his contribution was that he 
gathered together all the essential facts of geometry which were 
known at his time and arranged them in logical system. That 
he was not a mere compiler of results obtained by others, however, 
is seen from the fact that he invented new proofs for theorems when 
his sequence made earlier proofs inapplicable.* His ideal, only 
imperfectly achieved to be sure, was to have all his propositions 
follow as necessary conclusions from certain axioms, postulates, and 
definitions explicitly stated in the beginning. Here originated the 
concept of a ^^hyj^othetico-deductive system" which was destined to 
play such a prominent role it modern mathematical thought. 

The important place occupied by the Elements in the history 
of human thought is attested by the fact that it has gone through 
over one thousand printed editions since 1482.* Sir Thomas Heath 
says of it, "This v^onderful book with all its imperfections, which 
indeed are slight enough when account is taken of the date at 
which it appeared, is and will doubtless remain the greatest mathe- 
matical textbook of all time. Scarcely any other book except the 

» ThlB chapter U BubBtantlally the same as an address jflven by the wrtter before 
c\e Third Annual Confenmce of Mathpmatlcfl Teachers at the University ot Iowa, 
October 12. 1U28, under the title, •'Some Points Concerning the Selection of a Text 
in Wane Geometry/' and before the Mathematics Section of the University of 
nUnolB High School Conference, November 22, 1029, under tue present title. 

•Heeth, T. Lm Gr^k Mathcmatica, Vol. I, p. 357. 

» Smith, D, B., HUtory of Mathematioa, Vol. I, p. 103. 
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Bible can have circulated more widely the world over, or been more 
edited and studied/*^ 

The nature of Euclid's ElementB is made clear by the following 
words of Professor David Eugene Smith: "He has no intuitive 
geometry as an introduction to the logical; he uses no algebra as 
such; he demonstrates the correctness of his constructions before 
using them, whereas we commonly assume the possibility of con- 
structing figures and postpone our proofs relating to the construc- 
tions until wc have a fair body of theorems; he docs not fear to 
treat of incommensurable magnitudes in a perfectly logical manner; 
and he has no exercises of any kind/' * The important point for 
us to note in connection with the discussion that follows is that 
here was a l)ook meant for mature, highly intelligent men — a 
systematic treatise for sdiolars. How inevitable were the difficul- 
ties which must arise when such' a book was made the basis for the 
instruction of youth! 

Early Tendencies in Teaching Geometry. The teaching of 
geometry during the past two hundred years has exhibited two 
tendencies which have a bearing on our discussion. First, there 
was the tendency to place it earlier in the curriculum. In 1726 
geometry was mentioned as a subject studied by Harvard seniors • 
During the latter part of the eighteenth century Euclid was taught 
to lower classmer. at Harvard and Yale. This downward trend 
has gone on until to-day we find geometry offered to sophomores 
and even freshmen in our secondary schools. 

The second tendency, which was an outgrowth of the first, was 
to modify Euclid in such a way as to make it more acceptable 
to immature learners. This was to prove a long and arduous task, 
as might have been expected in the case of a book witli such 
prestige and wealth of tradition back of it. Among teachers and 
textbook writers there were conservatives wlio regarded a rigid 
adherence to the original Euclid as a sacred duty, a'nd for a long 
time they seemed to dominate the situation. Such conservatism 
led all too frequently to a tragic formalism of which we cite but 
one illustration taken from England. In 1901 Perry ^ '^criticized 

* Iloath, T. L„ loc, cit> 
•Smith, I), Km op, rif.. p. UhL 

* Final JRrpnrt of the Satiomi Committre of Fifticn w Geometry Sfyttahun 
{l\)V2), p. 2iK Horoinafter caUoU simply "The Rop^)rt.*' Thin valiiahle (iotMimeiit 
Ik now out of print. The part we are usinK hfre i« the hintorlcal aeotlon by 
l»rofe88or Cajori. 

»The Report, p. 28. 
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Oxford because, for the pass dejjree there, two books of Euclid 
)tuist be memorized, even including the lettering of the figures, no 
oriuiiial exercises being required." Only in recent years has the 
movement for reform made genuine progress, and even now the 
task is not complet-e. 

Present Factors to be Considered. Let u-j now turn to some 
factors connected with our present-day school situation which make 
the problem of securing a satisfactory text more lU'gent. and at 
the same time more difficult, than ever before. 

First, there is the pui>il himself. The number of pupils en- 
rolled in the lii^h schools to-diiy constitutes a much larger pro- 
portion of that pai-t of the total population which is of high school 
atre than it did a donuli^ or so ago. This means that there are now 
present in our tenth trrad(^ classes many more students representing 
the lower levels of uu'Utal ability than was formerly the case. 
Most students of this type do not intend to go to college, and it is 
hard to interest tliei.i in a ditiicult subject like geometry, especially 
if tlio textbook pre: ciitatiou is oT an abstract and formal charaet-er. 
It is uot surprisini^. therefore, to hear the c)>'n'pe made that there 
is a greatet* percentage of failures in geometry than in any other 
subject in the curriculum. 

The position of peometr^' a? a school subject [)as also been im- 
periled by the more varied course of study in the modern school 
which has brought it into competition with many other subjects 
claiming large practical and utilitarian values. The opponents of 
the tlieory^ of transfer of training have challenged the right of 
ge(^nietr>- to a ji^ace in the school on the grounds that the abilities 
involved in its study (for example, the ability to think logically) 
do not carry over into other fields of thought. Fortunately, the 
consensus of competent opinion now takes a more favorable view 
of transfer. Studies such as that undertaken by Miss Vevia Blair' 
for the National Committee in Mathematical Requirements show 
(1) that transfer does exist, and (2) that the amount of transfer 
is largely dependent on the methods of teaching. The second of 
tliese findings has large implications for all those who teach 
geometry. 

All reeetit attempts to adjust this most venerable school subject 
to modern school conditions were foreshadowed by the famous re- 

MUnlr, Vovla, "Thr Prosrnt Status of niP«Mpllnary Valuefl In Education** in The 
ReorganUatiun of Mathematics in Siecondary Education, pp. 80-104. 
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form program recommended by Professor Felix Klein of Germany 
moro than twenty years ago.* He urged (1) that the instruction 
should "emphasize the psychologic point of view which considers 
not only the subject matter but the pupil, and insista upon a very 
concrete presentation in the first stages of instruction followed by 
a pradual introduction of the logical element". (2) that there 
slioul'i l>c "a better selection of material' from the vie\vpoint of 
instruction as a whole''; (3) that there should be "a closer align- 
ment with practical applications'*; (4) that '*the fusion of plane 
and .solid poometry, and of arithmetic and geometry" should be 
encouraged. 

How very modern all this sounds! pA'en to-day a committee 
sponj?orod by the Mathematical Association of America and the 
Nntioiiol Council of Mathematics Teachers is just beginning to 
work on the fourth point. In this regard the Europeans are far 
ahead of us.*^ 

The two reports which have piven direction and sanction to 
coonirtry reform in this country durinp the past several years are 
The lirorridnization of Mathematics in Secondary Schools, A Re- 
-port by the Xational Committee on Mathematical Requirements 
1.1923), and a report of the College Entrance Examination Board 
on geometrj' requirements. Progressive mathematics t^jachers are 
by this time thoroughly familiar with the contents of these reports 
and they need not bo discussed in detail here. 

The final stage in carrying out a reform movement is reached 
when the recommended chanpes and improvements are embodied 
in textbooks for classroom use. Books written with this object in 
view arc now appearing in considerable numbers. In addition to 
modifying the content and organization of their subject in con- 
formity with the recommendations of the National Committee, 
rocoTit authors- are attempting to take advantage of the findings of 
(ulurational psychology and the results of careful classroom experi- 
mentation by expert- teachers in order to secure a more effective 
pn^sentation of their material. Much has already been done to 
make the student^s work in geometry more interesting and more 
profituhle, and the outlook is bright for still further improve- 
ments. 

* 'Vhf^ Ki'purt. p. 18. The reference la to Klein's Element armathenxatik vom 
/i'i/jrr.vi Standpunkte oim. Theil //.; Oeometrie. pp. 435. 437. 

" See the BrltlHh Aasociatlon Report on The Teaching of C^ometry in 8chooU. 
Q. 3eU and Sons, London^ 1Q25. 
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Guide Needed in Evaluating Texts. The teacher ehould find 
it helpful to have some sort of guide to aid him in evaluating 
texts in the light of the recent progress which has been made. It 
is hoped by the present writer that the outline which follows will 
be of some service in this way. In arranging this outline he 
has used the sources referred to above, and has borrowed some 
suggestions from rating scales for texts in subjects other than 
mathematics and also from a certain anonymous rating scale w!uch 
has appeared in connection with the advertising for a well-known 
geometry. 

The limitations of the outline will be obvious to any one who 
studies it. Different points in it are not all of the same value. 
There has been no attempt to weight these points according to 
their relative value so as to enable one to ''score" a text. The out- 
line is subjective. Different teachers using it would not all choose 
the same geometry text. Perhaps this is a good point, after all, 
because it will allow play for the personal preferences of teachers. 
Some of the points in the outline are difficult to apply because of 
their generality. Perhaps further analysis would make it possible 
to split some of these up into sub-points of greater definiteness 
and applicability. With these preliminary explanations the out- 
line itself is offered for consideration. 

An Outline for Judgikg Gbx^mettry Texts 
I. Points pertaining to the book as a whole 

A. Recency 

1. When written. If a first edition, was it tested in the 
classroom before publication? 

2. When revised. 

B. Author or authors 

1. Educational experience 

a. Has he for have they) taught pupils of the 
same age and experience as those for whom the 
book is intended? 

b. Has he taught other pupils than these? 

c. Other educational experience. 

2. Scholarship 

' a. Degrees. When and where received. 

b. Bookd and articles written. 

c. StaLding as a scholar. 
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C. Confonnity wiUi requiroments 

1. The Report of the National Committee 

a. As to objectives. 

b. As to content. 

c. As to terminology. 

2. The College Entrance Examination Board's Report 

3. Local requirements 

D. Is the book sound from a mathematical point of view? 

E. Method of presenting the material 

1. Style of writing 

a. Is the vocabulary simple? 

b. Are the explanations clear? 

c. Is the text addressed directly to the student? 

2. Is the presentation such as to maintain the student's 
interest? 

a. Does the book attempt to awaken in the 
student the desire to make geometrical dis- 
coveries for himself? 

b. Is the approach to new topics psychological, 
with concrete and intuitive work first? 

II. Points pertaining to specific phases of the work 

A. The introductory course. This refers to all work up 
through the first three or four theorems of Book I. 

1. Motivation. Does the author attempt to interest 
the student from the very beginning by showing 
him something of the value of the study of geom- 
etry? 

2. Definitions 

a. Are they restricted to those really needed? 

b. Are they introduced gradually in connection 
with constructions and drawings rather than in 
large groups? 

c. Are they correct and clear? 

d. Does the author test the student's understand- 
ing of the definitions with questions and 
exercises? 

3. Constructions, drawings, and measurements. Work 
of this kind, especially the constructions, is very 
important because it fixes the fundamental concepts 
in the pupil's mind through concrete experience. 
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Some papor folding and cutting to fix the idea of 
congruence may he lielpful. The following construc- 
tions have been used in introductory work: 

a. Constructim? a perpendicular to a line through 
a point on the line, and also from an exterior 
point. 

b. Bisecting lines and angles. 

c. Constructing an angle equal to a given angle. 

d. Bisectinf, an arc of a circle. 

e. Trisecting a right angle. 

f. Inscribing a regular hexagon in a circle. 

g. Constructing a triangle congruent to a given 
triangle by making certain parts equal. 

4. Is the transition from intuitive to demonstrative 
geometry made gradually and naturally? 

5. Does the author show the need for a logical proof 

a. By means of optical illusions? 

b. By showing the inaccuracy of measurement? 

c. By showing the exactness and generality of a 
logical proof? 

6. Does the author make clear the ideal nature of geo- 
metric things? 

B. Theorems 

1. Provision for individual diflferences. Does the 
author give a list of theorems for use in a minimum 
course? 

2. Does the author help the student to master 
theorems 

a. By giving general methods of attack applicable 
to all or to large groups of theorems? 

b. By as.ving preliminary questions before each 
theorem, leading the student to discover for 
himself the method of proof? 

c. By giving a plan of attack for each theorem? 

3. Does the author challenge the pupil to attempt an 
independent proof? 

4. Does the author compel the student to think when 
studying a theorem? 

a. By omitting some of tlie rea:^ons or some of the 
statements in the theorems? 
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b. By merely indicating the method of proof in 
the case of some of the easier theorems and 
requiring the student to supply the details? 

c. By asking questions about subtle points in the 
proof? 

6. Does the author make the proofs of the most diffi- 
cult theorems as easy as possible 

a. By explaining the difficult points with greater 
thoroughness? 

b. By producing a simpler proof than most text^^? 
6. Does the author ever follow up the important 

theorems with a discussion of their broader signifi- 
cance and their relations to other theorems? 
C. Exercises 

1. Are the oral exercises numerous and well chosen? 
It seems desirable to introduce more simple exer- 
cises involving but one, two, or three steps with the 
lettered figures in the text. 

2. Provisions for individual differences 

a. Are the 5\Titten exercises grouped according to 
difficulty? 

b. Are the difficult exercises marked? 

c. Are any "hintfi'* given for the difficult exer- 
cises? 

3. Is the selection of exercises based on the principle 
that many easy exercises are preferable to a few 
difficult ones? 

4. Is the selection of exercises such as to emphasize the 
basal theorems? 

5. Is there a sufficient number of good numerical exer- 
cises based on each of the following: 

a. Similar triangles. 

b. The Pythagorean theorem. 

c. The areas of rectilinear figures. 

d. The mensuration of the circle. 

6. Is there a sufficient number of exercises representing 
good practical applications? 

7. Are there comprehensive lists of review exercises 
and questions at appropriate intervals? 



